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A note on the elliptic integrals and elliptic functions

T.Funada, Y.Yamashita, N.Tashiro, & Y.Sonoda on April 10, 2004 / ellipsoid-cal-aprl0.tex —
ellipsoid-cal-apr22-apr29.tex / printed July 16, 2004

This report reviews the mathematical formulas for elliptic integrals and elliptic functions, based on “Mathe-

matical Formulas I” (“Sugaku-koshiki I,” Iwanami).

1 Elliptic integral

(a) Normal form For the integral of a rational function as [ R(x,/¢(z))dz, the basic integrals are given

by
dx

ol = | e = [

where ¢(x) is the polynomial of the fourth or third order in z
o(z) = aoxt + a12® + asx? + asz + ag,

and A is a parameter which may be complex.

(b) Recurrence formula Differentiation gives the following equation:

d m _ m—1 ml 1 d(p_ 1 m—1 1 md(p
dg VR = ma e e T e <mx P d
1
— 7 (aomxm+3 + aymz™? + agma™ ! + asma™ + agma™ !
@

3 1
+2a9z™ 3 + ialxm” +agz™t! + 2a3xm>

1
2./7
Thus integration gives the recurrence formula of I[m)
22"/ = ap (2m+4) I[m + 3]+ a1 (2m + 3) I[m + 2] + a2 (2m + 2) [[m + 1]
+as (2m + 1) Ilm] + a42mlI[m — 1].

When m = 0, we have
2\/5 = 40,0][3} + 3@1[[2] + 2&2][1} + (13.[[0]
by which I[3] is obtained if I[2], I[1], I[0] are given.
Differentiation gives the following equation:

AT B e L 1ide 1 (omp 1dp
dz | (z —N)" (z r—XA 2dz)’

— )™ + (z=N"2/pdz  (z-N"/p
Since () is expressed by Taylor series as

o(z) = aprt + a12® + asx® + asx + ay

= G() + @A) (7 =N+ 560 (2= N+ oV (@ = N+ eV (2~ A

the above expression is then arranged as

d | 24/p(x) B —2m / 1, Lo
4 [(xv_ A)m] = T [P PN S ) = O - A

[ao (2m +4) ™ + ag (2m + 3) 2™ + a2 (2m + 2) 2™ + az (2m + 1) 2™ + as2ma™ ] .

(1)



ellipsoid-cal-apr22-apr29.tex 2

1

TR ICEPY B

(@=N" @

Thus integration gives the recurrence formula of J[m]

24

w@wwwuﬂx—»+éwwmw—Af+Qﬂ%»@—Aﬂ. (7)

2¢/¢(z) ’ Ly, Lo Lo
R = —2m [(p(/\).][m + 1]+ (N J[m] + 3¢ (A)J[m —1] + 6¥ (N J[m — 2] + 1% (N J[m — 3]}

O Tlm] 4 () TIm 1]+ 6" (ATl — 2] 4 (" (AT — 3],

1302—7 “f\gxm) = 2mp(\)J[m + 1]+ (2m — 1) @' (\)J[m] + (m — 1) " (\)J[m — 1]
2m —3 m—2

m _
+ " (NI [m =2+ —3

- @A)l = 3. ®)

When m = 2, we have

-9 x 1

YR = 4T+ 39 () (1) + g T
by which J[3] is obtained provided J[2], J[1], J[0] are given.

When m = 1, we have

—2/p(z) , 1, 1,
woN 20N 2] + @' (NI = g9 (N T[=1] = 759" (M) T[=2];

by which J[2] is obtained if J[1], J[—1], J[—2] are given. Since J[0] = I[0], J[-1] = I[1] — AI[0], J[-2] =
I12] — 2XI[1] + A2I]0], we need to seek I[0], I[1], I[2], J[1] in the following.

(c) Transformation of ¢(z) The polynomial (p(z) = agz? + a12® + a22? + azx + a4) is assumed to be of
the fourth or third order, thus it allows ag = 0, for which two cases are shown to be transformed into the fourth
one:

ap=0 & a4 #0—2x=1/t,

aw=0 & ar=0—z=1t%
For the former, we have

de —t2dt - —dt
Vo)  Vat 3 +taxt2+astl+as  Vastt+ast + aot? + art’

For the latter, we have
dx 2tdt 2dt

V() T Vil tasti tazt?2  Vaild t agt? t a3

Therefore we may consider the polynomial of the fourth order without any loss of generality:
p(z) = aox* + a12® + as2® + asz + aq (ag #0)
where ag, a1, as, ag, as are real. On account of Ferrari’s formula, this ¢(z) can be factorized as
o(z) = (az® + bz +¢) (az® + Br +7) (9)
where a, b, ¢, a, 3, 7y are real. Arranging Eq(9) with X = x4 b/(2a), we consider two cases:

p(z) = (az® + bz +¢) (aa® + Bz + ) = a(:}:+b>2+c—bZ] a(:c—i—ﬁ)z—kw—ﬂgl
2a 4a 2c da
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b2 g b\’ 32
= laX? - X4+ == =
[a e 4a} la( "2 2(1) L

. B b _ 2 b? 2 B2
if P cp(x)(aX +c 1 aX® +7y o)

b At+ B
if E # —, the transformation from x to ¢ is made using x = i
a’oa t+1

)

by which
A At+ B A—-B
dz = dt A+ Sdt = S dt,
t+1  (t+1) (t+1)

dz _ 1 A—B
Vo)  Vel@) (t+1)?

x [a(At+B)2+ﬂ(At+B)(t+1)+7(t+1)2}

dt, (t+ 1) o(x) = [a (At + B)> +b(At + B) (t+1)+c(t+1ﬂ

= [(aA® +bA+c) t* + (2aAB + b(A+ B) + 2c)t + aB* + bB + (]
x [(aA® + BA+7)t* + (20AB + B(A+ B) + 2y)t + aB*> + BB + 7],

which will be simplified if A and B are chosen so as to satisfy the equations:

bB + 2c
20 AB A+ B)+2c= A==
aAB+b(A+B)+2c=0— 5B T
20AB+3(A+B)+2y=0.
Thus we have the following equation of B
bB + 2¢ bB + 2c
— B 2y =
2aB+b ﬂ( 2aB—|—bJr >+ 7=0

which then leads to the quadratic equation of B

—2baB* — dacB + 3 (2aB® — 2¢) + 27 (2aB + b) = 2 (aff — ba) B* + 4 (ya — ac) B — 2Bc¢ + 2vb = 0.

The solutions are given by

a— ac a—ac\? Bc— b
B = 77 + (’Y > + 7 :Bla 327 say,

_aﬂ—ba af — ba af — ba
with 5 5
ya — ac c—ry
B By=-2—— By = .
L+ D2 aB—ba’ ' 4B — ba
Then A is obtained as
(ba—af)(A+B)+2(ca—ay)=0 — A:—B—Qi;::ac,

thus A = By if B= B;j or A = By if B = B,. Using these, we have

P(A) = (aA? +bA+¢) (a2 + BA+7), (t+1) o) = p(A) [+ (1 + p?) (2 £12)],

s aB?*+bB+c¢ aB3+bBy+c , aB*+ 3B+~ aB3+p3By+~y
+ut = =2 , *vt= = —3 (w, v>0),
aA2+bA+c aBf+bB1+c aA?+ A+~  aBi+ 3B +7y
and
dz A-B dt

Vo@) VoA JE@ @) (@ L)

(12)

(13)

(14)
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(d) Further transformation The expression (18) is then transformed into the expression:

d d
L i [c: constant, 0 < k* < 1] (19)
Vo) V(1 —u?)(1-ku?)
using the transformation in the following table.
denominator in Eq(18) transformation (t — w) k?
T= 2 <2
(= p?) (82 =2 { 12 = 12 y2 [[tQ > yj] pAvt o <v?

=12 (1-k%?) [ <<v? | (V2 —p?) v [p? <

)
GGG |
FEOAE—A | F=A ) Fsv] [ )
GIRIGRII |
GGG |

=12 (1-u?) [* <p? v/ (0 + %)
2 = pPu?/ (1 —u?) (V= p?) v [p? <7

The case for which — (t2 + ,u2) (t2 + u2) is taken away since the term in the square root is negative.

(e) Normal form of elliptic integrals When ¢(z) is transformed as in (d), the elliptic integrals are ex-
pressed, after the operation (a) and (b), in the following 4 expressions:

(20)

/\/1—u2 1—k2u?)’ /\/1—u2 l—k‘QuQ)du7
u? du
! ]:/\/(1—u2)(1—k2u2)du’ /(u—)\)\/(l—uz)(l—k%ﬁ).

I]0] is called the elliptic integral of the first kind. Using the transformation v = w2, I[1] is reduced to the
indefinite integral of the second order irrational function. I[2] is expressed as

J[1] = (21)

1 1 — k2u?
I[2] — —I[0] = —— . 22
2] k? (0] k? 1—wu? (22)
which is denoted as the elliptic integral of the second kind. J[1] is expressed as
U du
J[1 :/ du—i—)\/ , 23
8 (w2 = X2) /(1 —u?) (1 —k2u?) (w2 = X2) /(1 —u?) (1 — k2u?) (23)

in which the first term is reduced to the indefinite integral of the second order irrational function, using the
transformation v = u2. The second integral is the elliptic integral of the third kind.

(f) Legendre-Jacobi normal form On account of the above results, the elliptic integrals are denoted as
the Legendre-Jacobi elliptic integrals of the following three kinds with [u =sin6, 0 < k2 < 1].

the elliptic integral of the first kind / \/ - D)
—u

i dog
| —_— F(p.k)
—k%u?)  Jo \/1—k2sin?6
1-— /<:2u2 ®
the elliptic integral of the second kind / \/ = / V1 —k2sin? 0d0 = E(p, k)
0
d

the elliptic integral of the third kind /
o (T+cu?) /(1 —u2)(1— k2u?)
e de

/0 (1 —|—csin26‘) 1—k2sin%0

= (e ¢, k)
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Here, k is the elliptic modulus, ¢ is jacobi amplitude, and ¢ in II(p;c, k) is called the parameter. When k # 0,
1, these integrals cannot be expressed by elementary functions.

We may take normal forms as in the following.

Riemann’s form:

* du i u i du
) du7
/0 Vu(l—u)(1-du) /0 Vu(l—u)(1—du) /0 (u—a) Ju(l—u)(1—Iu)

Weierstrass’ form:

/w du /w u d /"E du
b u7
oo VAU? — gou — g3 Joo V4ud — gou — g3 o (u—a)\/4ud — gou — g3

The inverse of the elliptic integral of the first kind z = foz ——du g the Jacobi elliptic function
(1—u2)(1—k2u?)
x = sn(z), whence we may define the relevant elliptic functions:

en(z) = /1 —sn?(z), dn(z) =+/1—k?sn?(z), tn(z) =sn(z)/cn(z)

tn(z) is often written as sc(z). The inverse functions of sn, cn, dn, tn are denoted by sn~!, en™!, dn™!, tn~1.

1.1 Complete elliptic integral
1.1.1 Property of complete elliptic integral
The complete elliptic integral of the first kind:

£ 11
K(k):F(E,Q:/Q—de = 5F (5.5: LK),
2 0 1— k2sin%6 2 2°2

The complete elliptic integral of the second kind:

E(k):E(gv’f) :/02 L—K2sin’0 df = OF <—;,;,1;k2>.

Power series expansion of K, E [|k] < 1]

mm-gP_@fﬁ_(;@?g_m_gi%yygﬁ;_uw

K(k')Zg 1+(;)2/@%(;Z)2k4+---+<w>2kw+...
ST () e (33) e (O ey

2 2 2
m 1 1 (2r —3)N
- |1 - 2 — 44 ... Al 2r 4 ..
s | (5) 2 () < () )

1—V1—k2
where k = 716 When £ is real, the inequality x < k holds, for which the power series of k can converge
; 14++1—k2
aster.

Relation between K and E:

K'(k) =K (k) =K (\/1 - k2) L E'(K)=E(K)=E (\/1 - k2) :
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Putting ¥’ = /1 — k2 and + = /-1, we have

EK'+ EF'K — KK' =

KGIZ) = 14;/4/[((/%:)’ EG_kl) _ 1jk’ [E(k) + K K (k)]

K<2x/E

(Legendre’s relation),

> — 1+ k) K(k), E <M> =1 g - 2E®)],

1+k 1+k

When k£ — 1 — 0, we have

K(k)

log 1

11t
~ 5 3 / K(k)dk = 0.91596 5594 (Catalan’s constant).
0

2 Potential flow around an ellipsoid with a =1/2, b=1, ¢ = 3/2

The velocity potential ¢ (where ¢ = ¢(x, \) with A = A(z,y,2) in 0 < A < o0) for a flow around an ellipsoid
of the semi-axes ¢ = 1/2, b =1, ¢ = 3/2 (or a = 1, b = 2, ¢ = 3) and moving with a uniform velocity
U in the z-direction in the cartesian frame (z,y,z) is given by the following expression (Eq(4) in §17.52 of
Milne-Thomson’s book):

6= abcUzx dA

- h 3 1 1 ]'
2—040//\ (@2 +XN)2 (B2 +N)? (24 N)? (1)

where aq is given by

e dA
ap = abc/ 3 T T (2)
0 (@24 N2+ N2 (2+N)2
and A is on the ellipsoid:
2 2 2

PEIS WL I WLt
or

FO) =22 (P +X) (4N + 52 (E+A) (@@ +N) +27 (@ +A) (P +A) = (a®+A) (P +N) (P+ ) =0. (4)

By taking A = 1/s for which d\ = —ds/s? as in the conventional manner shown before, the integral in Eq(1)
may be transformed as

/°° d\ B /0 —ds/s?
y (@ N V@ NG N (@ N S (@@ 1s) /(a2 1s) (82 + 1/s) (2 + 1)

5 ds 51 -1 ds
*/0 (a2 +1/s) /T (a2 + 1/s) (B2 + 1/s) (2 + 1/5) */o a_2<a25+1+1> abey/o(s)

1 s 1/a? ds
= | h- (5)
aabe J, s+1/a? ©(s)
where ¢(s) is defined as

<p(s):s<s+ai2) <S+bi2> <s+cl—2> = (s%%s) <52+<%+%)s+£). (6)
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The characteristic equation for ¢(s) is given by the quadratic equation in £
£ —2¢ 1
1 1 1 —2 1
0 1/02 1 :( ————— )£2+2—l)2 —m:(), (7)
1/(a®?) 1/a®+1/0 1 “ ambme

which is then denoted as

co€® 42016 + 2 =0, (8)
with
1 1 1 1
“=EtETa AT gp 2T gpe ©)
The solution to Eq(8) is given by
C1 C1 2 C2
f=——= (—) — = ={, &, say. (10)
Co Co Co
Using the transformation given by s = (&1t +&2) / (¢ + 1), we have
ds (61 —&)dt _ & -8 dt (11)
Vo) Ve CER P ErD) V@) VE@E D) (P 07)]
where 1 and v (2 > p?) are defined as
iyzzﬁg-kéé/c?:_(fj)z L2 (& +1/d%) (52+1/52):_<52+1/a2>2, (12)
& +&/c &) (& +1/a?) (& +1/b) &1+ 1/a?

For a =1, b =2, ¢ = 3, we have some typical values in the transformation given by s = ({1t + &)/ (¢ + 1)
€ = —6.5254748F — 02, & = —3.7376964E — 01, & — & = 3.0851480F — 01, & /&1 = 5.7278536E + 00,

(&) = —5.1674737E — 04, —v? = —3.2808306F + 01, —u? = —4.4882982F — 01,
v =D5.7278536F + 00, 1 =6.6994762F — 01, k*> = (v* —4?) /v* — k=9.9313626E — 01.

S

0.75
05¢

0.25

~025 | / ]

-05+¢

-0.75 ¢

-8 -6 -4 -2 0 2
Fig.1 Transformation given by s = (&1t + &) /(t+1); —v <t < —p (v =5.7278536E4+00 and
@ =6.6994762E-01). The region 0 < s < oo corresponds to —v < t < —1.
Therefore, the transformation given by ¢? = /2 (1 — kzuz) in u? < t? < v?leads to t = —/v2 (1 — k2u?) in
—v < t < —1 corresponding to the region 0 < s < oo, for which 0 < u < ug (where ug = /(12 — 1) / (v2 — u2)),
2tdt = —1?k?2udu and the integral in u is

/S dS :/t 51—52 dt _ “ 51—62 du/V ] (13)
o Vels)  Jeesa VIeEDIVE —12) @2 —12)  Jo VIe(&)] (1 —u?) (1 - k?u?)
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Then we have

L 1/a® B 1/a? (t+1) /a?
s+1/a2  (Gt+&)/(E+1)+1/a® T (G +1/a?)t+ &+ 1/a?
—1_ 1/(12 51—52 - _ 1/&2 (fl—fg)/a2 (£1+1/a2)t—(§2+1/a2)
&1+ 1/a? (&1 +1/a?)t+ &+ 1/a? Si+1/a® & +1/a% (& +1/a2)° 12 — (&2 4 1/a2)?
_, e L& —8) Ja? (& +1/a®) V12 (1 —k2u?) + (& + 1/a?)
Si+1/a? &+ 1/a® (& 4+1/a2)* 2 (1 — k2u?) — (& + 1/a2)?
1/a2 bl\/m—Fbo
=1- +A
fl =+ 1/(12

with

ag — asu? (14)
A= (61 _52)/0’2

T a2 M7 (§1+1/a2)2l’2*(§2+1/a2)27 az = (§1+1/02)2V2k2:a07

by = (51 —|—1/a2) v, by = (52 + 1/&2) = (51 =+ 1/(12) n= blg = blk'/.

Therefore the integral is now expressed as

1 & -6 “[1 1/a?

B £b0+b1\/1—k2u2
&1+1/a?  ag 1—wu?

du/v
a?abe \/Jp(&1)] Jo

VA —u2)(1- k)

1 &1-6& 1/a® Abg 1 1 5 2
= bl 6] {{1 £ 1/ F0,k) + F(9,k) k/zE(97k) + 2 tanfv 1 — k?sin” 0

ao
A
oAl [\/l—uQ— 1}} (15)
ao
by taking u = sinf, 0 < k> < 1 and k%2 = 1 — k2.
first kind

In the derivation, we have used the elliptic integral of the

u 6
/ du z/ __ A g,
0 /(1 —u?)(1—k2u2) 0 V1 — k2sin?

(16a)

the second kind,

1 — k2u? o

—  du= / V1 —Ek2sin®6 df = E(6,k), (16b)

1 —wu? 0
and
“ d ¢ de 1 1
/ u :/ = F(0.k) — —=E(0, k) + — tan 0/ — k2sin® 6. (16¢)
0 \/(1 —u2)® (1 — k22) J0 cos?0 V1-—k? sin? 0 k k

The transformation A — s — ¢t — u — 0 and the inverse § — u — t — s — A are arranged in Table 1.

Table 1 Transformation A - s —t — u — 6 and the inverse § — u —¢t—s5— \ .
_ 27t2
A s=1/A t=-" & T . 0 =sin"tu
s —¢& v2 — 2
21
0 00 -1 Uy = \/:2_”2 6y = sin™ ! ug
A=1/s | s=(&t+&)/(t+1) | t=—v2(1 - k2u?) u =sinf 0
e} 0 *52/51:*1/ 0 0
0<A<oo 0<s<oo —v<t<—-1<—p | 0<u<uy<l |0<O<by<m/2




ellipsoid-cal-apr22-apr29.tex

[Complementary calculation] The solutions:

—c1 £ /2 — cac
(&)

§= = &1, &2

are then expressed as

1 1
M?EXﬂﬁ@tﬂﬂm§tﬂww

Co Co B Co &G —y+VaB

with «, 3, vy

1 1 1 1 /1 1 1
=a\@ 2) Pee\e a) 7T ar

Using these, we have the following expressions:

whence

Moreover,

whence

2

apg—a2 =

G+1/c = ClJ” O 2= 0B tVaB _VaB (| Vab

! Co o Co Yy

G41/ = 2V ”aﬂﬂ/«?:_QﬁM_ e (1+ aﬂ>,
o Co Co 0

25_2§2+1/c2£_2—1—m/v<5_2)2
S &+1/c2 & 1—+VaB/y &)

we have the following expressions:

514—1/&2:M, €2+1/a2:ﬂ’
Co Co
fl+1/b2=%7 €2+1/52=%,

TG (G )

s (5) (e 0 () (£) (e

(&2 +1/a%) (&+1/1?)  (a=vapP) (B=vaB) (Va-VB) (VB-va) _ (f—f)
a+aB) (B+vaB)  (Va+VB) (VB+va)  \Va+VB

d — 1
4 (tane\/l — k2 sin? 9) = V1 = k2 sin? 0 — tan 0k sin 6 cos 0
C

d¢ 0s? ¢ 1—k25in29
1 ) ) 1
:—\/1—k251n 9+\/1—k251n 0 — —————
cos? 6 V1 - k2sin?0
1 — k?sin? 1 1
= k;m 0 +vV1—k2sin%0 - ———
cos* ¢ 1—k2sin%0 1—k2sin%0
1— k2 1 1— k2
= + V1 k2sin?0 - —
cos®0 \/1 — k2sin? 0 1— k2sin? 6

k/2
1 — k2sin?

1
= + -
cos? ¢ V1 —k2sin%0 1—k2sin%0
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6 (4 4
do 1 S Ee— 1l ————
/ :—tan9 1—]{,‘2Sin29—/ —/2 1—k:2sm29d9+/
0 cos?6 o k 0

1 — k2sin29 K7

1 : 1
= 7z tan 6v'1 — k2sin® 0 — WE(H,k) + F(6,k)

1—k2sin%0

with k"2 =1 — k2.
[calculations]

2
S (2) e 1 [~ V@@ (@) =&, &, sy,

b? 2 — b2 , 2 —a® | V? c? — b2
2 Ve YtV =Cnpa g Va e

a? a?b?
_ & _ &+l
&1 §1+1/c%

. §2+1/a2 . _£2+1/62
P a1/ ™ ety

26162+ 5 @+ =0, e+ (o4 ) @ +E) T g =0,
a(e+1/)+&(@+1/3) =0 —

(€1 +1/a%) (& +1/6%) + (€ +1/a%) (G +1/6%) =0 —

= _ —ds/s?

abcUzx /°° dA abcUzx
A

0
S 2-a0 )y (@24 2)F B2+ N)? (@4 2—ao/s(a2+1/s)\/(a2+1/s)(b2+1/8)(02+1/s)

_acha:/s ds _achx/Si( -1 +1) ds
2—ag Jo (a2+1/s)\/s* (a2 +1/s) (D2 +1/s) (2 +1/s) 2—aoJy a® \a®s+1 aber/o(s)

- | ) 7
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A note on flows of a second order fluid around an ellipsoid
T.Funada, May 4, 2004 / ellipsoid-may04.tex / printed July 16, 2004

The terms “Spheroid (oblate spheroid and prolate spheroid)” are due to Mathematica. The terms “Ellipsoid
(ovary ellipsoid and planetary ellipsoid)” are due to Milne-Thomson.

1 “17.52 Translational motion of an ellipsoid” Milne-Thomson (1974)

Consider the ellipsoid

.%'2 y2 22

moving in the direction of xz-axis with velocity U, whence the velocity potential ¢ for which v = V¢ is given by

abcUx [ dX
¢__2—ao/A RN CECEDICEDE @)
e oy = abc/OO da (3)
Ty @ N @ NN (@A)

with the ellipsoidal coordinates (A, u, v) = (A1, A2, A3) = A1e1 + A2ea + Azes which are three solutions of the
following equation through cartesian coordinates (z, y, z) = ve, + ye, + ze,

{E2 y2 22

Zir Rar @ A

1. (4)

Fig.1 Confocal ellipsoidal coordinates.

1.1 Orthogonal curvilinear coordinates

Cartesian coordinates (z,y, z) and an orthogonal curvilinear coordinates (1, &2,&3) are related as
ox = dxe, + 0yey + ze, = h1d&1e1 + hadéaes + hidézes,

where

ox ox

8751: 1e1, 9%, = hzes,

ox
= hoesy, 8753

with the scale factors defined as

oo, 2202, 0= Oz, [0z Oz
Vo aa Vo ot U Vo oe
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and the orthogonal condition

ox

ox

ox

ox

—— - —— =hihse; e =0, —— - —— = hahzes-e3 =0, —— = hsh =0
96, 0 112€71 - €2 06 Oty 2/t3€2 - €3 o9& 06 3ni€es - e
The derivatives of unit vectors are given by
32.’13 0 0 8}11 861 6}12 362
351552 851 ( 262) 852( 161) 852 €1 1 352 361 €2 2(%1
8291: 0 0 8h2 862 8h3 863
D606, ~ 08, 1999) = g, e = G ea e = G e hag,
32513 0 0 3h3 563 ahl 361
D606 0, 1) = gy haes) = Beres Thager = B e T gy,
ge  10hy — Dex  10M,
06, h1 06 O 06 had&
gez _ 10y~ Oes 1 0h
9&  he 0& O 9&  hz 9&
Oes _ 10, — der 1 0hg
061 h3 &  0&  hi0&
de; 1 0Oh, .,
96, h; g, 17
(6)
ber 0 L0k, 10k
9e 0 2T T T Thadg P hs 08
%_i(e e )__i%e _10h
2 AT Y T
%_i(e X €3) _i%e _i%e
06 0& YT T hidg | hadg
Gei 3 -1 ahz
ST Z 79,
i G o %
[S5] 0 €2 0 €3 0 <n1 oF no oF ’/l3 8F>
V= - — + -2 —— 4+ = — -V)F =DF =
h10&  he 05 h3 083 (n-V) hy 06 he 352 hs 983
Ohy Oha F3 Ohy Ohs
61~(n~V)F (n V F1+h1h2 <ﬂ1852n28§ )+h3h1 (nla—fg n38—§1),
8h2 8h1 F3 8h2 6h3
ey - (nV)F (n V Fo 4+ —— hlh (77,28—51 —n1 652) —+ Talia (n2a—€3 —nga—&) ,
. 8h3 Ohq Fy 8h3 Ohs
63(TLV)F—( F3+h3h1 (ngagl_nla&g>+h2h3 (n?,aé.z 2(95?))'
Dei = Z bijej, bij = —bji 7 7é]
=130
De, — Mde1  maler  msder m <_1% —10m ) 4 M2 Ohe o ms Ohs
"0 08 he 08 | h3 08 i \hg 0& 0 hg 0& ) " hihs 08 0 hahy 0&
1 Ohy Ohs 1 Ohy Ohs
h1h2( "og T 6&1)62+h3h1( "9 ”3851>63 12€2 7+ bises
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DEQZE%‘F@%—FE%: 43 %6 +(18hg e _1817’263>+ n3 %63
h1 06 ha &  h3 083 hihg 0& h1 9& hs 0&3 hahs 08
:L ( Ohs +n3ah3>63+ 1 < n2%+n1%> e1 = bozes + boreq

hahs 2ot B3 hiho 96 S
nq 563 n9 563 ns 863 - nq ahl no ahg ( 13]13 -1 ahg )
Des = ——+ ————+ —— = S €1 T ac 61T T 57 €2
h1 06 hy 0%  h3 08 hzhy 03 hahs 853 IS ha 0%
1 6h3 ahl 1 ahS 8h2
= ﬁ ( 33§ 55 ) % (—ns% 7126)53) ez = b31e; + byzeo
(Lij) = Vo, Aij = Lij + Lji,
T 1 81}1 V2 ahl V3 6h1
ver(vy) oo (hl 231 h1h2 06 ﬁa_fi’»)
+ eres ( —U1 6h1 1 602>+(i% V2 %>:|
h hg 852 hl 851 h2 852 h1h2 851
¢ el ) (e Ty
hshi O€; hl & h3 98 hshy 0&
AT S AWET TS
ha 082 hihz 06 hiha 02~ hy1 06
1 6h2 1 6’02 U3 6h2
+oexea2 (hth 061 h2 &y * %3—53)
+ eqes ( 2 8h2 ! %> +<i% s %>_
hahs €3 hz & h3 03 hahz 082 ) |
+ ese; (i%— v 8h3>+<— U % i%>
hs 0 hshi 0& hshi 0&  hy 01 ) |
+ ezes (181}2— U3 8h3>+<_ b2 % 181}3>_
h3 083 hahz 02 hohs 03~ ha 082 ) |
+ 63632 ( U1 6h3 (%] 8h3 i%)
hshy 9&; h2h3 9 | hy 98
(20) (Aij) = (Aji) = (eiaize;)
3 3 3 3 3
Z Z (n-V)A;; = ZZD (e;aije;) Z Z e;e; (Da;j) + a;j ((De;) e; + e; (Dej))]
=1 j—1 i=1 j—1 i=1 j—1

e1(Dai11) + a112 (Deq) eq
)
+eses Da33) + as32 (De )

+ezes (Dagso

(

) + 2a12 ((Dey
)

)

+ a222 (Des) es

+2eies (Da12 es +eq (

)
+2e1e3 (Dais) + 2a13 ((Dey) es + e (D

es))
es))

+2eses3 (Dass) + 2a93 ((Des) es + e (Des))

=eie; (Dair) + a112 (bizez + bises)
+eses (Dagz) + a222 (beses + bareq)
)

+eses (Dags) + ass2 (bs1er + bazes

€1
€2

€3
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+2eje3 (Dayz) + 2a12 [(bizes + bises) ex + e1 (bages + bayeq)]
+2e1e3 (Dais) + 2a13 [(bi2e2 + bizes) es + e1 (bs1e1 + bsaes)]
Dass) + 2a23 [(bazes + bare1) e3 + es (bsrer + bzzes)]

=eie; [(Dai1) + 2a12b21 + 2a13b31]

—|—26263 (

+ezep [(Dagz) + 2a12b12 + 2a23b32]

+ezes [(Dazz) + 2a13b13 + 2a23b23]
+erep [2a11b12 + 2a22b21 + 2 (Daiz) + 2a13b32 + 2a23b31]
+eies [2a11b13 + 2a33b31 + 2a12b23 + 2 (Dars) + 2a23b21]
+ezes [2a22b23 + 2a33b3a + 2a12b13 + 2a13b12 + 2 (Dasgs))

2 Second order fluid

For the second order fluid, the gradient of velocity, the lower convective derivative and the stress tensor are
given by

_ Ou 0A;j 0A;;

L = oz, Aijj = Lij + Lj;, By = Ey + o + AipLij + Lik Agj, (2.1)
rfij = —péij + /,LAZ']' + Oleij + OQAikAkj. (22)
Using the velocity potential for which
¢ 2 o >
= i = ) . = =Y, Li‘ = 3 _ a_ 1] — 4 A Ao 2
v V¢7 v 8.%‘1 Vv Vv ¢ 0 J 8371833J J 8%‘181‘] ( 3)
we have the following expressions
3 3 2 2 2 2
By B0 p 0 _Bo_ L, 0 Bo ., o
0t0z;0z; Oxy, O0x),0x;0x; O0x;0xy, Ox,0x; O0x;0xy, Ox,0x;
[AL0) 0¢ D3¢ ¢ 0%¢
=2— 42— 4 2.4
OtOx; 0, + Ozy, 0xy0x;01; + 0z;0z), Ox)0x;’ (2:4)
8Bz'j 8 8¢ 83¢ 82¢ 82¢ 8Tl 8p aAU 8Bij 8 (AlkAkj)
= —_— 2— 4 = — . 2.
Ox;  Oxj [ Oxy, Ox1,0x;0x; i Oz;0zy Ox0x; | Ox; Ox; to Ox; T Ox; T Ox; (25)
0%¢ 0%¢ 0 0A;; ox 0 195% 0 ox
= — = — (A Lyi) = =, —=—AipAr; =2=-—", 2.
Ox;0xy, Ox;j0x),’ O, ( i 8:@) dx;”  Ox; (A L) Ox;" Ow; KM z; (26)

a<a¢2 ¢ ) a(a% a%) a<2 826 a%)_a(a% a%)

dxj \ Ory  Oxypdx;0x; ~ om; Oxy0x; OO0z dxj \ " 0x;0xy, dxpdx; ) Ox; \ dx;0xy Ox;0x)

B < ¢ 0% > B < 9% 8¢ ) B
2 = 2 ,
8ai‘i

0
a—a:j O0x;0x), 0xp0x; O0xj0x), 0x;0x) % (@1 Bij + a2 A Agj) = Oy [(Baa + 202) x]

The equation of motion is given by

Ov; ov; 0 0
’ (8_2 - Uja_;> = g H Vi g (o1 By an i Ayg) 2.7)
J [ g
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whence the Bernoulli function is expressed as

0 oo p 0o O . o1 A
[ —_— _ fr— = > .
02, { 9t + 2 0, O, ~+p ﬁx] 0 with 8 =3a;1 + 2as > 0, (2.8)
0
022 LIV 4+ p— fx = (1), 29)
The stress tensor is given by
o 3y — Liwol?— 221 5. 9 00 9 AL
Ty = [C+6x AN f’at]5w+ [u+a1 (a +5ea ) [y + (o) Andiy. (210)

3 Sphere

For a sphere for which a? = b? = ¢2, we use the spherical coordinates (r, 6, ) together with the cartesian
coordinates (x, y, z) = (rcosf, rsinf cos p, rsinfsin ) to give the equation of A

z? y2 2 2 2 2 2 2
2atpatan Tl oo r ity re=arAsT ®.1)

The velocity potential ¢ for which v = V¢ is given by

¢__achx/ dA

2=ac s @+N@FN PN (@ N
3 00 _ g3 —Urad 3

_ ¢:_2a Ux / dA _ 2a Uz:g(a2+)\)—3/2: Uzxa :_U2xc3L 7 (3.2)
“0 Sy (@2 Jar a2 (a2 +2)° '

with ag defined as

e dA o dA
oo = abe - ap=a’ = —. 3.3
=i | e e @rfary 5 Y

The velocity v = (u, v, w) in the (z, y, z) coordinates or v = (v,, vg, v,) in the (7, 8, ¢) coordinates are

given by
5, a’ 0 a’ 0 a’
'U:(U7 v, w)quﬁz— 8 <U ﬁ>_ey8_y (U.Tﬁ> —62% (UZ'@)
ad 3a3 3a3 xy 3a3 xz
= — — = — — 3.4
exU<2r3 274 r>+eyU<2r4 r>+er<2r4 r>’ (34)
0 ad 10 a? 1 0 ad
v = (U’r‘v Vg, ’ULP) = V¢ = —erg (Uxﬁ) - 69;% <Ul’ﬁ> - ewm% <Uf£ﬁ)
ad oad
= e, U cos 07“_3 + egU sin Gﬁ. (3.5)

If the frame is taken on the ellipsoid, the velocity potential is modified as

¢=—-Uz (1 + ;;)) : (3.6)

The unit vectors in the spherical coordinates (1,6, ) are given by

e = cos ey + sin pey, e, = sinf cos pe; + sin 0 sin ey + cos fes = sin e + cos fes, (3.7)
Oe, . .
8619 = cos # cos pe; + cos fsin pe; — sinfes = ey, (3.8)
Oe, de Oe
€r _ _sinfsin ey + sinf cos pes = sin —, =0 e, (3.9)

Oy dp’ 00
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3.1 Normal stress on the sphere
The potential is given by

0 o
¢ = —U cos (r—l— ﬁ) ,

whence the velocity v = V¢
(o vy ) = (20,106 100
m Tl =\ or v o0’ rsin 6 ¢

or 73 T roe

881: :—Ucos@g%?), %%—Usin@(%—i—j)»

%:—USin@%, %%ZUCOS@(%‘F%)v

_%_’_%%Uor — _Usin® (11~+2Cf4) Usin@(i—i) :—UsiHH%7
%%+%UCOS@<%+%)UCOS@(%;§)Ucosegi

The gradient of the velocity is given by

Our v
or or
Vo 1 81}1« 1 67}0 Ur
Li;) = _0 .- 29, T
(Lis) r i r 00 r 00 r
L v wp 1 0w v L ov,
rsinf Oy r  rsing Oy rsinf Oy
343U —2(3059 —sin6 0
(Lij) = —— —sinf  cosf 0
2r4
0 0 cos 6

The strain tensor is given by
Aij = L;; + Lj; = 2L;j,

)(U’l‘;v970)7
3 3
UTZ%Z—UCOSQ<1—Q), vg—l&b—UsinH(l—I—Q),

213

2rt’
- 1 3 1 3 3a?
U——I—U—OcotH:—UCOSH -4 + Usinf f—i—a— cot@zUcosGi.
r r rord r o 2rd 2r4

vy

or

Love
r 00

v v
—r—i——ecotﬁ
r

aiy a2 G13 bir b1z b3 ci1 Ci2 €13
a1 G2  G23 bar baz baz | = | ca1 cao co3
as1  asz as3 b31 b3z b33 €31 C32 €33
94502 . 9a%U? .
c11 = 5 (4 cos? 0 + sin? 9) , Cio = < sin fcosf, c13=0,
r r
9a5U% . 9a5U?
Co1 = 3 sin 6 cos 9, Co2 = S Co3 = O,
r T
6772
- - ~ 9a°U 9
c31 =c32 =0, ¢33 =—5—cos 0,
T
, 9a52 [ 4 cos? 0 +sin’6 sinfcosd 0
A = (A Ags) = sin # cos 6 1 0
J 8
-
0 0 cos? 6

(3.10)

(3.11)
(3.12)
(3.13)
(3.14)
(3.15)
(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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U2 U2 U2
2 2 _ 2
ZtA 4—(5cos 6 + sin? 6 + )—W(Zlc% 9+2>_W(1+2C05 0) (3.21)
(30&1 + 2042 ( [ i 90(2) (3.22)
2
p:poo—i—gUz— %——p\w\ + BX = poo + gUQ( —sm 9) v <27a1+9a2) (1 +2cos® ) (3.23)

The normal component of (v - V) A;; is

dci1 vy 5‘011 vg 862 vg Oes dci1 vy 8011 Vg
eje; (Ur— + — + c12o— r + co1— . el =eie |Vjp—F— + — s (c12 + c21)

or r 90 rr ol ar r 00
0%v, vy O%v, vy [Ove wvg 10w, w2 .,
= e [a o aer v (ar BT ﬂ =eer s d (3.24)
18U2 .,
nin; ('U . V) Aij = P sin“ 6 (325)
0
niTijnj = —p+nn;||lp+a a +v-V Aij + (Oq -+ 012) AikAkj
= —p+ ;mminj + ninjaa (’U . V) Aij + (a1 + O[Q) nminkAkj

3

6a°U 96 2
= —P+M<_ (j"‘l cos@)—i—nm]al( -V) Aij + (a1 + az)

(4 cos? @ + sin 0)

27 U? 9
ning (Tij),_, = —Poo— (7(11 + 9042) — (14 2cos?6) — Py (1 — Zsin? 0)
a 2 4
2

6U 9gU
_7MCOSQ +ninjar (v-V) A + (on + ag) —5 2 (4 cos® 0 + sin® 0)

9 6U
= —Poo — gUZ <1 - 151112 9) - T,ucosQ—&—nmjal (v-V)A
U2 2 .92 27 2 U2 2 22 2
+—a 36 cos” 6 + 9sin 977727(‘,08 0 +a—2a2 (36COS 0+ 9sin“ 0 — 9 — 18 cos 9)
a

9 6U 18U2 U?9 U?
= —poo—U2( 4Sin29> —TMCOSQ—F 2 o sin 9——2§a1+ ~—as9cos? 6

Therefore the normalised normal stress on the sphere is now expressed as

T’I‘T’ oo
e Lrtp (

rr pU2/2 -

12
1- anf 9) ~ 5 cost+ % (36sin26 — 9) + %18 cos? 6. (3.26)

4 Spheroid (oblate spheroid and prolate spheroid)

22 Y2 52 22 4 42 52
=1 — =1 4.1
PENES WL Iy SRy U WIS W (4.1)
(b__achx/ dA . (b__achx/oo dX (4.2)
2—aoJy (@+N)/(@+N)O2+N) (2 + N 2—ap )y (@+N*VEFN '
oo = abce — « :azc/ . 4.3
0 /0 (a2+)\)\/(a2+/\)(b2+)\)(02+)\) 0 0 (a2+)\)2\/c2+)\ (43)
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22 442 2
Fig.1 Oblate spheroid, ——— + — =1 with a > c.
a c

22 2 2 22 +y? 2
= N =1 4.4
a2+)\+b2+)\+02+)\ a2+ XN 24+ ’ (4.4)
abcUx [ dA a*cUzx [ dA
o=t [T — - A )
2—a0Jx (a2+ ) (a2+ ) (B2 + ) (2 + ) 2—a0Jy (aZ+N)VeR+A

o dA o dX
oy = abe — oy = agc/ .
0 /0 @+ N /(@ + N B2+ A) (@ + N 0 o (a2 +M\>VE A

2_|_y2 Z2

Fig.1 Prolate spheroid, 1‘72 + 5 =1witha <ec
a c
dA -1 9 -1 -1 -1, -3
= A) 2 — — A) 2dA
/(a2+/\)2\/—c2+A Z3a ) /a2+A2 &+

e BTN I LR U WP
=2, @+ JrMQ_CQ/(aszA oy ) (N TT A

A+ A

1
2 A -2
/udkz/ﬁ
a2+A a2*C2+§2
a?—c?>0 &E=+vVa?—c2tanf dé =+a2 -2 dza
cos
/ 2de / 2va? — 2494 2 2 2+ A
= 0= arctan | ——
VaZ — 2

a?—c2+¢2 | (a2 —¢?) (1 + tan?0) TV & a? —c?
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1
dr s B SNC S Gt B 2 2\—3/2 2+ A
/(a2+)\)2m_a2+)\(c +)\) +W+(a —C) arctan W

a>—? <0 £=+/c2—a%cothf dé=+/c? h2
Sln

I 2 — g2 _—d0 _ _ 2
/ 2d¢ :/( ¢ snn?o = 25— 2__arceoth <7C +)\>

a? —c? + &2 2 —a?) (=1 +coth®0)  Ve? — a2 V2 —a? 2 —a?

X+1/X 2+ A X2 _ 20 V2 + A+ Ve? — a2
= — = ==
X-1/X V2 =42 V2 + )=V —a?

> 2 2 _ 42
(P a?) 3/211 <\/c + A+ Ve a)

/ dA -1 (2+>\)_%+(62+)\)_2
(@ + A\’ VE+x @+ ¢ a? — c?

V2 X —Ve2 —a?
5 Ellipsoid of revolution (ovary ellipsoid and planetary ellipsoid)

.132 y2 22 x2 y2 + 22

2aatpateanat T et e Tt (5.1)
¢__achx/ dA B CL(’QUT/ (5.2)
2—a0/y (a®+N) /(@@ +N) B2+ N) (2 +N) 2—- \/GQH 62“) '
g :abc/ dA — :ac2/ . (5.3)
0o (@+X)/(@2+X) (2 +N)(E+N) 0 \/(a2+)\)3 (02+)\)2
2 2.2
Fig.1 Ovary ellipsoid, 96—2 + d —ZZ =1 with a > c.
a c
22 Y2 52 22 y2 + 22
a2+)\+b2+)\+02+)\ a2+)\+02—|—)\ ’ (5.4)
2
¢:7achx/ dA . _ _ac Ux/ (5.5)
2=ar )y @ANV@ NG N (@ N 2-a \/a2+>\ @+ 27
% :abc/ dA - ap :acz/ . (5.6)
o (@4 X))@+ X2+ N) (+N) 0 \/(a2+)\)3 (2 4+ \)?

2 y? 22

Fig.1 Planetary ellipsoid, — + 5 — = lwitha <ec
a

C

dA 1 1 1 _1
/ 3 = 2 2/ 2 -2 (a2+)\) S dA
(a2 + )2 (2 + \) c a at+ A A+

1 1 (a2+)\)_%
a2—02 [2 (a2+)\) Jr/WdA]
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dA
— /2 _
a?+ X d¢= 2\/T

/(a2+)\) Ed)\—/ 2d¢

2+ )\ - 027a2+§2

—a>>0 &E=+vc2—a2tanf dé =+/c2—a? 3
cos 9

do STy
/ 2d¢ — / Ve — at o = 2 0= 2 arctan Vet
(c2 — Nz

c? —a?+ &2 a?) (1 +tan?6) ez — a2 2 —a?

A—ad><0 &=+va2—c2cothf dé= a2 —¢2 h2
sin

/ ng _/ 2 62_a'QCOdsgtg _/ 2 0,2 leghdSG _ —2 0
2—at+& ] (2—a?) (1+tan?0) ) (a2 —c2)(~1+coth®d) Va2 — 2
-1 i VaZ + A+ Va? — 2

Va2 + X —+Va2 =2

a2 — ¢2

/(a2+)\) o

inc®?—a®>>0

1A a2 _ 2 2(a2—|—)\)

1 2
2+ ———arctan | ——
2 _ g2 2 _ a2

—1 1 Va2 + X+ Va2 — 2
2 3 .92 2
2(a —|—/\) _\/a2—021n<\/a2+)\—\/a2—02>] ina“—c" >0

1

/MM:

24+ A\ a? — 2

6 Circular cylinder

For a circular cylinder for which a? = b? and ¢? — oo, we have

v + v + - 1 —x2 + _y2 1 Pyt =r*=a?+ ) (6.1)
— — — — e = .
PENES WL IS NI 2+ A+ A Y ’
abcUzx dA a’?Ux [ d) a’Ux a*Ux
(b:— — (b:— 2:— 5 = — 3 7(6.2)
2—a0Jx (24X (@@+X) B2+ N (2+N) 2—a0 Sy (a2+)N) a?+ A r
o dA e dA
ap = abc/ — ap= a2/ — =1 (6.3)
0o (@2+N)V(@+ ) B2+ N)(2+N) o (a®2+))
If the frame is taken on the ellipsoid, the velocity potential is modified as
a2
The unit vectors in the cylindrical coordinates (r,0, z) are given by
e, = cosfe; +sinfes, —- = —sinfe; + cosfes = e %——e (6.5)
r = 1 2, 90 = 1 2 = €9, 90 - T .
The relations between this coordinates and the cartesian coordinates (z,y) are given by
0 0
r? = 2% + 9%, 2rdr = 2zdz + 2ydy, a_ E, a_y (6.6)
dr r Jy r
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The velocity (u,v) and the relevant relations are

ole a® 2a? Or a® a’z?
oo} 2a2 y a*zy
=22 =l o 9 .
oy s o v rt (6:8)

@ _ U—2a2 or 4Uad%x  8Ud%2? x 6Ua%x 8Ua2z®

— -t i 6.9
ox r3 Oz rd r o ri + r6 (6.9)
ou  —2Uda? 8Ua2x? —2Ua? 8Ua? x>
9y 8 24 5 g= y Y 5 3 (6.10)
y r r r r r r
v a’y  SUd’zy x a’y  8Ua%x%y  Ou
— Uy —2 Z=2U—= A1
Oz v rd 5 v rd ré oy’ (6.11)
v a’x  SUd’zyy a’x  8Ua’zy? ou
Oy 4 o r r4 + r6 ox’ (6.12)

0%u 6Ua®> 48Ua%2®> 48Uda’z*  0%u 24Ua?xy  48Ua’x>y 0*u  6Ud? 48Ua2 292

or2 4 + 76 87 dady - r6 B r8 T 9y? I r8 ,(6.13)
ou Ov ou  Ov €1 €2 €3
e T T o= = .14
I + 3y By oz w=0 0/0x 0/dy 0 0, (6.14)
u v 0
| Oz oy | _ | O Oy
=1 o =1 o % (6.15)
dr Oy dy ox
8u @ . @ 3u 2@
N N 8;10 Jdy Ox B 830 oy
(Aij) = (Lij + Lji) = @ N @ 2@ - 3u _2@ ’ (6.16)
oy Oz Oy 8y oz

920\ > 926 \° 2o

4 <@) o <8y8x> 483/833

D?¢ (0% 0% 9?¢
48y3x (3x2 * 0y? ) 4(

e

_ Do Do (PN (PN (20N _
 0x;0zj Ox;0x;  \ Ox2 Ox0y Oy?

The stress tensor for Newtonian is given by

26 82
922 T o Oy
(AirArj) =

N
Q
3]
\_/V/_\
[ V]
+
o
S
%‘Qv
]
[SIRSS
~__
[\v]

—2X<(1) (1)) (6.17)

with

Tij = —pdij + pAij, (6.19)
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and the Bernoulli function is given by

0 2 2 P12 0o p, o 2
_ 2 L_ Do pepet? S . 2
8t+ \ ¢|+ U+p p=p +2U +pc’)t 2(u +v?) (6.20)

Using this, the normal stress on the cylinder surface (r = a) is given by
nin;Tij = —p + unnjA;j = { pU2 3 (u + v )} + pnin; Agj, (6.21)

with the normal viscous stress specified as

ou ou

nin;Ai; = niAu + 2ngny Ars + niAgz =2 (ni -n ) e + 4nmny8—y. (6.22)
The normalized form T}, is given by
« _ ninTij + poo 4 ou ou
Tnn:%:—l—k(uhﬂﬂ)—&-ﬁe (n2 —n )%+2n$nya (6.23)
2
where u, v, Ou/dx, Ou/dy should be read as the normalized ones.
From the paper of Wang & Joseph (2003), the stress tensor for the second order fluid is given by
0A;; 8A
Bij = 2 +v + AlkLk}] + szAkja (624)
ot 8 Tk
Tij = —p(sij + ,uA” + (llBij + OéQAikAkj, (625)
and the Bernoulli function is given by
ad) 1 2 Poo
—— V -—=(3 2 =-U"+—
_ 2 9¢ P 2 2
- P*Poo-i-iU +p§—§(u +v%) + (3a1 + 2a2) X. (6.26)

Using these, the normal stress on the cylinder surface (r = a) is given by

nianij = —-p+ un,-ninj + alnij,-j + agnininkAkj

0A;;
Do + PU2 5 (u +v ) + (a1 + 2a2) X] + pning Ay + aingn;vg o !+ 2 (a1 +a2) x
k

0 0 Ais
= —Poo — —U2 2 (u + v ) + i [2 (ni — nz) au + 4nxnya—Z] +arninjup—=> —aqx, (6.27)

ox oxy,
for which
0A;; o [ 0A1; 0An 0A12 0A12 o [ 0A2 0Az
i = —— tv— 2n, — fv—— — fo—=
nn]vkak nz<u or +v 8y)+ nny(u oz +v 8y>+ny e +v Dy
0?u 82u 0*u 9%u
The normalized form T, is given by

niNiTii + Doo ou ou

T* 3415 -1 2, ,2 22y gy Y

" Prr2 (W) + R, {(nm ") oz " nyﬁy]

2
4oy 9 9 0%u 0u 0?u 82u
+p? [(nx —n?) (uw + vm + 2nuny UW 8 5 | —Xx/2|, (6.29)

2
where u, v, Ou/0x, Ou/dy, x = 2 (%)2 +2 (%Z) should be read as the normalized ones.
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7 Elliptic cylinder

For an elliptic cylinder for which a? # b? and ¢? — oo, we have

LL‘2 y2 222 £C2 y2
=1 — 4+ 7 = 1
AT B T @ PG W RS W (7.1)
abcUx [ dA abUx [ dA
O==5_ 2 2 2 2 - 0=5C 2 2 2 {72)
2—a0Jx (24X (@@+X) B2+ N (2+N) 2—a0Jx (a®+X)/(a®+X) (b2 +N)
g = abc/ A — o= ab/ dA . (7.3)
o (a®+A) /(@2 +A) (07 + ) (2 +N) o (a®+ )/ (a+ ) (07 +N)
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A note on “Potential flow of a second order fluid over a sphere or
an ellipse” by Wang & Joseph (2003)

T.Funada, April 27, 2004 / ellipse-wang-joseph-apr27.tex / printed August 28, 2004

1 Introduction

81)1-
Lij=5—, Aij=Lij+Lj
J (9.%] J J J
0A;; 0A;j
Bij - ! -+ Uk + AlkLk] + le‘Akj
ot 3 Tk

Tij = —pdij + ppAsj + a1 Bij + an A Agj.

v=Vo¢, v;= 6"%, V.-v=V%=0

0x;
9?¢ 0?%¢
A 83:1830] - Lji7 Aij - 28$18$(}] ’
3 3 2 2 2 2
Bij =2 3¢ 2% ¢ 28¢ ¢ +28¢ 0°¢

87583516:(;] Oxy, Ox,0x;0x; 0x; 0x aa:kaxj 0x;0z, 011,075
83¢ o) 3¢ 0%¢ 9%¢ 8(;5 0
2 4 = at

) A’L] + AlkAkj .

Otdx;0x; Oxy, Oz, 0,02 0x;0xy, OxpOx; Oxy 01
0 ¢ 0
T;; = —p(sij + |pu+ o E + — B 3l‘k A” + (041 + 042) AikAkj-
dB;; 0 aqb 3¢ 44 %o 0%
Ox; 8@ 8$k 0x0x;0x; O0x;0z), 01,0
8Tm - 8}9 8AZJ 8Bij 8(AikAkj)
alEj B Bri + H (956]‘ T o aﬂjj t o2 aﬂjj '
O (245N o 9 oy Ox 90X
ox; (U Oxy, ) - Oz’ Oy (Airlns) = dx;’ O, AuwArj = 28351-

_ P9 P9
"~ Ox;0xy, Oxj0xy

0 (8¢> 3¢ ) 0 ( 0% 0%¢ )
Oz, Oxy, Oz 0x;0x; Ox; \ Ox0x; Ox1,0x;
(2 0%y  0%¢ ) _ 0 ( 0%¢ 0%¢ )
x; O0x;0xy, 01,05 Ox; \ Ox;0xy, Ox;0y,
(2 0%¢ 5 0%¢ ) _ 0 (2 0%¢ 0%¢ )
i\ Oz;0z, Oxp0x; ox; Ox;0x) Ox;0xy,
E)?cj (1 Bij + a2 Aig Ayj) = Gill (B + 2a2) X] -
ov; ov; dp
p(&t ”jaxj) = " om
0 [ op  p 0 0

oz, |P ot T 20w, 02, TP ﬁ]zo

§:3a1+2a2>0

Ex

Yo s

0
e (a1 Bij + a2 Aik Agj)
j

v; +

0
por + 5 Vol +p - B =)

. 0 dp 0
Tij =—|C+ Bx — g |V¢|2 _pa—f] 0ij + |:M+Oél (E + %T%)} Aij + (a1 +042)AikAkj.
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2 Potential flow over a sphere
The unit vectors in the spherical coordinates (1,6, ) are given by
e = cos ey + sin pey, e, = sinf cos pe; + sin 0 sin pes + cos fes = sin e + cos fes,

Oe,
00

0 0 0
ac;; = —sinfsin ey + sin 6 cos pes = sin Qi, % = —e,

The potential is given by

= cos 0 cos pe; + cos B sin pey — sinfles = ey

a3
d) = —U cosf (T+ ﬁ)
whence the velocity v = V¢

( ) = 99 199 1 9¢ = ( 0)
Urs V0 Vo) =\ B0 108 rsinf@dp ) Urs 00

3 3
Ur:aqj:—Ucos€<1—a), ve—laqﬁZUSiHH(l‘i‘a),

or r3 o0 2r3
ov, 3a® 10w, . 1 a®
a'r :_UCOSQTT, T%ZUSIDQ(T_TA>,
Ovg 3a®  10v 1 a®
— =-Usinf—, ——— =UcosO|—+ —
or S0 L oe ST + 2rd )7’
vg 10v, . 1 a’ . 1 @ . 3d®
—7—1—;66 :—U51n9<;+ﬁ>+[]sm9(;—r—4 :—Usmeﬁ,
10vg v, 1 a’ 1 @ 3a3
;W—F?:UCOSH(;—Fﬁ)—UCOS@(;—F :Ucosﬂﬁ,
- 1 3 1 3 3
U % ot = —Ucosh =L ) +Using -+ cotﬁzUcosﬂgi,
r r r ot r 2r 2r4
The gradient of the velocity is given by
Ouvr vy 9v,
or or or
(L) = | —Yeyidw Love L v Love
S r r 00 r 00 r r 00
1 8Ur_vi 1 %_Ul 1 Ov, U—T—f—%cotG

rsing dy r  rsinf dy r % rsinf dp | r r

—2cosf —sinf 0
—sinf cos 0
0 0 cos

33U
(Lij) = 52

The strain tensor is given by
Aij = Lij + Lji = 2Lij,

a1 a1z ai3 bir b2 bis c11 €12 €13

a1 Q22 Q23 bor bao boz | = | ca1 coo ca23

asy Gz a3 b31 b3z b33 €31 €32 €33
94502 9a8U?

1= g (4cos® 0 +sin®0), ci2= 5 sinfcosf, ci3=0,
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9a8U? 9a5U2
Co1 = ¢ 3 sin@cos@, Co2 = ¢ N Co3 = O,
r r
6772
c31 =c32=0, c33= SU cos? 0,
r
6rra [ 4cos?0+sin?0 sinfcosf 0
9 9a°U .
A” = (A Agj) = 3 sin @ cos 0 1 0
" 0 0 cos? 6
1, 9U? 9072 ) U2 )
ZtrA =12 (5cos 0+ sin? 6 + 1) 12 (4cos 9+2) =52 (1 + 2 cos 9)
9 27
(Bag +2a2) = = | —a1 +9as
2 2
Prr2 99 1 2, A
=Poo+ U —p— — —pl|V
P =P+ P o 5P IVol™ + Bx
Prr2 9.2 U? (27 2
:poo+§U (1—4s1n 9) —&—a—z ?al + 9an (1+2cos 9)
The normal component of (v - V) L;; is
ocyy vo ocy vg Oes vy Oex Jci1 vg Oci1 g
eie; (Ur ar "0 +C12 €1 —— 90 +co1—e; 90 =e1e; |y ar + 00 . (c12 + c21)

v,  wg v, vy [Ovg wg 10v, 6a2U? 9 3 a®
=@l [a— t oo T (E R ﬂ see s [‘ZCOS f (1 B 7) i 9( zrsﬂ

3772 a3 3 2
6a”U —9cos? 0 1—— +sin? 6 1+a— :gsiHQQ
rd r3 2r3 r—a a?

18U2
[nin; (v V) Aijl,_, = [nin; (v V) 2Ly, _, = —5—sin®0

0
niTijnj = —p+n;n; H:‘LL + a; (61& +uv- V):| Aij + (a1 + 042) AikAkj:|

=—-p+ /mminj +nynjaq ('v . V) Aij + (041 + OZQ) nininkAkj

6a3U 945U
——p—f—,u(— L:A cos@)+ninja1(v~V)Aij~+(a1+a2) as

(4 cos? 0 + sin? 0)
27 U? 9
nin; (Tij)r:a = —PDoo — (2a1 + 9a2> =z (1 + 2cos? 9) — gUQ (1 1 sin® 0)

6U 9U?
—Tucosﬂ +ninjar (v-V) A + (oq + az2) el (4cos® 0 + sin® 0)

z—poo—fUQ ( isinQH) —%ucos@—i—ninjal (v-V)A;

U? 5 . 9 27 2 U? 2 .2 2
+a—2a1 36 cos? 6 + 9sin 0—?—27c0s 0 +a—2a2 (36 cos® 6 4 9sin® 6 — 9 — 18 cos” 0)

2 U?9 U?
oy sin? 0 — —2a1 —|— a29(:os 0

1
= —Poc — —U2 < — %sin29> — @pcosf)—i— 8U
a

* Trr +poo 9 . 2 12 (051 .2 (6%) 2
TT—W—_<1—151H 9>—R—ECOS@+W(36SIH 9—9)+W18C05 0
R. = pUa/ .

12 9
TT*T:_1:|:R—E+W(2a2—a1) at 0 =0,m
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3 Potential flow over an ellipse

For flows over an ellipse:
2 2
€T Yy

with ¢ = a? — b2, the complex velocity potential w is given by

e m(z—i—m)

a+b a—2b

w:—%U(a—i—b)

w=¢+n), z=x4+1y, Z=x—1y
o o

v = V¢ = ue; + ves, 'v—VX(e3z/J)—ela—y—egaz

V-v=0, Vxv=0 V=0 V=
dw 0 10
&_%(qb—i—zw)—u—w—gafy(tzﬂ-um——w-i-u

dw dw

U—Ww=——, U+tw=——
a4z

dz
_ L (dw  dw v (dw dw
YZao\la: Taz ) dz  dz

0z 0z 0z 0z

dz = %dx + a—dy =dz +dy, dz = afd T+ 87dy = dx —dy,
oz Or Oy oy . _
de = =24 d dy = —=dz + =2dz,
0: Tz W=, 2

0 0z0 0z 0 0 8 9 _0z90 029 0 0

N J— 1= — 1=,

8$Z%&+%£:&+£’ Oy 8y82+8y8z 0z 0z’

9 _1(0 0 5_1 9.9
9. 2\oz ‘ay) oz oz Z@y ’
au_ 8+8 1 dw+8w B
Oz \oz  o9z)2\dz  0z) sz dz2

@_23_33;@+@.4 w_dn
oy  \9z 9z)2\d:  9z) 2\d:2 dz2

v _ (9 0N (dw dwy o (dWw
dxr  \9z 0z) 2\ dz 9z )] 2 d22
@_Zﬁ_ﬁz,@_@,_147
oy \0z 0z)2\dz 0z 2\ dz? d22
@ ov
_ _ ox Oz
L=Vv= 8_u v
dy 0Oy
ou v, o
T or ox 0O no s
A=L+L" = ou' ov 2@3/ :(S_n>
Jdy Ox dy
B @__ 8v_d2w d?w ov 6u_ d*w  d2w
" o Oy dz2 = dz?’ or 0Oy '\ A2 T az2
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2 2
9 [ n°+s 0
A= < 0 n?+s
2o 929 ou\>  [ov\® [oOu
O0x;0xy, Ox; 0z, ox ox dy

_ Prr2_ pdwdw
P=pot U - S @

p. o pdwdwo

Ty = | b — 202+ 2250
J [p 2 2 dz dz

9 ), tI‘A2=2(7’L2+82)

2 2 2 2
ov\~ _ (Ou ou\"™ 1, .,
a) =2(5) +2(5) =30+

v 1
+ = (3ay + 2a2) (n® + 5°)

2

1
— 5 (3041 + 20[2) (n2 + S2>:| (Sij

+pAi + a1 (v-V) Aij + (a1 + a2) (n2 + 52) ij

0 0 0 0 n s 0 n s
(U'V)Az‘j—ua—zAiﬂL”a_yAij—”<&+£><s —n>+ Z($_£>(8 —”)
&z Taz) T T T\ ) T e T a

o 0N, _ (0 _ 0\ (e
! 0z 0z ner 0z 0z dz2

0 9N (dPw
! 0z 0z ! dz?

Pw) _ (dw

a2 ) ~ "\ a4

Coy_(dw Py

dz2 ) dz3 ' dz )

o k q q —k

(U.V)Awu<q —k>+v(—k —q>
pdw dw

p 1
niling = —poe = U+ 5 gz~ (4 S)

d3w
az» ) 1

+ (un + cuk + aqvq) (ni — nZ) + (ps + arug — a1vk) 2ngny

)

w:—;U(a—i—b)[

2x 2y
= anem + beey

e~

a+b

(10%

_ 1 e
w——iU(a—i—b) [a—i—b (z—i—

_ 1 e 2 2\—% e B 2 2\73
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W_ gy 2 (1422 —c)*%)+ cr (1—5(z2—c)*%)
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w1 e 2(.2  2\7% e 99 a3
R CACR) [Hb(‘c (=) )+l (=) }
d*w 1 e 2052 2\~% e 9 0 o\-3
dz_z——QU(a—i-b)L_H)(—c (22— %) )+a—bc (22 - ) }
d3w 1 e '@ 5 e -3
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d3w e

1 e
PR TG LL—H)
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3.1 Normalization

In terms of a and U, the normaslization is made, and the normal stress is expressed as

o

1

R—en—|—

niL;in; + Poo
£

in which the normal vector is defined as

oy

2 2

pale (uk + Uq)) (nz—n

dw du
dz dz

T Y 2x 2y T\ 2 Y2
ﬁ*b_z”):a_ze”b—zey = n= (e m) = (et pen) 1 () + ()
(e an) o (dw o
“Tol\d Taz) "Ta2\a a4z )
_2@_(1210 d%w _2@_ d2w_inu’)
I R PRI Pl oy dz2 dz?2 )’
k_dSl d3w [ dPw dPw
dzs a1 A8~ dz )
_ 1(a+d) [e R e 5
YT, [a+b(z+ Z_C)+ —b(z_ :
_ l(a+b) [ e [ e -
YT, [a+b(z+ 22_02)+a—b<z_ Fo
—i1x (707
e [ () S (e
R i [ AR D RF = {(RE Y
d?w 1(a+b) [e ™ _3 et
=3 LM(—CQ(Z“CQ) Rl Gty
d?w 1(a+b) [ e _ -3 e 5
e e (P e )
d3w 1 (Cl+ b) et 5 et
e e o) e T ()
3, (Yo" 5 —tx
i—;} = —%(a:b) Leersc?z (2-¢%) * + e_b (=3c*) z(z* —¢
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4 Flow past a circular cylinder with circulation

w=-U <z+aj> —klIn (2)

d711) 2

a 1 a? . K .
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2 2
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2 U 2
=-U 1—a—00829 —Esine—z —asin%—l—fcose
r2 r r2 r
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A note on flows of a second order fluid around an ellipsoid
T.Funada, May 31, 2004 / ellipse-may3la.tex / printed July 16, 2004

1 “17.52 Translational motion of an ellipsoid” Milne-Thomson (1974)

Consider the ellipsoid

SCQ y2 2'2

CL72+7+§:1, (1)

moving in the negative direction of the z-axis with velocity U in a fluid at rest, whence the velocity potential
¢ for which v = V¢ is given by

abcUx [ dA
¢=2_a0[\ (a2+)\)\/(a2+)\)(b2+)\)(02+)\)—xf07 (2)
e ap = abc/OO da (3)
T @ NV @I NN @
B ~abcU [ dX
fo:f“”ﬁ—ao/x (02 +0) V@ + ) P+ N (@ +N)

with the ellipsoidal coordinates (A, p, v) = (A1, A2, A\3) = A\1e1 + Azea + Azes which are three solutions of the
following equation through the cartesian coordinates (z, y, z) = re, + ye, + ze,

{E2 y2 22

= 1. 4
a2+/\+b2+)\+62+/\ (4)

Fig.1 Confocal ellipsoidal coordinates.

1.1 Cartesian coordinates (z,y, z) fixed on the ellipsoid

In the cartesian coordinates (z,y, z) fixed on the ellipsoid, the potential is given by
o=Ux+xfo. (1.1)

The ellipsoid with a papameter 6 is expressed as
22 y? 52

210 210 2t0

1

9

which then gives
2? (b +0) (¢ +0) +y* (> +0) (¢ +6) + 2% (a® +6) (b* +6)
—(a®+0) (> +0) (c®+0) =—(0—N)(0—p)(0—v) = f(0), (1.3)
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thus
fQ) = f(p) = flv) =0, (1.4)
f()\) _ _)\3_(a2+b2+02_m2_y2_22)>\2
— (@®0* + 0% + 2a® — 2? (b® + ¢®) — y? (¢ + a®) — 2% (a® + b%)) A
—a?b? P + 2202 + PP 4 22dPh = 0
= N A2 - AN — Ay =0, (1.5)

(@ + ) (@® + p) (a® +v)

2? (b —a®) (*—a®) = (a®* + \) (&® + p) (a® +v) = f(-a®) — 2*= CEYDICETs) (1.6)
The velocity v = (u,v,w) = V¢ in the frame (z,y, z) is given by
fr— pr— —_— = 1.
u=U+ B U+fo+aeagJaA U+fo+x fl, (1.7)
8(;1ch) 8)\ dfo (’))\ A(z fo) OX D fo 8)\
= = = r— = — = — — = I— ]..
VS Toy Tap oy oyt YT Tar T Taian  Canlv (18)
where fi = 0fy/0X and the relevant expressions will be shown in Appendix.
1.2 Newtonian fluid
For irrotational flows of Newtonian fluid, we have
ow OJv Ju 8w Jv  Ju
= — ] =0 1.9
VXv=VxVé= (ay 92 92 0z Oz 8y) ’ (19)
Ou  du  Ou Oou Odu Ou
dr Ody 0z dr dy 0z
0% dv  OJv Ov ou Ov  Ov
L) = | & v | Gu v Ov 1.10
2 (3:@8@-) dxr 0Oy 0z oy Oy Oz (1.10)
ow Odw Ow ou v Ow
dr Ody 0z 9z 0z 0z
8u du N v Ou N ow Ou Ou Ou
83: dy Ox 0z O or Oy 0z
0%¢ ou  Ov 81} ov  Ow Oou Ov Ov
N — (L:s ) — — el T 4 =2 - = = J(1.11
o) =@+ =2(goi) = | S+r 25 T+l s o
Ou n Jw v . ow 23_111 ou v  Ow
0z Odx 0z Oy 0z 9z 0z 0z
On the boundary of the ellipsoid, the normal vector n is defined as
x2 y? 22 y z
_ (Pt Ve 1 2 ARG AN A
n=nge, +nye, +n.e, = (?ex + 32 € + =2 ez) /\/<a2) + <b2) + (cQ) . (1.13)
The boundary conditions at the boundary are given by the kinematic condition
n;v; = 0, (1.14)
and by the normal stress balance for the stress tensor 1T;; = —pd;; + (1A
niTing =9 -, (1.15)

where + is the surface tension coefficient.
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2 Second order fluid

For the second order fluid, the gradient of velocity, the lower convective derivative and the stress tensor are
given by

v, 0A;; 0A;;
Lij = oz, Aij = Lij + Lj;, By = 8tj + vy e L+ AixLij + Li Ayj, (2.1)
Tij = —pdij + pAij + a1 Bij + o Aig Ak (2.2)
Using the velocity potential for which
0¢ 0% 8¢
v = V(b, v; = 8;31»7 V SV = V2¢ = 07 Lij = W, ij = 28xlax] Cij = AikAkj7 (23)

we have the following expressions

¢ 28(;5 D3¢ 49 9*¢ 0% 9 0%¢ 0%

B =2——— —_—
7 0tox;0x; Oxy, 0x1,0x; 0 O0x;0z), 0,0 00z, 02,0z
3 3 2 2
_g 0,00 00, 00 00 (2.4)
0t0z;0x; Oxy, Ox,0x;0x; Ox;0xy, Oxp0x;
0B;; 0 0¢ 10 ¢ 0% 0Ty Op 0A;; 0B 0 (AirAkj)
Ox; Oz [ Oxy, 0x1,02;0x; O0x;0xy, 0110 Ox; Ox; tu Ox; T Ox; o Ox; (25)
Thus we have the following expressions:
0% 0% 0 0A;; 195% 0 195'% 0 ox
= 92,00, 0u,00° Oz, (”’f Bz ) = e o, k) = g g (idi) =250 (20)

0 (00, D6 \_ 0 ( &b 9 0 (P PO \_ 0 ( Pb 9
a$j 8x;€ 31‘k8$i81'j _&’L‘i 3LL‘]€6.TJ 31‘k8$] ’ axj 8x18xk 8xk8xj _&’,Ci 8x]8xk 3133:1% ’

2 2 2 2
5(23¢23¢’>—3<2 ¢ 0¢ 9 (301 + 202) x].

1o}
) ; % (01 Bij + ao A Arj) =

a—acj O0x;0x), Oxp0x; Oz O0x;0x) Ox;0xy, ox;
The equation of motion is given by
6vi 6% 0 0
p (W +v; 8xj> = 7832 v; + 95 (1 Bij + ag Aix Arj) (2.7)
whence the Bernoulli function is expressed as
0 0 dop 0 . R
O |:P—¢+ga—¢%+ ﬂX:| =0 with 8 =3a1 + 2a2 >0, (2.8)
i J
3¢>
po + ZIVOI 4+ p = Bx = C(t) = SU% + pec. (2.9)
The stress tensor is given by
- 0 d¢p 0
Tij = — [C + Bx — g ‘V(bﬁ — pa(f] 51']' + [,u + o (at + 8::1 D )] A” + (041 + a2) AikAkj7 (2.10)
which has the normal component at the boundary
. oo 0
nianij = — {O + ﬂX — g \V(;Sﬂ + /mminj + alnmjﬁa—xk/lij + (Oél + OZQ) TlininkAkj. (211)
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The term is expressed as

8¢ 0 0A;; 0A;; 0A;;
— Ay = - - - 2.12
Ozy, O, Y ox v Oy tw 0z’ ( )
for which
6A11 (9A11 6A11 82u 82u 62U
=2u— +2 2 2.1
b v Ay tw 0z 402 * U8x8y+ Yora: (2.13)
(91412 61412 81412 82u 62u 82u
=2 20— + 2w——— 2.14
L v oy v 0z u8x8y+ UayQ - wayaz’ (2.14)
8A13 8A13 (91413 82u 62u 82u
=2 2 2w —— 2.1
“or Yoy T"a:  Mowo: T Voyer T Vo2 (2.15)
(9A22 81422 8A22 (91} 2 (92
=2 2 2.1
“or oy TV~ Mouay T2 a2+ Y oyoz’ (2.16)
61423 (91423 61423 62’0 821) 821}
=2 2 20—+ 2.1
Y or v Ay tw 0z u3w82+ v8y82+ Yoz (2.17)
(91433 8A33 (91433 6210 (92’LU (92’LU
= 2 2 2.1
R v y tw 0z u8x82+ Uayaz+ Y52 (2.18)
The stress tensor and the second order term are
Gu Ou Ov Ou  OJw Ou  Ou  Ou ou Ou Ou
8;6 dy Ox 0z Ox Jor Oy 0z dxr Oy 0z
ou  Ov 8v Jov  Jw ov  Jdv Ov Ou Ov Ov
Aii) = — 4+ — — 4+ — =2 — = = =2 == = == , (2.1
(4is) Oy Ox 8y 0z Oy Oox Oy 0Oz oy Oy 0z (2.19)
Ju OJw Jdv dw aw ow dw Ow ou v Ow
0z Ox y ('3,2 dr Oy 0z 9z 0z 0z
Jdr Oy Oz Jdr Oy 0z
0% 0% dv  Ov Ov dv  Odv Ov
A Ayj) = (AiAr;)" = (Cyy) =4 4| = = = — = —
(AinArg) = (AixAk;) (Ciy) (axiaxk (“)xkaxj) or 0Oy 0z or 0Oy 0z
Ow Ow Ow Ow Ow Ow
or Oy 0z or Oy 0z
du 2+ Ju v n Ou dw ou du n Ou dv ou Qw 8u8u Ou v ou Ow
ox Oy Ox 0z Oz oz 8y Jy ay oz ay 8;15 oz Jy 0z 0z 0z
Ov Ou <8v8v> <@8_w v du +<@ n v Ow Ov Ou v dv n v dw
Oz Oz dy Ox 0z Ox dx Jy dy 0z ay 9z 0z Jy 0z 9z 0z
ow du ow Jv ow ow ow Ou " ow Jv ow w ow Ou ow Jv n Ow dw
Bz Oz 8y Oz 0z ax Bz By By Oy 9z Oy Oz 0z By 0z 9z 9z
:, (o Duon\ | (0udv\ | (dudn) (Dudu), (udv), (Oudw
oz oz dy dy Oy 0z 0z ox 0z 8y 9z 0z 0z
oudu auav du v ov\* L (ov\*, (v v du ovov\  (0vow
Oz Oy Ay Oy 9z 0z ox dy 0z Oz 9z ay Bz 0z 8
Duow) , (w0, (Gudw) (Gvou)  (0wdw\, (0vow)  (w\', (9w)', (0w)’
Oz 9z Ay Oz 0z 0z ox 0z oy 0z 0z 0z ox 8y 0z
(8u)2 (8u)2 (8u>2 Oudu Oudv Oudv Oudu Oudv Oudw
=) +(2=) + (= e i
ox Jy 0z ordy 0ydy 0z0z Or 0z Oydz 0z 0z
4 Oudu Oudv  Oudv (81})2 (8@)2 (81})2 O ou  Ovdv  Ovdw
= i i Mt =) (=) + (= T Tt (2.20)
Jxdy Oyody 0z0z ox y 0z Jx 0z Oydz 0z 0z
udu  dudu  Gudw  wou wdv wow (dw\', (Dw)', (0w)’
Oor dz 0Oydz 0z 0z Or dz Oy0dz 0z 0z ox dy 0z
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LT Pe (V' ( B8V (o (aV,(Fe)? (i)

© Oxj0xy, Ox;0xy  \ Ox2 0zdy 0x0z 0y? 0yoz 022

B @2+ ou 2+ ou 2+ v 2+ o 2+ o 2+ %24_ 87w2+ ow 2

-\ 0z dy 0z ox dy 0z ox oy 0z
=—trace( ik Agj) = letrace(Cij) (2.21)

nininj = TL2A11 + 2nxnyA12 + 2ngn, Az + TL2A22 + 2nynzA23 + n2A33

ou ou 8u ov ov ow
=2 a_ 2 x 2 xlbz 2 z 2 .
[n . +2n nya + 2nyn 9 y(“) + 2nyn 9 232] (2.22)

0b DA A A A A
¢ 04y _ Z(Ua n,04u 0 ”)+2n$ny( 041z | 041 O

" S Oxyp Oxp,  ° Ox v Ay tw 0z Y Ox Ay 0z

0A13 | O0Aus 013 o O0A = 0Ax 0 Az
Ox o dy w 0z )—l—ny Yo v dy tw 0z

0Ass 0Aszs tw 3/123) 2 (u 0Ass o 0Ass w 3A33)

+2n,n, <u

2nyn.,
enyn (u ox v dy 0z Ox oy 0z

T 0%u 0u 0?u 0%u 0u
=2n; (uz—= +v +w +Angny (vs—F— + V55 +Wr—7—
: 0ydz

ox? 0y 00z Oxdy Oy

cann (u 0%u . 0%u N 0?%u o2 o N 0?v N v
xr'vz a Ao W~ a o
Ty (M 0x0y v 0y v Oydz

0x0z Oyoz 022

nm u@% +U82v w 0% 42 82w+ 82w+ 82711) (2.23
v\ Yor8: T Voyaz T Vo2 " 52 Yoyaz T Vo2 23)

0A4;
nin;T;; = [C’ + ﬂx - = |V¢| } + pnin Ay + onngng=— . 0¢ o kj + (a1 + a2) ninj Aik Ak

. 04;
= — [poo =+ §U2 + 6)( — 5 |V¢ﬂ + ,UTLZ"I”L]'AZ']' +ainin;— B ¢ o ek} + (011 + Oég) TLﬂleij

—[poo+BU2 (3a1+2a2)x—g(u +v +w2)

ou ou ou ov ow
+2u (n *5p + annya + annza +n ?2’6 + Znynz iaz)

+20 [nz (uaz—u + o Fu + w Fu ) + 2n.n ( )
T\ 022 Oxdy 00z i ayaz

+2n,n, (u Ou +v Pu ) < 8 )
0x0z y0z 8y8z

onm ua% +v82v w 81} 2 2w
v 0202 Yoz 922 3 8 8 0z 822
+ (Oll + 012) [TLQQCCH + 2nzny012 + 2n,n,Chi3 + nzCQQ -+ 2nyn2023 + ’I”LZ033] . (224)

A Expressions

Consider the ellipsoid
2 2 2
2

a b2 2
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moving in the negative direction of the z-axis with velocity U in a fluid at rest, whence the velocity potential
¢ for which v = V¢ is given by

abcUx dA
=Tl EovETTETET 2
e ap = abc/oO dA (3)
T @ N @ AN BN (@ TN
. ~abcU dA
fo= o) = 2—040/,\ @+ N V@ NG LN (E TN

where fj is evaluated using the elliptic integral (see the report “ellipsoid-cal-apr22-apr29.tex”). Then

B % . abcU , 4 —3/2 /.9 —1/2 / 5 —1/2
hi=27= 2—a0(“ +A) RPN (N,
02 fi af 3 11 11 1
f2=5/\20:a;=—f1{2(a2+)‘) +5 (0PN 5+ ]v
&Ffy  Of 1 a1 177
f=2h b, [_<2+A) PSS (@) ]

—2 -2

3 1 1 -
+f1[2(a2+)\) +§(b2+)\) +§(c2+)\) 2].
In the cartesian coordinates (z,y, z) fixed on the ellipsoid, the potential is given by
¢p=Ux+ zfy. (A1)

The velocity (u,v,w) in the frame (z,y, z) is given by

u:U+8($f0):U+f0+ ?%*UJrfoer f1, (A.2)
_0wh) _ 8/\5]”07 D 2R D20 0
T ey T oy an A ) RS (A-3)

The components of the strain tensor are expressed as

du  _ONOfy . 0°Adfy ON* o _ 0\ 92\ 8>\
or  Cozor TToon TP\ ax) o ot Tt B
v ONOfy P\ Bfo ONON\ D2fo  OX 52\ O\ O ou
ar oy on Camayoxn T \azay) o oy T raay T\ ey ) Py A
dw  ONIfo DA Of ONON\ 0%fy  OA a?x OAONY ,  Ou
9z s on T on T\aras ) o e e T\ ras ) P T (A.6)
o 02Adf ON\? 9% fy 82>\ 8>\
dw 9%\ df INON D2fy 92\ X OA o
= . = B — A-
dy ~ Toydz ox $<3yaz> e T Tgua e (a 92 >f2 (A.8)

dw  9*Adf O\ 282f0_ 82 O\
%—x@a +x<82> v f1 < ) 2. (A.9)
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For the second order fluid, we then need the following expressions

0%u 52)\ 1)) [9AD D’ O\ O
922 = f1+3<8> fotagghitdigsa fota ( ) fs, (A.10)
0%u 9?\ OX O 3\ D’ O\ oN 0%\ OX\ " OA
g P A AT Wi ) I .
Oxdy 81:8yf1 + Ox Oy f +x8x28yf1 +x8 2 Oy fat 0w 81:8yf2 e (83&) 8yf3’ (A-11)
8%u D) OX O P\ 92\ O\ X 9%\ N\ ” O
295~ 29e0s fi+2 92 92 f2+x8 95 f1+x8 23, —fo+ T Brs f2+x(%> gfg, (A.12)
Pu 0%\ 13 DY D?°X 0N ONO*\ oA (OA 0
5 = ot (5) 2 oampn s oy o) o (5) 6= oy (19
82u_82)\f+@@f+m (340 ht 82A@+82A@+@82 s
Oydz  Oydz ! Oy 0z 2 Oxdydz L Oxdy 0z  0x0zdy  Ox Jydz 2
OX OX 0N 0%
e (%a—ya—> 3= gra A1)
Pu 02\ 1)) 1D D?°X 0N OXNO*\ 5 O\
92~ g2t (a ) E az2f1+x<26maz5+%ﬁ> fa ¥ ( ) fa,  (A.15)
321) 8‘3)\ 8)\ 9?\ O\
a7 8 -1+ 8 By rwilha ( ) fs, (A.16)
0%v O\ 0?X O\ oX 0%\ N\~ OA
oy0: ~ “oy0s T e 02 T Ia_ﬁf2+x(a_y> gz (A7)
0% [3AD 0’ X O\ ON 02\ O (OA
92 = Toyaa ! ”(822 oy T ° 5z 90z >f2 ( ) fs, (A18)
0%w 83/\ 82)\ oA 3)\
with
4 N
0
ox’ 9y’ 0z’
PA A oA 2y o o
0x2’ 0x0y’ 0Oy?  Oydz 022" 020x’
(“)3_)\ AP AP D3N\ [P 3\ @ D3N\ 135D @
0x3’ 0x20y’ 0220z Ox0y?2’ 0x022" 0Ox0ydz’ 0Oy3’ 0y20z" 0ydz2’ 023
\_ J
A.1 Geometry
The ellipsoid with a papameter 6 is expressed as
22 Y2 52
216 Pr6  Ere b (8.20)
which then gives
2? (b* +0) (> +0) +y° (a®>+0) (*+0) + 2% (a® +0) (b° +0)
—(a®+0) (0> +0) (> +60) =—(0—X)(0—p)(0—v) = f(6), (A.21)
thus
f) = f(p) = flv) =0, (A.22)
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fO) = =X —(a®+P+F -2 -y =) N

—(a2b2+b202+02a2— 2(b2—|-c2)—y2 (02+a2)—22 (a2+b2)))\

—a2b202+x2b202+y202a2+z2a2b2:0
— AN — AN — Ay =0,
with

Ay =a? + 0%+ 2 — 2% —y? — 22,

2

A1:a2b2+b202+02a2—x2 (b2+02)—y2 (C2+CL2)—22 (a2+b2),

Ay = a®b?? — 220?? — y?Pa® — ZPa

2p2,

(A.23)

(A.24)
(A.25)
(A.26)

It is noted that )\ is a solution of the cubic equation f(\) = 0 which satisfies a®> + X > 0, b> + X\ > 0 and

2+ A>0.
For:=1, 2,3 ((x1,22,23) = (x,y,2)), we have the first derivatives

oA 0As , (9A1 04y

(3)\2+2A2>\+A1)% 2. T o T o = O
(302 + 2450 + Ay) gA 88‘42 N4 aaAl At 88’40 o,
T T
oX | 0A 0A 0A
(3A% + 242X + A7) 3" ay2A2+ 6—;/\+ ({Tyo =0,
o\ 8A2 aAl 8140
2 b 2 . e
(3)\ +2A2)\+A1) 3z+ 82)\ + 0z At 0z 0,

and the second derivatives

2

0°)\ o\ 0A, 0A1\ ON  02%A, 0% A, 9% A,
2
(3>\ + 2420+ Al) x? + (62 +24,) (3%) + (4)\ ox; 2 3xi> ox; + ox? A x? At Ox?
9?2\ 2 0As  _OAL\ O\ 02A, 82A1 a AO
2 YLra et i 2
(3X +2A2/\+A1)a2 (6A+243) ( ) +<4/\ +28x>8x+ Gz N T g
92\ 2 9Ay 0A1\ DN | 9PAy 82A1 a AO
2424 A 245) 4\ +2—=) == 2
(3)\ + oA+ 1) ay2 +(6)\+ 2 ( > + < 3y > ay + 8y2 AT+ 8y2 3 5
02\ 6A2 0A1\ 0N  0%A, 0% A, 8 AO
2 YLira ket i 2
(3A 42422 + A1) 5 + (6A + 24,) < ) +(4)\ +28z)8 taa N T g AT
For i #£ j, the second derivatives are given by
02\ o O 0As O O\ 0A,
2424 A 24 - 2 - ==
(3/\ + 2>\ + 1) 63328.%‘] + (6>\ + 2) (8]}1 8.13J> A (8.131 81‘]‘ (91:2 8l‘j )
2 2 2
6A16‘)\+3)\6‘A1+6A2)\2+6A1 6‘A0:
69@- a$j 8xi 31'3' 31‘z8$] 3%‘18.%'] 8xi8xj
2 o\ O\ 0Ay O 6>\ 0A,
— 24924 A 24 - 2
(3/\ + 2)\ + 1) 8x,8x] + (6)\ + 2) (8%1 8$J> (89@ 8:Uj 8.%2 ({91'] >
0A1 O\ 8)\ 0A; 0,
ox; 83:] (9332 3:5]
LD o\ o\ 0Ay 041\ O 0Ay O 0A; OX
2190 Ay + A Lol A+ N2 L) 2D 49
(3A% 42X Ay + 1)aa (6A8+8 2+’\ay+ay>a 8$8y+3x8y 0,
02\ o\ o\ 0As  0A1\ O\ 0Ay ON 0A; O\
2 _ _ E— _ - _—
(BX* 4202 + A1) 55 +<6Aaz+ 522 TG T ) o "o 0 0w 0z

FoA o ——

2
(332 420y + A) 2N 4 (wQHQAQ DAy 8A1>8A 53042 00 941 O\

0y0z 0 0 0z 0z

B oy 02 | oy 02

=0.

(A.27)
(A.28)

(A.29)

(A.30)

— GA31)
— (A32)
— (A.33)

= 0A.34)

(A.35)

(A.36)
(A.37)

(A.38)
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For i, 7, k, we have the third derivatives

3 2 2 2
(33 1 2450+ A)) 0° A 0*°N  OA 0°\  0OA 0°A EM)

O0x;0x;0xy, +(6A+24) (83:,-6:(;j 8—9% + 0x;0xp 8—953 + Ox;0xy, 8—951

LD 0As  0A; 9\ 0As  0A; 9\ 0As  0A; OX ON OX

A2+ — 2 N2 4+ =

Ox;0x; ( oxy + &ck) Ox;0xy, < ox; + 3%) + 0x;0xy ( Ox; + 8%) ox; &cj 8x;€

2 2 2

28A28)\8/\+2%87/\8/\+2%8)\ﬁ 9 8A2@+8A2Q+8A287)\
(9561 (9117] az}c 8:1:j 8:1:k (9931 3l‘k 61,» (956]‘ aziaxk axj (9:6]3Ik 6952 81‘161:] 6xk

9%A; O\ 9%A; O\ 9%A; O\

+

+8xi3xk @ * O0x;0; a—a:k t 9z.00r Ox;0xy, 65& 0,(A39)
(3X* + 214 +A)83/\ (18/\+6A)@@+82 o242 | 304 | (02 3
2t g T ) 0a? O 32 Oz oz oz
Ay [ OX PA 0N OPAL 0N
52D 92X O 92X ON\ 0%\ DAy OA
2 AN A i z i it 3
(3A* +2) Ay + Ay) 92207 + (6) +245) ((‘3x2 3 +28x8y 8x) Ry (2)\ oy + oy )
92\ 04y  _OA ON\Z 0N OA, ONON DA (0N
N2 4221 ) 2Ly 22 (2
0xdy ( A ox * Ox ) 0 (83:) dy * dx Oz dy dy <8x)
0% Ay ON 0% Ay ON 0%A; O\ 9% A, O\
2 A i I i AR 2= A4l
A( 0x2 Oy - Oxdy 8x> 0x2 Oy * 0xdy Oz ’ ( )
(3A% + 224 +A);+(6)\+2A) @Q+262)\@ +62 A% 041
2T 92202 2\ 0220z " “02020z) " 022 9z | 0z
92\ 0As  _OM OMNZON  0As ONON  _0As [N
T 900z (“ s 2%)”(%) o "o ara: "o <£)
0245 ON 9245 0N\ 0241 O\ _0%A; OX
22 < 922 02+ 26x8z 8_33) o2 0z 28x8z8_x o (A42)
3\ 0%\ O\ 9%\ O\ 0%\ 8A2 8A1
AN 42 A5+ A1) —— + (6A+24y) | — 42— = 4\
(37" + 2+ A1) 002 (60 +242) (8y2 oz + 0x0y 8y) 0z0y < Oy >
SN (3042 OALY | ON (DAY 0dy (ONY' | DA ONOA ) (OPAyON 82A28A
oy? Ox Ox Oz \ Oy dxr \ Oy dy Ox Jy 0y? 81 azz:ay Ay
2 2
aAla/\ 92 A1 O\ — 0,(A43)

Oxdy 8y o2 Oz

(3)\2+2)\A +A) [3ED 92X O\ 92\ 8)\) 0\ ( 8A2 )
2 1

002+ (63 +242) (ﬁ% T 20202 02 0x0z
5 2 2 2 2
+3_>\ 2)\8A2+8A1 O (OA 2% oA 4%@8_)\ o) 0% A, 8)\ 8 As O
022 Ox Ox 0z Oxr \ 0z 0z Ox Oz 022 (‘3x (‘3%82 0z
0%A; O O%A; OX

2 A .44
+ 3x823z+ 922 Ox =0, )




ellipse-may31a.tex

3

0x0y0z

(3A\% + 2045 + 4) + (6X +245) (
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ox ox

+39:8y 0y0z 0xdz Oy * Oy

+2

Or 0yo: | “oy 000 Z oz dzoy
DAL 0N OPALON A 0
dxdz dy  Oxdy 0z  Oydz Ox

2D 2NN 92\ 0As _OA; oa\*
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(BX* +2)\Ay + A1) — o (18/\+6A2)8 29y + — 8y <6>\ o9 +3 9 ) +6<8y)
GQ % @@ + 382‘41 a_)‘ _
dy \ 9y dy? Oy oy oy

3

A
28+(6/\+2A2)(

oy 2. T

0z 0z

(3\% + 2045 + A;)

AR AARITY} i
02 02 Coyozoy) T o2

ANT2 4 00 A IR TR IR0 | g T2 (92
dy + dy y 8z+ dy 6y8z+ 0z \ Oy

o) 0% A oA N 0% A, oA 0% A, oA N 0% A, ox
oy? 0z Oydz Oy 0y? 0z Oyoz 0y

HEE

3
Oydz2

(3M2 4+ 2XA; + A))

PAON 0P\ OA P (04
+ (6X + 245) ( ) ( 2

922 8_y + 0y0z oz 0y0z 0z

0z Oy 0z

222 oy Ty oy \ 92 oy \ 0z

0%\ 8_)\+ 0%\ Q—i— 82)\@
0xdy 0z  0x0zdy  Oy0dz Ox
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0As ON OA 0As OX O 0Ag OX OA 0% A, oA n 0% A, oA n 0% A, A
0xdz 0y  Oydzdx  Oxdy 0z

9%\ N 9%\ 6/\> 62/\< 0A; 8A1>

a%( DA, 6‘A1>+6<3A>28>\ 042 000N 04 (m)Q

10

)

Oz dy 0z

)

—0, (Adp)

(A.46)

(A.47)

8A1 )

5 2 2 2 2
9*\ 2)\3142 0AL 6@ oA 2% O\ 45‘A2 OX O o) 0% Ay 8)\ 8 As OX
022 6y 6y82 9z

92 A; DN 62A1 OA

+2

0y0z 5‘2 922 Oy

3 2 2 3
(3)\2+2)\A2+A)a)\ 0°X O 3)\< 04As 8A1>+6(8)\)

1 A,) S22 972 g0 o
oo T (B 642) 5557 4 =5 ( 6A— 2 43 -

9As (O PAyON L 0PA 0N
0. (a_> o2 5 T2 0. T

The derivatives of the coefficients are given by

Ag=a® + 02+ 2 —a? —y?— 22,

8A2 8A2 aA2
G229y, T2 9y T2 o
Ox “ Oy Y 5, =
Ay, A, PA
ox2 7 oy T 922 7

0?Ay  0%Ay  0%A

oxdy  Oydz 0z0x

Ay = a?b? + b2 + 2 — 22 (b2 + 02) — y2 (02 + a2) — 22 (a2 + b2) ,

=0,(A.48)

(A.49)

(A.50)

(A.51)
(A.52)

(A.53)

(A.54)
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0A 0A; 0A;

o =@ (0* +¢%), 9y =2y (¢ +a*), 5, = % (a® +%),
0% Aq 0% A, 0?A
92 -2 (b2 + 62) S =2 (02 + a2) , 82’21 = -2 (a2 + b2) ,

PA PA A

0xdy  Oydz 020z

AO — a2b202 _ 1'21)202 _ y262a2 _ 2{,20,21)27

0A A

8—; = —2xb%c?, aa—yo = —2yc?d?, % = —22a°b?,
9% Ay 5 o 0?4 5 o 0%Ap
=2 = = —2a°p?
922 b“c*, P 2c“a”, 522 2a“b”,

Ay PAy  PA,

0xdy  Oydz  020x 0.

207

11

(A.55)
(A.56)

(A.57)

(A.58)

(A.59)
(A.60)

(A.61)
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A note on flows of a second order fluid around an ellipsoid of
revolution

T.Funada, June 5, 2004 / revolution-june0ba.tex / printed July 16, 2004

1 “17.52 Translational motion of an ellipsoid” Milne-Thomson (1974)

Consider the ellipsoid

.132 y2 22

a—2+b—2+§:17 (1)

moving in the negative direction of the x-axis with velocity U in a fluid at rest, whence the velocity potential
¢ for which v = V¢ is given by

abcUzx dA
= ah EoVESTETETS @
e ap = abc/OO dA (3)
T @ N @ TN AN (@ TN
. _abcU dA
fO:fO(A)_QfaUA (a2+>\)\/(a2+>\)(b2+)\)(02+)\)’

with the ellipsoidal coordinates (A, p, v) = (A1, A2, A\3) = A\1e1 + Azez + Azes which are three solutions of the
following equation through cartesian coordinates (x, y, z) = ze, + ye, + ze,

332 y2 2,2

a2—|—)\+b2+)\+62+)\

= 1. (4)

In the cartesian coordinates (x,y, z) fixed on the ellipsoid, the potential is given by
p=Uzx+zfy. (1.1)

The velocity v = (u,v,w) = V¢ in the frame (z,y, z) is given by

9 AN D fo
u=U+ (xfo):U—kfo—km%%—U fo+x fl, (1.2)
_ 0@fo) _ a>\5f07 5_)\ _Ofo)  OXOfo @
T ey T oy an PEA i i s W WA (1.3)

where f; = 0fp/0\ and the relevant expressions will be shown in Appendix.

2 Ellipsoid of revolution

For an ellipsoid of revolution with a # b, b = ¢, we have the velocity potential ¢

ab?Ux [ _3 ab?Uz 1 o 1 1 1

o= [ @ s E | m<b2+A a2+/\>
ab?Ux 1 o dA _%

:mmu m@zﬂﬁ““ ]

_ab2Ux 1 e 2va? + X d¢ 7%

2—aga® - b? Vg VTN —a? +€2) 1

2 00 .

:mcﬂib?[/mlﬂﬁi@_ (a®>+ ) 2 . (2.1)
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with

o0 _3 _ 1 1

o :ab2/ 2NN e=Va2+ N, de=——— —d). 2.2

When 5% — a2 > 0, € = VB2 — a2 tan 6, d¢ = V% — (1 + 8z 9) 40 and
/°° 2de /”/2 W ) 2
me—cﬂ—i-f?_ 0 (b27a2)(1+tan29)_ b2 —a? |y
2 T 2 a?+ )\

= m (5 — 9) = ﬂ — arctan (ﬁ) 5 (23)

then the potential is expressed explicitly as

’ 1 2 2 -1
¢ = Uz [ (g — arctan Lﬁ_é) —2(a*+\) 2] , (2.4)
—a

2—aga?—b% | Vb2 — a2 b?
with
ab? 2 T a? 4+ A 2 —1
ay = — —arctany{/ ——= | —2(a“*+ ) ? . 2.5
0 a2 — b2 [m (2 b2a2) ( ) ]/\_O ( )
When b2 — a? < 0, ¢ = Va? — 17 coth ), d¢ = va? = 17 (1 - <2820} 40 = v/a? — P 54d6, and
/OO QdE _/0 2,/a2_b2 h29 - _9 00_ 92 0
vam b —a2+e J, b2—a2+(a2—b2)coth29 Ve = |, Va2 -2
2 VaZ £ A
R A (2.6)
P o

Using the relations:

2 2 2 2 _ 12
coth§ =/ & +bA2=X+1/X (x2-1) | CHA xag L ox2 o VEEARVE P o),
Ve

X-1/X’ a? — b? Va2 X — Va2 -2
1
2 2 _p2|°
g | VLAV P (2.7)
Va2 + X — Va2 — b2
the potential is expressed as
v’U 1 1 242 2 p2 —1
¢:a x Vaz + A+ Va —2(a?+ ) 5 : (2.8)
2—apa® =0 |V 02 [V + X - Va? - 1P
with
ab? 1 Va? + A+ Va2 — b2 9 ~1
ap = In —2(a"+ XN ° . 2.9
0= Z [m van—vae—g| et L (29)
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2.1 Geometry
From the equation of an ellipsoid of revolution with a # b and b = ¢:
2 y? + 22

a?+ X P+

prm— ]_7
we have the equation of A
2? (b2 +A) + (v +2%) (a® + ) — (a® + A) (b* +A) =0,
A2 (=a? =07 + 2+ y? + 2%) N — a0 + 22 + (v + 2%) a® =0,

which gives the solution A

a2+ b2 — a2 —y? 22
2

A=
2

(2.10)

(2.11)

2 b2 g2 g2 _ 52\ 2
:l:\/<a + x Y z > _a2b2+$2b2+(y2+22)a2:)\17 )\2 say(212)

For an ellipsoid with a = 2 and b = 1, we have A\; > 0 and A2 < —1; the former gives an ellipsoid and the latter

gives a hyperboloid. Therefore we use A = \;

LAY R Sy Ry

N a2+ b2 — 22 —
2 2

A=

)\ZiaQ—&-b?—xQ—y?—z
2 ’ 4
whence

ON 10D, 0N 19D, Ox 19D, ,

PRI N e i N e Sk R I S
2 2 2
(82 0
529\ 102D ., 1/0D\* .,
o =1+ a0 -5 (5) P
0% :132D D*1/2_} 8282 D3/
oxdy 2 0x0y 4 \ Oz Oy ’
97 :182D D—1/2_1 9D oD D—3/2
Oydz 2 0ydz 4\ Oy 0z ’
9’ :132D D*1/2_1 a_Da_D pD—3/2
020 2 0z0x 4\ 9z Ox ’
X 102D 5 1/8D\?
oA _ LoDy, 1 [OD —3/2
022 1+2822D 4(6,2) D=,

3 3 2 3
Fr_19 DD—l/2 _3 (8D8 D) D_3/2+§ (8_D> D%/2,

or® 2 028 4\ 0z 0a? 8 \ Oz
oA _ 1 o°D D12 _ 182D 8_DD—3/2 _ 20D 9D D-3/2 4 3 (9D ’ 8_DD_5/2
0220y 20220y 4 0x2 Oy 4 Ox Oxdy 8\ 0x ) Oy ’
PN 18D Ly 10°DOD )y 20D 0D sy 3 (ODNTOD s
0220z 20120z 4 0x2 0z 4 Ox 0x0=z 8 \ Oz 0z ’
PN _ 18Dy 10°DOD yy 2(0D FDY sy 30D (ODN' s
0xdy? 2 0x0y? 4 Oy? Ox 4 \ 9y Oxdy 8 dx \ Oy ’
#N 1 0°D 19°D dD 2 (9D 9°D 30D (0D\>

— D—1/2____D—3/2__ e D—3/2 = et D—5/2
0x0z2 201022 4 022 Ox 4 (82 89582) YA ’

y2 — 22\ 2
) —a?b? + 22b% + (y? + 22) a?, (2.13)

2
1
+DYV? D==- (a2 + 02— a2 -y — 22)2 —a%b® 4 22b® + (y2 + 22) a®, (2.14)

(2.15)

(2.16)
(2.17)
(2.18)
(2.19)

(2.20)

(2.21)

(2.22)
(2.23)
(2.24)
(2.25)

(2.26)
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A 1 D D12 1 9D 22 + 9*D oD + 9D 9D D3/2 §8_D§_D§_DD75/2 (2.27)
0x0ydz 2 0xdydz 4 \Oxdy 0z  0O0xdz Oy  Oydz Ox 8 dx Oy 0z T
@ - lagDDfl/2 _3 3_D@2D D32 ¢ 3 (9D 3D*5/2 (2.28)
oy 2 0y3 4 \ Oy Oy? 8 \ Oy ’ ’
. . 2
X - 1 oD D2 _ 132D a_DD*?)/2 o2 9D 9D pD3/2 39D (0D D—5/2 (2.29)
Oy20z 2 0y20z 4 0y? 0z 4 \ Oy Oydz 8 0z \ Oy ’
2
PN 10D |, 1PDOD Ly, 2 (0D DY s 30D (ODY o0
0yoz2 2 0y0dz2 4 922 Oy 4 \ 0z Oyoz 8 dy \ 0z '
#PN 19D 3/0DO?DY\ 4,5 3 (0D\’
oo pz 2 (CEC ) sz 0 () pob/2 2.31
023 2023 4(62 622> A ’ (2:31)
oD oD
=% (a2 + 02— -y — 22) + 2v%z, 90 =Y (a2 + 02— 2% -y — 22) + 2a%y, (2.32)
€ Y
D
86— =—z(a®+ b —2* —y? - 2%) + 2d°z, (2.33)
z
0’D 0D
W:—(a2+b2—3x2—y2—22)+2b2, 8—y2:_(a2+b2_9€2_3y2_22)+2a27 (234)
0%’D 0D 0°D
=2 — =2 — =2 2.35
0x0y W 9zaz ~ P Oy0z vz (2:35)
0’D
52 = (a® + 0 — 2% — y* — 32%) + 247, (2.36)
oD 0D 0D oD 0D oD
Ox3 6z, oy’ ¥ 0220y Y 5120z “ Ox 0> Y 51922 “ (2:37)
03D 0D 0D 0D
— = _— = 2 —_— = 2.
0xdydz T 0y20z = Oy0z2 Y s 6z, (2.38)
On the ellipsoid surface, x = acosf, y = bsinf cos ¢, z = bsinfsinp, A =0,
202 g2 22 2 012 _ 02cos20 — b2 sin2 0 26in2 0 4+ b2 cos2 0
\/Bza + x2 Y Z _a + CLC(;S Sin _ a’sm —;— COS 7 (2.39)
o\ 19D b2z 222
g _ P pTy2 o T , 2.40
Ox x+28x VD a?sin?6 4+ b2 cos? 0 (2.40)
Oy v o o)
oy VD a?sin?0+b2cos20’ 0z /D  aZsin®6+ b2cos2 6 '
Then we have the expression
(PN + (P +22) (@@ + X)) = (a2 +X) (P +X) == (A= ) (A= Na), (2.42)
which gives
2 2
2 _ (@4 M) (a4 )
2 = e , (2.43)
when A\ = —a?, and
b2 + M) (B2 + A
g4 o2 = _EE ) (74 o) (2.44)

a? — b2 ’
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when \ = —b2
The gradient of the equation of ellipsoid is
22y 422 2x 2y 2z
\Y <a—2 + 55 1) = (a—ez + e b—Qez) : (2.45)
thus the normal vector is given by
x Y z T\ 2 Y2 Z\2
n = (ng,ny,n;) = (ﬁew + 2y + b_Qez) /\/(a_2> + (b_2> + (b_Q) . (2.46)

It is shown here that the velocity (u,v,w) satisfies the kinematic condition at the ellipsoid surface (x = acos 0,
y =bsinfcosp, z =bsinfsinp, A =0):

njv; =0 — nyu+ nyv + n;w = 0(to be written later). (2.47)
The normal stress at the ellipsoid surface (z = acosf, y = bsinfcosp, z = bsinfsinp, A =0) is
nin;Ti; =V - n. (2.48)
The stress tensor for Newtonian fluid is given by

Ton = ningT;j = ning (—pdi; + pAi;)
= —p + 1 (niAn + annyAlg + 2’!7/177,21413 + nZAQQ + 2nynzA23 + ’ngAgg) . (249)

The stress tensor for the second order fluid is given by

Bi': J J iL‘ L,‘A': Y A,L LiA‘ 2.50
j ot + vk D kLl + LikAg; = vk o + AirLkj + LigAkj, ( )
Thn = nianij = nin; (—péij + /LAZ‘j + OqBij + O(gAikAkj) . (2.51)

The Bernoulli function is given by

aqb

Po t |V¢| +p—PBx=C= U2+poo (2.52)

The normal stress of the second order fluid on the ellipsoid surface is given by

Thn = —Poo — §U2 + 8 (u2 + 02 4 w2) + (n%Au + 2ngnyAia + 2nen, Arg + n?QJAzz + 2nyn; Ass + TlgAgg)
— (Bar + 2a2) X + a1ninj By + aoning A Ag;. (2.53)

_ P 9o _(P0\, (0N, (0, (P0) (P, (96
= 0z;0r; Ox;0x),  \ 022 xdy 0rdz 0y? 0y0z 022

7]
(ou 2 ) du 2 . ou 2 . v 2 ) v 2 . v 2 . ow 2 ., w 2 ) ow 2
-\ 0z dy 0z ox dy 0z ox oy 0z

:—trace( ikArj) = jltrace(Cij) (2.54)

with

nminj = TLQAH + 2nwnyA12 + 2ngn, A1z + n2A22 + 2nynzA23 + TL2A33

=2 [n 3_ + annyg + 2ngn, — u +n 28 + 2nyn. — v +n 311/] (2.55)

Y Ox 0z y(’) 9z "oz
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iJ .
. is expressed as

al’k

The term of n;njvy

81411 8A11 81411 3211, 62u 32’11,
=2u——= +2 2
e v Oy tw 0z Y a2 + v@xay + Y oraz’
8A12 31412 51412 82u 3211, 82u
=2 Py
b v oy tw 0z u@xay + v8y2 + w@yaz’
8A13 3A13 8A13 52u 82u 62u
=2 2 20—
Y or v Oy tw 0z Y 9x02 + v@yaz + Y2
8A22 51422 8A22 - 87) 521} 821}
b v Oy tw 0z 72u8x8y+2v8—y2+2w8y82’
31423 aAzg 31423 - 321) 321} 32’0
Y or v Oy tw 0z 72u8x8z+2v8y62+2w@’
8A33 3A33 8A33 82w 8210 8210
=2 2 20 ——=.
Yo v Oy tw 0z Y 9r02 + v@yaz e 022
09 8AU o 0An 0A11 0A11 0A1s 0A12 0A1s
min ]&rk oxy, A Ox v dy tw 0z +2ngny (U Ox v dy tw 0z
0A13 0A13 0A13 5 [ O0Az 0Asz 0Asz
2 Ttz
A <u Oz v Oy w 82)+ny(u Ox v 0y w 82)
0Az3 0Ass 0Ass o [ 0Ass 0Ass 0Ass
—I—ZnynZ(u 9% +v By +w 82 >+nz(u 7 +v ay +w s )
0%u &%u 0%u 0%u
_ 2 e
= 215 <“ax2 TV ogay T > dnary ( ayaz>
4 0%u . 0%u 0%
etz \ Yooz Yoz yoz
+4n,n uﬂ + v 320 + 2n 0w
YR\ T 0202 8y8,z 322 ayaz 022
R 0A;;
TLiTLjTZ-j = — |:C + ﬂX - g |V¢|2} + unm]—Aij + 1NN ~—— 8 ¢ 83?1: + (041 + 012) nmjAZ-kAkj
- 0A;;
= — |: 0o T+ gUQ + BX — g ‘V¢‘2] + ,unininj + Q1NN a ¢ a$ J + (061 + 012) nijij

——[poo-i-BUQ (3a1+2a2)x—§(u +v +w2)

+2u ( — 4+ 2n$nyg + 2nan, gu + 32 + 2nynz U
5 [ O%u 82 0%u 0%u
+2a [nm <u8 5 8m3y er@xa ) + 2n,n, (um +v
+2n,n (uzu Uﬁ + w O ) +n <u8v + v U
T\ 0202 0yoz 022 0xdy
o (ui_'_y 0%v o 82U)+n ( 0? 2w
YU 0x02 OyOz Y52 0x0z 8y6z

" 82 )
8y8z)
ayaz)

822 )}

+ (al + CY2) [niCn + 2nxny012 + 2n,n.Ci3 + nyCQQ + 2nyn2023 + nngg] .

Normalized form:

T, =777(to be written later)

(2.56)
(2.57)
(2.58)
(2.59)
(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
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2.2 Cartesian coordinates (z,y, z) fixed on the ellipsoid

In the cartesian coordinates (z,y, z) fixed on the ellipsoid, the potential is given by
¢=Uzx+ xfo.

The velocity v = (u,v,w) = V¢ in the frame (x,y, z) is given by

- 8(:1:f0) o o\ 3f0 - o))
u=U+ o _U+f0+x87x87)\ —U+f0+$%f1,
_ ko) _ ONOfy _ OA, Oxfo) _ OAOfo _ OX
T o9y Tayon Tay't T 9z Tezan o'V
where fi1 = 0fy/0X and the relevant expressions will be shown in Appendix.
2.3 Newtonian fluid
For irrotational flows of Newtonian fluid, we have
ow v Ou OJw v Ju
VXU—VXVQS—(aZJ_az’aZ—ax’&E—ay)_7
Ou  Ou  Ou ou Ou Ou
dr Ody 0z Oz 8_y 0z
(Li;) = %¢ \ _ v v v | _ [ ou ov v
ar O0x;0; a dr 0OJy 0z N (‘3_y 8_y 0z ’
Jw Odw Ow ou Ov Ow
dr 0OJy 0Oz 9z 0z 0z
Ju  u 0v ou ow ou
Ox dy Ox 0z Ox oz
0% ou  Ov v ov  Jw ou
(Aig) = (Lij + Lys) <8xi8xj) dy o dy 92+ Ay dy
ou ow ov 0w ou o
0z Ox 0z Oy 0z ES

On the boundary of the ellipsoid, the normal vector n is defined as

b2

x2 y2+z2 T Y Z
v(¥+7—1>:2(¥61+b—26y+b—262

ou

ov
dy
ov
0z

).

x Y z T\ 2 Y\ 2 z
n=nge, +nye, +n.e, = (;ez + 126 + b—zez) / (a_Q) + (b_Q) + <b_2

The boundary conditions at the boundary are given by the kinematic condition
nv; =0,
and by the normal stress balance for the stress tensor T;; = —pd;; + (tA;;
nilijn; =~V -n,

where +y is the surface tension coefficient.

)"

ou

0z
ov

0z
ow

0z

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

—~

2.72)

(2.73)

(2.74)
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3 Second order fluid

For the second order fluid, the gradient of velocity, the lower convective derivative and the stress tensor are
given by

ov; 0A;; 0A;;
L;; = a$j’ Aij = L;;+ Lj;, B;j = atj + vg a o !4 Aszk] + szAk], (31)
Tij = —pbij + pdij + a1 Bij + a2 Aip Akj. (3.2)
Using the velocity potential for which
¢ 0%¢ 92¢
v=Vo¢, v;= 0z, V-oo=V2%=0, Lj= Om,dz,” T 28%8% Cij = A Axj, (3.3)

we have the following expressions

¢ 28(;5 D3¢ 49 9*¢ 0% 9 0%¢ 0%

B =2——— —_—
7 0tox;0x; Oxy, 0x1,0x; 0 O0x;0z), 0,0 00z, 02,0z
3 3 2 2
_g 0,00 00, 00 00 (3.4)
0t0z;0x; Oxy, Ox,0x;0x; Ox;0xy, Oxp0x;
0B;; 0 0¢ 10 ¢ 0% 0Ty Op 0A;; 0B 0 (AirAkj)
Ox; Oz [ Oxy, 0x1,02;0x; O0x;0xy, 0110 Ox; Ox; tu Ox; T Ox; o Ox; (3:5)
Thus we have the following expressions:
0% 0% 0 0A;; 195'% 0 _ Ox 0 _,0x
= 9,00, 02,00, 0z, (”’f Bz ) = On oz, Aiwbn) =g g A =250 (36)

0 (00, D6 \_ 0 ( &b 9 0 (), PO P )_a ( 9% a2¢)
a$j 8x;€ 31‘k8$i81'j _&’L‘i 3LL‘]€6.TJ 31‘k8$] ’ axj 8x18xk 8xk8xj _&’,Ci 8x]8xk 3133:1% ’

2 2 2 2
5(23¢23¢’>—3<2 ¢ 0¢ 9 (301 + 202) x].

1o}
) ; % (01 Bij + ao A Arj) =

a—acj Ox;0z),~ Ox0x; ) Oz \~ Ow;j0xy Ox,;0z), Ox;
The equation of motion is given by
p (% + v; g;t) = fgji v; + 8%63 (1 Bij + a2 AirArj) (3.7)
whence the Bernoulli function is expressed as
81 {p%+§§—¢%+ Bx] — 0 with 8 = 3a, + 2as > 0, (3.8)
o2 L 19a 4 p - px = C(t) = LU 1 p. (39)
The stress tensor is given by
Tij = — [C +Bx - g IVo|* — paa(f] dij + [,u + (8t + aa;i 3?5 )] Aij + (01 + a2) AipAgj, (3.10)
which has the normal component at the boundary
nin;Ti; = — {C’ + ﬁx — g \Vfbﬂ + pninj A + alnmj%%/lij + (o1 + a2) ninj Aig Ak (3.11)
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The term is expressed as

8¢ 0 0A;; 0A;; 0A;;
—Aij = Y Y Y 12
Ozy, O, Y ox v Oy tw 0z’ (3.12)
for which
6A11 (9A11 6A11 82u 82u 62U
=2u— +2 2 1
b v Ay tw 0z 402 * U&Tay * Yora: (3.13)
(91412 61412 81412 82u 62u 82u
=2 20— + 2w——— 3.14
L v oy v 0z u8x8y+ UayQ - wayaz’ (3.14)
8A13 8A13 (91413 82u 62u 82u
=2 2 2w —— 1
“or Yoy T"a:  Mowo: T Voyer T Vo2 (8.15)
(9A22 81422 8A22 (91} 2 (92
=2 2 1
“or oy TV~ Mouay T2 a2+ Y oyoz’ (8.16)
61423 (91423 61423 62’0 821) 821}
=2 2 20—+ 1
hr v Oy tw 0z u3w82+ v8y82+ Yoz (3.17)
(91433 8A33 (91433 6210 (92’LU (92’LU
= 2 2 1
R v y tw 0z Y 9w - Uayaz A 022 (3.18)
The stress tensor and the second order term are
Gu Ou Ov Ou  OJw Ou  Ou  Ou ou Ou Ou
8;6 dy Ox 0z Ox Jor Oy 0z dxr Oy 0z
ou  Ov 8v Jov  Jw ov  Jdv Ov Ou Ov Ov
(4is) Oy Ox 8y 0z Oy Oox Oy 0Oz oy Oy 0z (8.19)
Ju OJw Jdv dw aw ow dw Ow ou v Ow
0z Ox y ('3,2 dr Oy 0z 9z 0z 0z
Jdr Oy Oz Jdr Oy 0z
0% 0% dv  Ov Ov dv  Odv Ov
A Ayj) = (AiAr;)" = (Cyy) =4 4| = = = — = —
(AinArg) = (AixAk;) (Ciy) (axiaxk (“)xkaxj) or 0Oy 0z or 0Oy 0z
Ow Ow Ow Ow Ow Ow
or Oy 0z or Oy 0z
du 2+ Ju v n Ou dw ou du n Ou dv ou Qw 8u8u Ou v ou Ow
ox Oy Ox 0z Oz oz 8y Jy ay oz ay 8;15 oz Jy 0z 0z 0z
Ov Ou <8v8v> <@8_w v du +<@ n v Ow Ov Ou v dv n v dw
Oz Oz dy Ox 0z Ox dx Jy dy 0z ay 9z 0z Jy 0z 9z 0z
ow du ow Jv ow ow ow Ou " ow Jv ow w ow Ou ow Jv n Ow dw
Bz Oz 8y Oz 0z ax Bz By By Oy 9z Oy Oz 0z By 0z 9z 9z
:, (o Duon\ | (0udv\ | (dudn) (Dudu), (udv), (Oudw
oz oz dy dy Oy 0z 0z ox 0z 8y 9z 0z 0z
oudu auav du v ov\* L (ov\*, (v v du ovov\  (0vow
Oz Oy Ay Oy 9z 0z ox dy 0z Oz 9z ay Bz 0z 8
Duow) , (w0, (Gudw) (Gvou)  (0wdw\, (0vow)  (w\', (9w)', (0w)’
Oz 9z Ay Oz 0z 0z ox 0z oy 0z 0z 0z ox 8y 0z
(8u)2 (8u)2 (8u>2 Oudu Oudv Oudv Oudu Oudv Oudw
=) +(2=) + (= e i
ox Jy 0z ordy 0ydy 0z0z Or 0z Oydz 0z 0z
4 Oudu Oudv  Oudv (81})2 (8@)2 (81})2 O ou  Ovdv  Ovdw
= e E e Wi =) o+ (=) o+ (2= o Iy 2 (3.20)
Jxdy Oyody 0z0z ox y 0z Jx 0z Oydz 0z 0z
udu  dudu  Gudw  wou wdv wow (dw\', (Dw)', (0w)’
Oor dz 0Oydz 0z 0z Or dz Oy0dz 0z 0z ox dy 0z
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A Expressions

Consider the ellipsoid of revolution with a # b and b = ¢

2 2
Yy +z
— +—— =1, (1)
a b

moving in the negative direction of the z-axis with velocity U, whence the velocity potential ¢ for which v = V¢
is given by

¢ = / (a2+A)*3/2(b2+/\)’1dA=xf0, (2)
A
where -
2 2 =3/2 (12 -1
aozab/ (> +0) 2 (1 + 0) i, (3)
0

fo=fo(A) = /:o (@2 +2) 72 (12 +2) 7y,

then o U
- 0 _ a 2 —3/2 2 —1
=N T T (@®+X) T (B*+A)

0? 0 _
T e A TGRSV PV

2
pe e BN e ]

+fi E (@®+ )72+ (0° + /\)_2] .

In the cartesian coordinates (z,y, z) fixed on the ellipsoid, the potential is given by

p=Uzx+zfy. (A1)
The velocity v = (u,v,w) = V¢ in the frame (x,y, z) is given by
0 oN 0
u=U+ (xfO):U—Ffo‘i‘ 8787'];0_U+f0+$ f1, (A2)
_ 8(9Uf0) _ 5’>\ dfo 3>\ _ O(xfo) Q% _ 02\
U= Toy oy o Ty YT Tar T o on 2 (A.3)
The components of the strain tensor are expressed as
ou  _OXOfo 0%\ 0 fo N\ 9% f, 0 0%\ 8)\)
%72833 B\ +xax2 B\ +z 9 ) 92 72 f1+x 2]"1+m f2, (A.4)
ov  ONDfy 0%\ 0fy ONON\ 0%fy O 82)\ OX O Ou
- = - - _ —_— = A.
9r 9y ox  “ozoy o “\aroy) on fl”a a htel\geay)t=ay A9
ow _ 9Adfy 0%\ dfo ONON\ D% fo 8/\ OX O\ _ Ou
ox oz on amozon T \awaz) o~ T fl woz) 25 (AD
o PPNOf ON\ 2 82 £, 02 oM\ 2
5o ot (o) o ot o (5) £ D
ow 0%\ 0fy ONON 0% fo 9%\ O O ov
— = — e —— = — A.
Oy zayaz o\ Jrz(@y 82’) % x@yazfl x(@y 8,2) f2 0z’ (A-8)

A
dw  9*Adf N fo _ O\ N\
&*@ﬁ”(%) S =gt (a) f2: (A4.9)
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For the second order fluid, we then need the following expressions

11

9%u 82 oA O3\ 0%\ O\ oA
s 48(2) forelan vl 2 o (2 ) fi (A0)
0%u 92\ O\ 0N 93\ 9%\ O\ OX 02\ oA
920y~ 2ozoyt T 2ar oy T ey T 202 oy P o aay (a ) (A.11)
0%u aDY 5)\ oA D) O\ OX X 0%\ oA
020z 83:8sz oz a_fﬁxax?azflﬂﬁa_f?” 9z 020z ( ) (A.12)
Pu 0% oA A X O 0N 0% o [OA 0%u
e ) e R G ax( ) =
Pu PN 0NN, 0N (AN PN N 0N PN
Oydz  Oydz ! dy 0z 2 dxdydz ! dxdy 0z  O0x0z 0y  Ox Jydz 2
OXOX O 0%
u 0%\ oA 3\ X ON  ONO?N 8 oA
55 =520+ (5 ) ot a2 s+ g ) ot (—) for (A19)
0%v 3\ O 0%\ o\
a—ygfl’a—ygfl +3$a—ya—y2fz+ ( ) fs,  (A.16)
%v 3\ 0%\ O\ OX 0%\ oA\~ O\
9y0> 7I—8y28 bil +x8—y2£f2+2x8_—8 B f2+$<a—y) 5133, (A.17)
3211 3 0%\ O\ ON 02\ 8)\ oA
— —— +2— Al
022 (‘3y6 a2t T (822 Oy + 0z Oy0z >f2 Oy ( ) far (A18)
0w 93\ o)) o))
92 63f1+3 522 92 oot ( ) fs, (A19)
with
4 N
oo o
ox’ Oy’ 0z’
o oy #a #a o o
0x2’ 0x0y  Oy?2  Oydz' 0227 0z0x’
PA BN BN BN PN BN PN PA PA P
L 0x3’ 0220y’ 0220z° 0x0y?’ 0x0z2’ 0x0ydz’ Oy’ 0y?0z  0ydz2’ 0z3°
)
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VPF around a Sphere in Cartesian coordinates
T.Funada, June 15, 2004 / sphere-junelb.tex / printed July 16, 2004

1 Sphere

For a sphere for which a? = b* = ¢2, we use the spherical coordinates (r, 6, ¢) together with the cartesian

coordinates (x, y, z) = (rcosf, rsinf cos p, rsinfsin ) to give the equation of A

172 y2 2’2

— 2, .2 .2_ 2 _ .2
a2+)\+b2+)\+02+>\_1 — Tty +2=aF A= (1.1)

The velocity potential ¢ for which v = V¢ is given by

(b__achx /°° dA
2—a0Jx (24X (a2 +X) B2+ N) (2 +N)
3 o0 _ 3 _ 3 3
6= _2a Uz / dA _ 2a U:L’% (a2+)\)_3/2 _ Uza _ _U;cgz 7 (12)
T @2y rn? 2T 2y/ (a2 +3)° '

with aq defined as

dA

~ S oag—dt [ dA _2
/o (a2 +X) /(a2 + ) (B2 + ) (2 + N 0 /0 (azﬂ)m 3

(1.3)

oo = abe

The velocity v = (u, v, w) in the (z, y, z) coordinates or v = (v, vg, v,) in the (7, 6, ¢) coordinates are

given by
0 a® 0 ad 0 a®
v = (U, v, UJ) = V(b = —ez% <Ul'—2r3) — eya—y (UJU—2T3> — eza (U$_27“3>

ad 3a3 2 3a3 xy 3a3 xz
= —€y a2 o4 a4 z a4 | 1.4
eU<21"3 2r4r>+eyU<2T4r>+eU<2r4r> (1.4)

0 a? 10 a? 1 0 a?
v = (U’I“a Ve, ULP) = ng = 767‘5 (U‘Tﬁ) — 69;% (Ul’ﬁ) — ewm% (U‘Tﬁ)

ad ad
= erUcos@T—3 +egUsin9ﬁ. (1.5)
If the frame is taken on the ellipsoid, the velocity potential is modified as
a3
=—Ux|(1+-—~ ). 1.6
o=-vs(1+55) (1.6)
The unit vectors in the spherical coordinates (r,0, @) are given by
e = cos ey + sin pey, e, = sinf cos pe; + sin f sin ey + cos fes = sin e + cos fes, (1.7)
0
869T = cos f cos pe; + cos f sin pey — sinfes = ey, (1.8)
0 0 0
;’; = —sin fsin pe; + sin f cos pes = sin 0%, % = —e,. (1.9)

1.1 Normal stress on the sphere

The potential is given by

d)——UCOS@(T-i-i) ) (1.10)

2r2
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whence the velocity v = V¢

9 19 1 96

(UT’7 Vg, USO) = <E7 ;%7 m%) = (U’r‘; vy, 0)7

vrzg(f:—Ucos€<1—iz), vgzigzszUsiHH(l—l-;;)’

831: :_Ucosgg%s, %8813 —Usin@(%—i—j)»

%:—Usin@%, %%ZUCOS@(%‘F%)v

_% + %%Uor = —Usin® (11"—'_2(1;1) + Usinf <i - ij) = —Usirﬂg7
1 Ovg i

r 00 r

Uy Vg

1 3 1 3
O L% ot = —Ucosh (= —L ) +Using [ = + cot@zUcong—.
r r r o 2rd 2r4

. 1 3 1 3
——+U—UCOSO<—+CL—> Ucos@(—a—4> :Ucosﬁgi
r roor r

rrd

The gradient of the velocity is given by

ovr ] vy
or or or
B vg 10v, 10ve v, 1 dv,
L) =1 =5 5% T T "0
L Ou v 1 0w v L 90 % 1
rsinf dp r rsinf Jp rsing dp r
3 —2cosf —sinf 0O
(Lij) = 3 —sinf  cosf 0
2rt
0 0 cosf

The strain tensor is given by

Aij = Lij + Lji = 2Ly,

(1.11)
(1.12)
(1.13)
(1.14)
(1.15)
(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

a1 a2 ai3 bir b2 bis c11 €12 C13
az1 G2 a23 bor bao baz | = | co1 co2 ca3
as1 azz2 a3 b31 b3z b33 €31 €32 €33
9 6U2 6772
c11 = a4 5 (4 cos? f + sin? 0) , Cl2 = a4 3 sinfcosf, c13 =0,
r r
6772 6772
Co1 = %sin&cos@, Cog = Ja 8U , c23 =0,
r r
94802
c31 =c32=0, c33= ¢ 3 cos® 0,
T
945172 4cos? 0 +sin®6  sinfcosd 0
A? = (AixArj) = 5 sin 6 cos 0 1 0
" 0 0 cos? 6
1, 9U? 2 .2 ? 2 9U* 2
ZtrA =17 (5cos? 0 +sin”f + 1) = v (4cos®0+2) = a7 (1 + 2cos® )
9 27
(3041 + 20[2) — = —a1 + 9
2 2
96 1 . 9 U2 /27
P = Poo + gU2 — pa — ip‘V(bF —|—ﬁx = Poo + gU2 (1 — ZSIDZ 9) + ? <2a1 + 9&2) (1 +2COSQ 9) (123)
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The normal component of (v - V) A;; is

eel (v denn | v Ocnn +eple dez tenle dez =eie; |v fenn | v den —Ui(C + c21)
U\ Tar T 00 BProe Ty e T T Tar T a8 o T
0%v, vy O%v, Ovg vy 10w, w2 .,
_ ’ vo v Ve, 2 —ere1—sin26 (1.24
erel [v or? + r 000r <6r r + T 89)} e1e1 S ( )
8U% .,
nin; (v-V) A = o sin 0 (1.25)
0
niTijnj = —p+nn;||lp+a at +v-V Aij + (Oq + 012) AikAkj
= —p+ ILLTLiTLinj + ninjag ('U : V) Aij + (041 + ag) TLiTLjAZ‘kA}cj
6(13U 6772 9 L,
= —p+ul- p cosf | +ninjaq (v-V) A + (a1 + az) (4cos® 0 + sin” 0)
27 U? 9
ning (Tij),_, = —Poo— (7(11 + 9a2) = (1+2cos®6) — gUQ (1 -1 sin” 9)

6U U2
_7MCOSQ +ninjar (v-V) A + (on + ag) —5- 2 (4cos® 0 + sin® 0)

9 6U
= —Poo — §U2 <1 - lsin2 9) - T,ucosQ—&—nmjal (v-V) A4
U2 2 .2 27 2 U2 2 <2 2
+—5 a1 | 36 cos” f + 9sin 9—7—27(:05 0 + a2 (36(:05 0+ 9sin“ 0 — 9 — 18 cos 9)
a a
2 2 g 2

U U
aqsin? 6 — —2§oz1 —I— a29cos 0

9 6U 18U
= —poo——U2 — Zsin’ 6 — —pucosf+
4 a 2
Therefore the normalised normal stress on the sphere is now expressed as

* _Trr+poc__(

9 12
" 1 — = sin? 9) - R cosf + % (36sin”6 — 9) + %180052 6. (1.26)

4

2 Sphere in Cartesian coordinates

The potential is given by
a3
— U1+ ), 2.1
o=—s(1+ 57 (2.1)

whence the velocity v = (u,v,w) = V¢ in the cartesian coordinates (z,vy, 2)

(u, v, w) = (g—ﬁ, g—(yb, %) (2.2)

g (et o R e e
ST »

Vxov= %ﬂ;‘ %Z ;‘i: :ez(%—%)—f—ey(%—g—j)—&—eZ(%—g—Z):O (2.5)
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ou 5[ 9z 1523 ou 5 ( 3y 152%y ou 5 (32 152%z
_— = _ _— = _— _— = _— 2.
Oz Ua (27"5 2r7 > T Oy Ua 25 2r7 )7 0z Ua 2r5 277 )7 (26)
ov 5 ( 3z 1bxy? ov 315zyz  Ow 5 ( 3z 15z2?
Ay Ua (2r5 27T )7 0z Ua 2r7 7 Oz Ua 27b 27 )7 27)
0?u (9 452  105z% 0%u 5 (—4bzy 10523y
oz va (27"5 T 2r9 > T 0zdy Ua ( 27 T g0 > ' (28)
0? —45 1052° 0? 3 15(y* +2%)  1052%y>
2L e o 12 Pu (3150 ) | 106277 (2.9)
0z0x 2r7 2r9 Oy? 275 2r7 279
0%u 5 (—16yz  10522%yz 0%u 5[ 3 15 (22 + x2) 1052222
ydz ba ( 207 T g9 022 ba 25 277 T ’ (2.10)
& Ud —4bxy n 105xy> 0%v R e Lt 1052122 (2.11)
oy “ 2r7 2r9 T oOydz ¢ 2r7 2r9 ’ ’
v 5 152y 1052y2? 0w 5 (—46zz 105223
022 ~a w7 20 T 022 ba 277 219 )7 (2.12)

A  Second order fluid

For the second order fluid, the gradient of velocity, the lower convective derivative and the stress tensor are
given by

ov; 0A;; 0A;;
Lij = oz, Aij = Lij + Lji, Bij = 6tj + vk37;: + Aig Lij + Lik Ay, (A1)
T = —p(sij + ,uAij + o1 By + a2AikAkj~ (AQ)
Using the velocity potential for which
9¢ 2 ¢ o
= i = ) : = =Y, L’L i — 8. o > AZ = B A.
v V¢, v 31} Vv v (b 0 J 31‘18.%'] J 35@5{5] ( 3)
we have the following expressions
3 3 2 2 2 2
Bij:27a¢ —|—a—¢ ¢ 28¢ ¢ +28¢ o¢
0t0z;0z; Oxy, Ox),0x;0x; O0x;0xy, Ox,0x; O0x;0xy, Oxy,0x;
o 9o o P o ¢
=2+ 2 4 A4
Otz;0x; + Ozy, Oz dx;0x; + Oz;0x), Oxy 0z’ (A4)
0B;; 0 0¢ loAto) Py 0% 0T, Op 0A;; 0B;; 0 (AirArj)
= — e 4 B = — o A.5
Oxj  Oxj | Oxp Oxp0x;0x; * O0x;i0xy, 0x1,0x; Ox; Ox; Hls Ox; T Ox; o Ox; (A4.5)
Thus we have the following expressions:
0% 9% 0 0A;; 195'% 0 195'% 0 ox
= — | = — (Aip L) = o (A A) =25, A6
X Ox;0xy, OOy’ Oxj <Uk Oxye > ox;”  Ox; (Aik L) ox;”  Ox; (AirAj) Ox; (A-6)

0 (00, 93¢ 9 9%¢ 9% 0, Pe 0% \ _ 9 92¢ 9%
azj 3l‘k 3xk6xi3xj _aIEi 31‘]495@ 3xk61j ’ azlij &naxk 8zk8x3 _8@ 8l‘ja:17k 31’J8Ik ’
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2 2 2 2
9 <2 ¢ 2&) 9 <2ﬂ87¢), i(alBijq_aQAikAkj):i[(3a1+20¢2)x].

a—a:j O0x;0z),  0xp,0x; - ox; O0xj0xy, 0x;0x) Ox; ox;
The equation of motion is given by
8vi 8vi 0 1o}

P (W + v 8:ljj> = —651 + 'uv21;i + 8_33‘] (Oleij =+ OéQAikAkj) s (A7)
whence the Bernoulli function is expressed as

0 dp  p Do 0¢ - I

I i — = h (= 2000 > A.
D; {”aﬁwxjaxﬁp fx| =0 with § =31 +2az 2 0, (A-8)
) .
P92+ L1Vof 4 p— Bx =), (4.9)

The stress tensor is given by

5 0 o 09 0
Tij = — [C +Bx — g Vo|* - Pa(f] dij + [H +a (at + aaiaxk)] Aij + (o + az) Aig Akj, (A.10)

which has the normal component at the boundary

0

s P
nianij = — {C + Bx — 5 ‘V¢|2:| + /Jnininj + alnmj@a—%Aij + (041 + 012) nininkAkj. (A.ll)
The term is expressed as
oy 0 0A;; 0A;; 0A;;
— Ay = Y Y Y A12
Oxy, Oxy Y or v Oy tw 0z’ ( )
for which
8A11 81411 8A11 82u 62u 82u
= u—— +2 2 Al
T or v oy tw 0z YD + v@xay + Yoraz (A-13)
8A12 8A12 6A12 82u 82’11, 82u
=2 20— + 20— A.14
“or v Ay tw 0z u8x8y+ v8y2 * w@yaz’ ( )
81413 81413 8A13 82u 82u 62u
=9 2 2w— Al
“or v Oy tw 0z Yoz i U@yaz i Yo (A-15)
aAQQ 6A22 61422 ov 621} 821}
=2 20— + 2w——r Al
Y or v Oy tw 0z u@x@y + v8y2 * w@yaz’ (A.16)
8A23 8A23 8A23 82’0 82’0 821}
=92 2 2w— Al
T or v dy tw 0z Yoz + vayaz + Va2 (A-17)
8A33 81433 8A33 82111 82w 82w
=2 2 2W——=. Al
Y or v Oy tw 0z Y020z i U@yaz e 022 (A-18)
The stress tensor and the second order term are
Jou O o du dw ou o ou ou u o
ox dy Ox 0z Ox or Oy 0z dxr Oy 0z
du  Ov dv ov  OJw dv  Ov Ov ou Ov Ov
Aii) = — 4+ — 2— —t— | =2 = — = =2 — == ZZ |, (A1
(4:5) y + oz oy 0z + Ay Ooxr Oy 0z Jdy Oy 0z (4.19)
u 0w v 0w 0w o ow o ou o0 ow
0z Ox 0z 0Oy 0z dr 0Oy 0z 9z 0z 0z
dr Oy 0z dr Oy 0z
¢y  0%¢ v Ov  Ov ov Ov  Ov
A Ars) = (A At =4 =4 = = = - = =
(A Ags) = (AinAr;) <8x¢8$k kaﬁxj) or 0Oy 0z or Jdy 0z
ow OJw Ow ow Ow Ow

8x8_y£ or Jdy 0z
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Qu\T, (udn\, (udw\ (udw), (uwdw), (udw) (dudu
ox Oy Oz 0z Ox oz dy (9y 8y 0z Oy oz 0z

Oou dv Ou dw
(8_y 8z> * (82 8z>
v du v dv v Ow v du ov ov Ow v du
| Ga) (o) (35)  (55)+ () ~(Gia) (550 (5:5:)

J’_

+

o (52)-
Jx Ox Oy 0z
() () () () (23) - (23) () () (22
ox Ox dy Ox 0z Ox Jdx Oy Jdy Oy 0z Oy ox 0z Jdy 0z 8
< ) ( )2 <8u)2 <8u au) N (6‘u 6‘1)) N <8u 6‘1)) <8u au) N (6‘u 6‘1)) N (8_u6‘_w
0z oz dy Oy Oy 0z 0z Oz 0z Oy 0z 0z 0z
<6u8u>+(3u3v) <8u8v) (@)Z(@) +<@)2 <8v8u)+<8vav>+(8
oz Oy dy Oy 0z 0z ox oy 0z Oox 0z Jy 0z
&%)+ GE)-@) GR-GR-ER) @G -&)
ox 0z oy 0z 0z 0z ox 0z oy 0z 0z 0z ox dy 0z

ox Jy 0z ordy 0ydy 0z0z Or 0z Oydz 0z 0z
Oudu Oudv Oudv ov\? o\’ ov\? Ovou Ovov Ovow

=4 i e i E i — ) 4+ (=) + (= — . (A.20)
ordy Oydy 0z0z ox oy 0z Or dz Oy0dz 0z 0z

Jxr dz Oyodz 0z 0z dxr 0z Oydz 0z 0z ox dy 0z
The gradient of the equation of sphere is

V (2% + 9% + 22 — a?) = (2ze, + 2ye, + 2ze.), A21
y

thus the normal vector is given by
1
n = (Ng, Ny, Nz) = o (res +yey + zez) . (A.22)

It is shown here that the velocity (u,v,w) satisfies the kinematic condition at the ellipsoid surface (x = acos 6,
y =bsinfcosp, z =bsinfsinp, A =0):

njv; =0 — ngu+nyv + n;w = 0(to be written later). (A.23)
The normal stress at the ellipse surface (x = acosf, y = bsinf cos p, z = bsinfsinp, A = 0) is
nin; Ty =V - n. (A.24)
The stress tensor for Newtonian is given by

Ton = ningTij = ning (—pdi; + pAi;)
=—p+u (niAu + 2nmnyA12 =+ an’l’LZAlg + nZAQQ + 2nynzA23 =+ ’I’L§A33) . (A25)

The stress tensor for the second order fluid is given by

0Ai;  0A;

0A;;
Bij = + vk + A; kLk] + L; kAk] = Uk —|— A; kij + L; kAk]7 (A26)
ot oxy, Oxy,
Ton = nin;Tij = nynj (—pdi; + pAi; + a1 Bij + aoAi Agj) . (A.27)
The term of ninj/Uk;—Zj is expressed as
al’k
0A;; 5 0An 0A1 0A13 5 0As 0Ass 5 0Ass
NNy . =N,vk 02 + 2n,ny v —— D + 2n,n, vk D + ny g D + 2nyn vy D + nZuy By,
(A.28)

The normal stress of the second order fluid on the ellipse surface is given by

Ton = —Poo — —U2 (u +v2+w ) (n%Au + 2ngnyAia + 2nens Ars + n:,QJAQQ + 2nyn, Asg + ngAgg)
— (30&1 + 2@2) X + Oclnijij + agnminkAkj. (A.29)
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with
ou\? ou\? ow\>

Tr, =777(to be written later) (A.31)

Normalized form:
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VPF around an elliptic cylinder
T.Funada, May 23, June 3, 2004 / may23a.tex / printed July 16, 2004

7 Elliptic cylinder

For an elliptic cylinder for which a? # b? and ¢? — 0o, we have

SCQ y2 22 $2 y2

=1 I T A, 7.1
PR WL CIN WL IS W CY (7.1)

The velocity potential ¢ (for which v = (u,v) = V¢ in the cartesian coordinates (z,y)) is given for a flow
around an elliptic cylinder moving with a uniform speed U in the negative z-direction

abcUx dA abUzx dA
“Fah EovESTEETS YTk wovwveoeey 7
> dA oo d\
ag = abc/o RSN CESVICESy ey — ap= ab/o CESSNCES D (7.3)

The integral in the potential may be expressed as

/ dA :/ dA
(a2 + ) /(a? +2) (b + X) (a2 + \) \/()\+ a2J2rb2)2 _ (a27b2)2.

With the relations for a > b

2 4 p2 2 2 2 2 2 4 p2 2 _p2
(a2+)\) (b2+)\):<)\+a * ) —(a + > +a2b2’ >\+a + :a COShf,

2 2 2 2
2 b2 2 _ b2 2 b2 2 _ b2
a2+A=A+“;“ 48 ; - 5 (1+cosh), =2 sinh £d¢.
it is then arranged as
2 .
[ 5 sinh dg _ LS (S S M-
@28 (1 4 cosh €) (Z522) /cosh?€ — 1 =8 (1 + cosh€) 2-P9cosh®§ L2 2
1 2sinhfcoshy 1 sinhe 2 /A +a)(A+02) 2 [A+i?
N —‘12;”2 QCOShQ% N —’12;”2 1+coshé a2 — b2 A+ a2 a2 -2V A +a?’
With the relations for a < b
2 2\ 2 2 2\ 2 2 2 2 2
9 9 B a®+b (o +D 9,9 a*+b° b —a
(a —l—)\)(b +)\)—<)\+ 5 ) ( 5 +a“b”, A+ 5 =3 cosh &,
2 32 2 _ 32 2_ 2 2 _ 2
a2 4r=xr4 ;rb 4+ 2b _!b (14 cosh), dr = Z =% Gnnede.
it is then arranged as
/ b2=a® Ginh &de / / d¢ -1 coth§
boa® (1 + coshf (b2 a%) Vcosh? € — 1 b2za® 1 + cosh ¢) YPoaosinh?§ P52 2

1 2cosh®§ 1 14coshe 2 A+ b2 2 a2
7—a2;b223inh%cosh%7—“2;”2 sinh £ 7a2—b2\/(/\+a2)(/\+b2)7a2—b2 N+ a2
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Differentiation gives the integrand:

d 2 [A+02) 2 =1 (A +8?) +1 1
dd\a2 -2V A+a2] a2 b2 2 A+a2)*? 2/ (0+a) (A +1?)

1 (A0 + A4+ 1

a? =0 A +a2) /A +a?) A+ 023 (A+a2) /(A +a2) (A +b2)

Therefore we have g and the velocity potential ¢

. _ab/oo dA  2ab <1_9>_ 2
TP @@y N @\ a) atb

abUx

b= /°° dX\ _ abUx 2 1 A+b2\ WUz 1 A+ b2
S 2-—a0 /y (@+NV(@FN) PN 2—aga? —b? VA+a2] a-b VA+a2)’

where A = \(z,y).

The potential ¢ for a flow around an elliptic cylinder (which is of a uniform velocity U away from the cylinder)

is now expressed as

b A+ b2 b
¢=Ux+ Uz (1— %)ZUx"Fﬂ(l—fO),
a—2b a a—

with

fo = [ A+ b2 f_%_ (a* —b%) /2
"TVX+e TN T @ N @+ N+

(
@ N TN @) @ N

o Oh (> b)) [ 3
T oN 2 2
B (a® —b?) — (4N + a* 4 3b?) /2
2 @+ BN V(@ TN BN
Pfo (a®=b%) [15 7/2 12 3 5/2 —3/2
fo= S0 = [4(+m 040774 2 @ ) (6 )
3 3/2 —5/2
+5 (a?+2) 7 (07 4 ) :
The velocity (u,v) is given by
9 06 _dNdp WU Uz ONOfy . BU Uz O
BT T i A St (e 4 vl Sl ey S [ e o e

0 0N bUx 8)\8f0 _ bUz oA
T Oy Oyon afbaya)\ afbay

du 9% 20U 0X, WUz

82)\ O\
9r = 022 = a—box)! a2t T ( )fl
ou 0% _@__ bU @f bU:z: 0%\ 6)\6/\
oy 0xdy Ox  a—bdy a— &cay St 8x8y

@_@__bvx
oy o0y

82
2 4

f17

(7.4)

(7.10)

(7.11)

(7.12)
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oo ww
dr2 023 a—b

02\ oA bU
8x2f1 ( ) fQ]_—xb

(A0 8A82)\ oA
ox Sfl 8 O 2f2 ( ) f3] )

Pu 09 7&7 2bU 82)\f+Q@f
oxdy  0x20y  0x2 00y Oz dy 2
bUz | OPA X 92\ 82X O N> A
i A it A gabA A B
a—b 8x28yf1 * Ox 8x8yf2 + 0x? 9y fat (895) Oy f3] ’
Pu Py Pv bU PN N>
a2 = 2 = 2 fl + | = f2
y dxdy Oxay a—>b|dy Ay
bUz | 93 O°X 0N, ONOPN, O (9N
B Ox 0> h +28x8y a_yf Oz Oy? a2t Ox <8_y) f3] ’
N\ (o Fo N P9 o
(Lij) = ox Oy | _ 0x2  Oyox | _ 0x?2  Oyox
) @ @ - 52¢> a2¢ - 52¢ 32¢ )
oz Oy oydx  Oy? oyoxr  0x?
2 2 2 2
070, 070 070 00
(Aij) = (Li; + Lji) = ox Oyox | _ Ox Oy
ij ij ji 824 2@ ) 826 - @ )
Oyox oy? Oyox 0x?

926\ > 926 \° 9o (9% 0%
(A‘ A ,): 4(@) +4<8ya$> 48?4837 (@+3—y2)
B (B0 o) (o) aa(e)
Oyox \ 0x%  Oy? Oyox 02
o\’ 2o N /1 0 10
_4[<@> +(8yax> (o 1>_2X<o 1)

2 2 2 0\ 2 2 2 2 2 N 2 5 2
= OO0 00 _(D0N (0N (00N o (00 (00
O0x;0x; Ox;0z; 0x? 0x0y dy? 922 dxdy

The stress tensor for Newtonian is given by

Tij = —pdij + pAij,

and the Bernoulli function is given by

(9(;5 1 Poo P dp  p
s 7U2 oo — *U2 _ o P 2 2 )
F |V¢|+p QUi T pErety P g (W +%)
From the paper of Wang & Joseph (2003), the stress tensor for the second order fluid is given by
0A;; 8Az
Bij = "% +op =L + AigLij + Lir Axj,

ot (9 T
Tij = —pdij + pAij + a1 Bij + agAik Ay,

and the Bernoulli function is given by

0 1 1
—¢+—| Vo|? + = ——(3a1+2a2)X:—U2+p—
ot P 2 p

%_B
2

p 5t (u2 + 112) + (31 4 2a2) x

- p:poo+5U2_

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)
(7.23)

(7.24)
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7.1 Geometry

From the equation of an ellipse:

2 2
we have the equation of A
2 (0P +N) +92 (@®+A) — (a2 +X) (b +A) =0,
N+ (—a? = b + 2% + ) A — a®0® + 2°0% + yPa® = 0, (7.26)
which gives the solution A
N\ _a? 4 ;xQ —y? n \/<a2 + b2 ;xQ - y2>2 —a2b? + 22b + y2a2 = A1, Ao say. (7.27)

For an ellipse with @ = 2 and b = 1, we have A\; > 0 and Ay < —1; the former gives an ellipse and the latter
gives a hyperboloid. Therefore we use A = \;

2,12 .2 .2 2 2 _ 2,2\ 2
Ao b 2”” Y +\/(a o 29” y) — a2b? + 22b2 + 1202, (7.28)
22,2 2
)\:_a +0b 217 Y +D1/27 D:i(a2+b2—x2—y2)2—a2b2+x2b2+y2a2 (7.29)
whence
ox 1 8D _12 OA 10D D172
or S 2 895 Oy vty 2 0y (7.30)
0%\ 19°D oD
= 2 p-12 3/2
Gz =1+ 55D <8:17> D32, (7.31)
0%\ 10°D oD
_ 1074 /2 3/2
a7~ taap 4<ay> D=3/2, (7.32)
0%\ 10°D 1 /0D oD
Nl o ot V2 R Wit —3/2
0xdy 20z 8yD ( Ox Oy ) p (7.33)
#N 18D oD 9D 3 (9D\’
_:__D—1/2_ D~ 3/2 e i D—5/2 34
oz 2 0a3 (6:(; 0z ) T3\ oz ’ (7:34)
3 3 2 2 2
9°A - 1.6°D D2 _ 10 Da_DD*?)/2 oD "D D32 4 30D (9D D5/2, (7.35)
0x0y?2 2 0x0y? 4 0y? Ox dy 0xdy 8 Ox 8y
%A _1 o°D D 1/2 _ 15‘2D a_DD*?)/2 _20D 9°D D-3/2 oD E)D —5/2 (7.36)
0x20y 20220y 4 022 Oy 4 Ox Ox0y Oz 6y ’ ’
5‘3)\ 103D 3 (0D d*D 3 (0D
"D 12 _ 2 Y2 Y ~ D73/2 | Z= D75/2 )
Y3 2 OB 4 <8y oy? ) * 8\ Oy ’ (7.37)
D
% = -z (a® +b* — 2 — y*) + 2V°, %— y (a® +b* —2® — y°) + 2ad°y, (7.38)
2
D
?9? = —(a® +b* — 327 — ) + 2%, %— — (a® + 0 — 2% — 3y*) + 2a, (7.39)
0D 0D 0D 0D 0D

= 2z, (7.40)

-9 bt ve_ Yy _ oY
0xdy A e “ oy3 ¥ 0220y ¥ 0x0y?
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On the ellipse surface, t = acosf, y = bsinf, A =0,

\/B_a2+b2—a:2—y2_a + b2 —acos?—b%sin® 0  a?sin® 6 + b2 cos? 0

5 = 5 = > , (7.41)
% b2_x - 2%z % _ oy _ 2a2y (7.42)
or VD a?sin®0+4b2cos20’ Oy /D  a?sin’0+ b2 cos2 6’ ’
Then we have the expression
2 (0P +N) +y7 (a®+A) — (a2 +X) (0P +A) == (A= A1) (A= Ag), (7.43)
which gives
2 2
2 _ (@ 4+ M) (@ + )
xe = 2 , (7.44)
when A\ = —a?, and
2 2
s (024 M) (B + N)
Yy =— Cl2 — b2 ) (745)
when \ = —b?
The gradient of the equation of ellipse is
x2 y? 2z 2y

thus the normal vector is given by
n= () = (gee+ pen) 1 () + (32) (7.47)

It is shown here that the velocity (u,v) satisfies the kinematic condition at the ellipse surface (x = acos®,
y =bsinf, A =0):

bU bUx OA bUx OA
njv; =0 — npu-+nyv= [U +— ( —fo) = — b%fl} P —finy =0, (7.48)
bU b x bUz a? —b% [ONz O\ y
S [ T e A 4
- [U+ —b< a)} a’>  a—>b 2a%ab [8wa2+3yb2] 0 (7.49)
a+b a+b 207 x 2a%y Y
U 0 — U cosd — = | = 7.50
a2z P OS2 [a2 sin? 0 + b2 cos? 0 a? v a? sin? 0 + b2 cos? 6 b2 ( )
The normal stress at the ellipse surface (x = acosf, y = bsinf, A = 0) is
Tli’l’LjTij = 7V -Nn. (751)

The stress tensor for Newtonian is given by

Ton = nin; Ty = nyng (—pds; + MAij) = —p+ p(n2Ai + 2ngny Az + nf,Am)
= — U2 (U +v ) +u ((Tli — ni) A + 2nxnyA12) (752)
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The stress tensor for the second order fluid is given by

0A;; 0A;; 0A;;
8tj + vg 02, L+ AirLij + LigAgj = vy, Ry

Thn = nln]j-‘l] = n;n; ( p5z] + /lAz] + alBij + a2AikAkj)
=-p+u ((’FL —n ) All + QnmnyAlg) + alninjBZ-j + OZQnininkAkj

Bij =

+ Alkij + L’LkAkjy

0A;;
=-p+p ((n -n ) A+ 2nrnyA12) + arninjug——= + (a1 + az) 2.

(“)xk

j

0A
The term of n;n vy 3 is expressed as
T

8Al~ 8A 2
nin; vk axkj = (ni —nz) Vi axk Ty Uk o ;
8A11 8A11 8A12 8A12
2
= — 2 T
(n? n)( 5 +U8y>+nny<u8x+ 3y)

The normal stress of the second order fluid on the ellipse surface is given by

Ton = —Poo — pU2 5 (u +0?) +p((n2—n )A11+2nxnyA12)—(3a1 + 2a2) ¥

0A 0A 0A 0A
+aq [(ni — n?l) <u oy 11) + 2ngn, (u 2y 12)} + (a1 + a2) 2x,

ox y Ox oy
which is
Ton = —Poc — U2 9 P (w? +v%) +2u ((n —n2) g— + annyau) — (3ay + 2a2) x
x 0
+2a1 [(ni —ny) <u% + U%) + 2ngny (u% + v%)] + (o1 + a2) 2y,
with

ou\? ou\?
=2(5) +2(3)

4 ou ou
-1+ (u2 +1}2> + R_e ((n2 _ni) % -I-QTLleya )

Normalized form:

Prr2
U
2

o fo oy 0w Ou Pu PuN]
+4pa2 [(nw ny) <u82+ 92y + 2n,ny u8x8y+v3y2 2pa2x'

*
TTL n

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

We need the transformation a — 1, b — b/a and U — —1 for the dimensionless expressions used in the paper

of Wang & Joseph 2003.



may23a.tex

7.2 Newtonian (revised)

2 'slvess.da‘&' using 1:2:é 6 ——
() eeeee
20 -
15
1 e ERRRNIINN 1"'”“—"-1‘1 ' ff]
"y
0.5 4 =
0 <i
05 3 =
Ve » y\X\\\X\‘\}k \
-1 eV
-15
4 2 0 2 4 24 3 2 1 0 1 2 3 4
Fig.1(a). Velocity field (u,v) around an ellipse with Fig.1(b). Normal stress n;T;;n; around an ellipse
a=2and b =1 in the (z,y)-plane. with @ = 2 and b = 1 in the (z,y)-plane.
2 'slvess.dé{' using 1:2:5‘ 6 ——
f1(x)
12(x)
15
1
7,
0.5 %
—=
0
—
-0.5 Q
S
1
-1.5
4 2 0 2 4 24 3 2 1 0 1 2 3 4
Fig.2(a). Velocity field (u,v) around an ellipse with Fig.2(b). Normal stress n;T;;n; around an ellipse
a =1.5and b =1 in the (z,y)-plane. with @ = 1.5 and b = 1 in the (z,y)-plane.
2 'slress.dét’ using 1:2:% 6
e
722
15
1 &HSWWW%%
05 \ /
: —=
0
f §:
05 L : =
-1 &
-1.5
>2-4 -3 -2 -1 0 1 2 3 4
Fig.3(a). Velocity field (u,v) around an ellipse with Fig.3(b). Normal stress n;T;;n; around an ellipse

a=1.1and b =1 in the (x,y)-plane. with ¢« = 1.1 and b =1 in the (z,y)-plane.
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7.3 Normal stress on the ellipse surface in the second order fluid

In the following figures, red curves are due to the present theory, and green curves are due to the theory in
Wang & Joseph 2003. It can be confirmed that the results are the same.
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Fig.4(a). T}, versus 0 for a second order fluid flow
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Fig.4(b). T}, versus 6 for a second order fluid flow

5

around an ellipse with a = 3 and b = 1 in the
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(z,y)-plane; R, = 0.1 and —a1/(pa?) = 3.
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I
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Fig.4(c). T, versus 0 for a second order fluid flow

5

6

7

around an ellipse with ¢ = 3 and b =1 in the
(z,y)-plane; R, = 0.05 and —a1/(pa?) = 3.
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Fig.5(a).
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T, versus 6 for a second order fluid flow
around an ellipse with a = 1.67 and b = 1 in the

(x,y)-plane; R, = 1 and —a1/(pa?) = 3.
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Fig.5(b). T}, versus 6 for a second order fluid flow
around an ellipse with a = 1.67 and b =1 in the
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(z,y)-plane; R, = 0.1 and —ay/(pa®) = 3.
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Fig.5(c). T, versus 0 for a second order fluid flow
around an ellipse with a = 1.67 and b = 1 in the
(z,y)-plane; R. = 0.05 and —ay/(pa?) = 3.
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Fig.6(a). T, versus 6 for a second order fluid flow
around an ellipse with ¢ = 1.1 and b =1 in the
(z,y)-plane; R, = 1 and —a1/(pa?) = 3.
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unada/stress.dat’ using 5:6
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Fig.6(b). T, versus 6 for a second order fluid flow
around an ellipse with a = 1.1 and b =1 in the
(z,y)-plane; R, = 0.1 and —aq/(pa?) = 3.
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funadalstress.dat’ using 5:6 -----—
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Fig.6(c). T, versus 0 for a second order fluid flow
around an ellipse with a = 1.1 and b =1 in the
(z,y)-plane; R, = 0.05 and —ay/(pa?) = 3.

7.4 Surface tension

With the normal vector n

we have V- n

be) G (B 2z

142 122 x\2 gy 2] 32 1 cosf\ > sin 0 2
—(a—zz)—ﬁb—za?) [(a—z) + (32 == |\ ) 5 ' (7.61)

We can evaluate the surface tension term vV - n.
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6 Circular cylinder
For a circular cylinder for which a? = b? and ¢? — oo, we have
22 y? 52 72 y?
=1 — — =1 2 Z=r?=4a? A 1
Ziateiat e @A A Ty s et (6.1)
¢__achx /°° dA ¢__a2Ux /°° dA __aQUx __aQUx (6.2)
2—a0 Jx (a2+N)/(@F N B2+ N) (@ +N) 2—ao Jy (a2+ N> a2 + A r2
ap = abc/ dA oy = a2/ LQ =1. (6.3)
0o (@2+X)V(@+ ) B2 +N)(2+ ) o (a24+X\)
If the frame is taken on the ellipsoid, the velocity potential is modified as
a2
The unit vectors in the cylindrical coordinates (r, 6, z) are given by
e, = cosfeq + sin fes, 88% = —sinfe; + cosfes = ey, % = —e,. (6.5)
The relations between this coordinates and the cartesian coordinates (z,y) are given by
0
r? =22 4+ 92, 2rdr = 2zdz + 2ydy, a_ E, oY (6.6)
dr r Jy r
The velocity (u,v) and the relevant relations are
0¢ a® 2a? Or 2 a’z?
=——=U(1l+=)|-Us——=U(14+= ) —-2U 6.7
" Oz (Jrr?) 8 or N rd 7 (6.7)
o 242 y a’ry
oy - rd 7 (6:8)
ou —2a Or  4Ud?x 8Ua?x? x B 6Uax n S8Ua%2? (6.9)
Ox 3 Ox rd o rd ré '
@ _ —2Ua? y n 8Ua%x> Y _ —2Ua?%y n 8Ua2x2y’ (6.10)
Ay o r° 7 r4 r
v a’y  SUd’xy x a’y  S8Ua%z%y  Ou
A Y Lo gttty 20 6.11
ox rt + ™ 7 r4 + r6 oy’ (6.11)
v a’x  SUd’zyy a’x  8Ua’zy? ou
2o U CAN Y e == 6.12
Oy rd 7 rt r6 ox’ (6.12)
0%u B 6Ua? n 48U a% x> B 48Ua%x* 0%u B 24U a>xy B 48Ua%x%y  0%u B 6Ua> B 48U a%x%y? (6.13)
Ox? rd 76 7 dxdy 1 8 oy ot rs T
ou v ou  Ov €l e
— 4+ == — = =0 0/oxr 9/dy 0 |=0 6.14
or Oy T Oy oz © /ua: /Uy 0 ’ (6.14)
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(Aij) = (Lij + Ljs) =

(AigAgj) = ' (

2

029 9% :<

with

- 8% 8.%']' a.%'j 8:51-

Ro\>  [0%
2(axay> *(@)

The stress tensor for Newtonian is given by

and the Bernoulli function is given by

9¢
ot

T;j = —pdij + pAij,

Using this, the normal stress on the cylinder surface (r = a) is given by

nin;Ti; = —p+ pnin; Ay = — [ 00 pU2 3 (u +v )} + ungn; Agj,

with the normal viscous stress specified as

The normalized form T

o, is given by

ox

ou
(”i - "3) O

where u, v, Ou/dx, Ou/dy should be read as the normalized ones.

From the paper of Wang & Joseph (2003), the stress tensor for the second order fluid is given by

Bij = 04

DAy,

+vak

+ Aszkj + LZkAkj7

Tij = —pdij + pAij + a1 Bij + a Ajg Ay,

and the Bernoulli function is given by

9¢

——+

ot

- p:poo+§U2+p_

1 1
—| ¢| + = *;(30&1+20&2)X:§U2+

0¢

Mlb

ot

9?¢
=2 (8x2

Jdr 0Oy _ or 0Oy
o o [T o |
Jdr 0Oy dy Ox
8u ou  Ov au ou
i Tl b it
8;10 Jdy  Ox B 830 oy
ou o0 jov |7 0w o
oy Oz Oy 8y oz
AN A 9% @
2 Oyox ayax 8;62
a2¢+a2¢ 92 \> a%s
ox2 " Oy? dydx 2
o\ L (2 10 1
ox? Oyox 0 1 0

)2
_ 9% P_lye, P N B S
+ 5 \v¢|+pf U+p = P =P+ U+ oo, 2(u +v%).

ou ou
ninjAi; = niAn + 2nenyArs + nzAgg =2 (ni - ”32;) — 4 4nzny8—y.

) Y
nxny — |,
Jy

P

(u® +v*) + (Bar + 2a2) x

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)
(6.25)

(6.26)
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Using these, the normal stress on the cylinder surface (r = a) is given by

niani’ = —p-+ unminj =+ alninjBij + ozgnminkAkj
0A;;
= — |Poc+ gUZ - g (u® +v*) + (3az + 2a2) X} + pning Agj + ozlnmjvkwj +2(aq + a2) x
k
p p ou ou 0A;;
= —Poo — §U2 + B (uQ + v2) + u [2 (ni — ni) e + 4nznyay] + alnmjkaT;j —aqx, (6.27)
for which
8141 9 81411 81411 81412 81412 2 (‘3A22 81422
ninjvkaTkj :nm <UW+’Ua—y +2n$ny ua—x—i—va—y —i—ny Ua—x —|—’Ua—y
0%u 0%u 0%u 0%u
_ 2 2
The normalized form T}, is given by
. nin;Tii + Poo 9 9 4 9 o\ Ou ou
Tnn = % :—1+ (U —+ v )+R—e (nz—n?) %—Fannya—y
2
don 9 9 0*u 0*u 0*u 0*u

2
where u, v, Ou/dx, du/dy, x = 2 (3—5)2 +2 (g—;) should be read as the normalized ones.
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7 Flows of Newtonian and a
second order fluid around a
cylinder with a =3 cm
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7.1 Velocity field (u, v)
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Fig.7.1 Velocity field in the (2-y)-plane with
a =3 cm.

7.2 Steady flow around a cylinder
7.2.1 Newtonian
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Fig.7.2 Distribution of T7%, /100 with R, = 0.05.
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Fig.7.5 T, versus 0 with R, = 0.1.
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‘stress.dat’ using 1:2:3:4 ———
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Fig.7.6 Distribution of T}, /100 with R, = 1.0.
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Fig.7.7 T}, versus 0 with R, = 1.0.

7.2.2 Second order fluid ( -2 =3 )
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Fig.7.8 Distribution of T7%, /100 with R, = 0.05.
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Fig.7.9 T, versus 6 with R, = 0.05.
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Fig.7.12 Distribution of T}, /100 with R, = 1.0.
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Fig.7.13 T}, versus 0 with R, = 1.0.

8 Flows of Newtonian and a
second order fluid around a
cylinder with a =1 cm

00 «=100000000 Newtonian O second
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8.1 Velocity field (u, v)
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Fig.8.1 Velocity field in the (a-y)-plane a = 1
U=-1.0.

8.2 Steady flow around a cylinder
8.2.1 Newtonian
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Fig.8.2 Distribution of T}, /100 with R, = 0.05.
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Fig.8.3 17, versus 6 with R, = 0.05.
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Fig.8.7 T}, versus 6 with R, = 1.0.

8.2.2 Second order fluid ( - =3 )
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Fig.8.9 T, versus 0 with R, = 0.05.
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Fig.8.11 T}r versus 0 with R, = 0.1.
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Data used in computations for flows around an elliopsoid
T.Funada & N.Tashiro, June 20, 2004 / ellipsoid-table-jun20c-24.tex / printed July 16, 2004

1 Review of the previous reports

In terms of the elliptic coordinates (A1, A2, A3) satisfying

22 y? 52
=1 1.1
a2+)\+b2—|—)\+02+)\ ’ (L.1)
the velocity potential ¢ for which v = (u,v,w) in Cartesian frame (x,y, z) may be expressed as
abcUx [ dA
o= / , (1.2)
2—a0 Jxn (a2+A)/(a2+A) (B2 +N) (2+N)

which is for flows around an ellipsoid moving with uniform velocity —U in the x direction, and «g is defined as

o dA
“o- abc/o @+ N @EN BN (@A) (1.3)
The basic part of the elliptic integral is given by
> d\ _ —ds/s? o * ds
~/A V(@2 + ) (12 +X) (2 +N) B /5 V(a2 +1/s) (2 +1/5) (2 +1/s) B /0 aber/o(s)’ (1.4)
/°° d\ _ /0 —ds/s?
A (@+N) V(@ NN (X)) s (@ +1/s) /(@ +1/s) (02 +1/s) (2 +1/5)
s sds

- / , (1.5)

o a?abe(s+1/a?)\/o(s)

where s = 1/X and ¢(s) is given by
@(5):5(5+1/a2) (s+1/b2) (5+1/62). (1.6)

The selection of two quadratics from ¢(s) may be taken as in the following table.

type o(s) Characteristic equation for &
1 1 1 1 1 1 1 2 1
_ (w2 2 2 _
(A) | ¢(s) = (s +c128> (s +<b2+02)s+b202> (_a?+b2+c2>§ 228 T 220 =0
1 1 1 1 2 1
_ (2 2 2 _
(B) | wls) = (S +b_25) (8 +(¥+c_2)8+a202) <a_2_b_2+c_2)€ +02a2 +a2b202 =0
1 1 1 1 1 1 1 2 1
(.2 2 2 _
(©) | ¢ls) = ( - —> < i <— - sz) st b) <a—z+ 2 :z)f ot ape 0

We will see later that type (A) is suitable when « is the maximum semi-axis among the semi-axes a, b, ¢. Then,
type (B) is suitable when b is the maximum, and type (C) is suitable when ¢ is the maximum.
The characteristic equation for £ is given symbolically by

2
a? 4+ 2016 +ap=0 — €= SAy <ﬂ> _o &1, &2 say. (1.7)
as as a

Transformation from s (0 < s < 00) to t (tg <t < —1 where tg = —&2/& = —v) may be given by

Gt + & &G =&
s = , ds= 5
t+1 (t+1)

dt, (1.8)



ellipsoid-table-jun20c-24.tex 2

thus

Vo) i abe/o@) ) B abey/Tp@] S VE@ ) (@ Z )

/S s [* (61— &)dt R GEEI dt 19)
o abc .

abe @ (s + 1) \Jo(s)  a2aben/Ip(€0)] Juu EE £ 02 (B £ )
with S(t) defined as

/S 1 s s  (a-&) [ S(t)dt (1.10)
0

S - [ & _ (51 *52)/02 _
T P T e e F o arer | EELC! (L1)
The sign of ¢(&1), &2 and 42 are given in the table:

type | @(&1) +v? — - e T o
E+&/a> (& 2 +1/0%) (2 +1/c?) €0+ 1/b?

(A) 1 #(@) <0 e e = <5 > ((51 T 1/b2)> Efl ; 1/c2>) ( 1/b2)
g+ (L) ] (L+1/F) (L+1/d 2+ 1/c

(B) | v(&1)<0 gi +£1/b2 (5 ) (( 1//@; (( 1//a2§ (51 + 1/c2>
S+&/3 &\ | (& +1/a?) (& +1/p? &+ 1/a

(©) ] #ler) <0 g1é&j (51) (G+1/a?) (& +1/0?) ( 1/a2)

The elliptic integral:

/ _ & dt _[Ma-& dt 112)
NCoRkvE A ﬁ CEOT R R A =y W o )

is transformed into the expression

d
/ / i (c: constant) , (1.13)
Ve V(1 —u?) (1 — k2u2)
using the transformation of type (11):
type | denominator in Eq(1.12) transformation (t — w) k* (0 < k?<1)
(ii) (2 —p?) (V2 —t%) =12 (1-k%?) [p<<v?] | (V2 —p?) v [p? <

The transformation A — s — t — u — 0 and the inverse § — u — t — s — A are arranged in Table 1.

Table 1 Transformation A — s — ¢t — u — 6 and the inverse § — u —t—s— \ .
_ 2—t2
A s=1/A p=-2 & u= 42" 6 =sin"'u
s—&1 v2 — p?
21
0 00 -1 Uy = \/ 1/2 5 0o = sin" ' ug
V2 —p
A=1/s |s=(&t+&)/(t+1) | t=—v2(1—k2u?2) u = sinf 0
[e%e) 0 toz—fg/flz—l/ 0 0
0< A< 0<s<oo —v<t<—-1<—p | 0<u<up<l |0<O<by<m/2

1.1 Type (A) with (ii)

The transformation given by t* = v (1 — k*u?) in pu? < t? <v?leads to t = —/v2 (1 — k?u?) in —v < t < —1
corresponding to the region 0 < s < oo, for which 0 < u < ugy (where ug = /(v2 — 1)/ (V2 — p2)), 2tdt =
—12k22udu and the integral in u is

s dS _ t 51 — 62 dt _ “ 51 — 52 du/v ) 114
/o (s) /gz/gl Vi) V2 —p2) 2 —82)  Jo VIl /(1 —u?) (1 - k?u?) —
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Then we have

s 3! (& —&)/a® (G +1/a®)t— (&241/a?)

s+1/a> G +1/a>  G+1/a® (& +1/a2)’ 2 — (& +1/a?)”

B & (&1 — &) Ja? (51 + 1/a2) V2 (1 — k2u?) + (52 + 1/a2)
Ch+1/a® T G F1/a® (g +1/a2)? 02 (1 - k2u2) — (& + 1/a2)?
& bi\/(1 — k2u2) + by

Y — (1.15)
with
A= W ap = (& +1/a2)* 12 — (&2 +1/a%)" =0, az = (&1 +1/a%)" v?k?,
bi = (&1+1/a*)v, by=(&2+1/a®) = b1, (1.16)

Therefore the integral is now expressed as

I &-& (" & A bo +b1vV1 - k*u? du/v
a?abe \/lp(€1)] Jo [&1+1/a®  as —u? VI = a?) (1= k2u?)
1 &L -6 & Abg 1 T—u2
"~ aZabe v \/]p(&)))] {51 T 1/a2F(9’k) T F(0,k) — E(0,k) — E\/(l —u?) (1— k) + = ] }(,1.17)

by taking v = sinf and 0 < k2 < 1.

1.2 Type (B) or (C) with (ii)

The transformation given by t* = 12 (1 — k*u?) in p? < t? <v? leads to t = —/v2 (1 — k?u?) in —v < t < —1
corresponding to the region 0 < s < oo, for which 0 < u < ug (where ug = /(v2 — 1)/ (V2 — p2)), 2tdt =
—12k22udu and the integral in u is

Cods ! &1 — & dt _[" a6 du/v . 118
| e /&@1¢¢@nxﬂﬁ—u%aﬂ—ﬁ> Y N R

Then we have

1/a? &1 (&1 — &) /a® (G +1/a®)t— (§a+1/a?)

s+1/a?2 & +1/a2 &1+1/a% (& 4+1/a2)* 12 — (&2 + 1/a?)?
_ & (@) (Gt 1/a) VPO -k + (G +1/e)
S h+1/a® T G F1/a® (g +1/a2)? 02 (1 - k2u2) — (& + 1/a2)?

. & Abls/(l—k’zuz)-i-bo 119
- 2 + o 2 ( . )
&1+ 1/a ag — asl

with

g G =& /e

&+1/a " 7 (6 +1/a%)° 12 = (€ +1/a%), az = (& +1/a?)" v?k? = ao,

by = (& +1/a®) v, by=(&+1/a%) = (&+1/a®) p= blg = bk (1.20)
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Therefore the integral is now expressed as

1 & — & v 1- 1/CL2 éb0+b1\/1—k2u2 du/u
a?abe \/lo(&1)] Jo §i+1/a*  ag 1 —u? V(1 —u?) (1 — k2u?)
- 1 fl — fg 1/0,2 Abo . 1 L B )
o a2ab0y ‘Qﬂ(fl)‘ {|:1 o fl + 1/a2:| F(eak) +K |:F(07k) ﬁE(@,k) + 72 tanfv/1 k2 sin 9:|

—2% [\/1 “w2 - 1}} , (1.21)
0
by taking v = sin#, 0 < k? <1 and k' =1 — k2.
2 Data of a, b, c and Elliptic integrals
The analysis is confirmed by numerical computations shown below.
No. a b c
1 1.0000E+00 | 2.0000E+4-00 | 3.0000E4-00
2 3.0000E+4-00 | 1.0000E4-00 | 2.0000E+00
3 2.0000E+4-00 | 3.0000E4-00 | 1.0000E+00
4 1.0000E+00 | 3.0000E+00 | 2.0000E+00
5 3.0000E+4-00 | 2.0000E+4-00 | 1.0000E4-00
6 2.0000E+4-00 | 1.0000E4-00 | 3.0000E+00
7 3.0000E+4-00 | 2.0000E+00 | 5.0000E-01
8 5.0000E-01 | 3.0000E4-00 | 2.0000E+00
9 2.0000E+4-00 | 5.0000E-01 | 3.0000E+00
10 | 1.0500E+400 | 1.0100E+00 | 1.0000E+-00
11 | 1.0000E4-00 | 1.0500E4-00 | 1.0100E+-00
12 | 1.0100E4-00 | 1.0000E4-00 | 1.0500E4-00
No. | type & & 7 —p? v p
1 A 2.5648E-01 -1.6952E-01 -4.3687E-01 -2.5249E-02 6.6096E-01 1.5890E-01
1 C -6.5255E-02 | -3.7377E-01 | -3.2808E401 | -4.4883E-01 | 5.7279E400 | 6.6995E-01
2 A -6.5255E-02 | -3.7377E-01 | -3.2808E401 | -4.4883E-01 | 5.7279E400 | 6.6995E-01
2 B 2.5648E-01 -1.6952E-01 -4.3687E-01 -2.5249E-02 6.6096E-01 1.5890E-01
3 B -6.5255E-02 | -3.7377E-01 | -3.2808E+01 | -4.4883E-01 | 5.7279E400 | 6.6995E-01
3 C 2.5648E-01 -1.6952E-01 -4.3687E-01 -2.5249E-02 6.6096E-01 1.5890E-01
4 A 2.5648E-01 -1.6952E-01 -4.3687E-01 -2.5249E-02 6.6096E-01 1.5890E-01
4 B -6.5255E-02 | -3.7377E-01 | -3.2808E+401 | -4.4883E-01 | 5.7279E400 | 6.6995E-01
5 A -6.5255E-02 | -3.7377E-01 | -3.2808E401 | -4.4883E-01 | 5.7279E400 | 6.6995E-01
5 C 2.5648E-01 -1.6952E-01 -4.3687E-01 -2.5249E-02 6.6096E-01 1.5890E-01
6 B 2.5648E-01 -1.6952E-01 -4.3687E-01 -2.5249E-02 6.6096E-01 1.5890E-01
6 C -6.5255E-02 | -3.7377E-01 | -3.2808E+01 | -4.4883E-01 | 5.7279E400 | 6.6995E-01
7 A -6.4044E-02 | -4.1918E-01 | -4.2840E+401 | -8.2768E-01 | 6.5452E400 | 9.0977E-01
7 C 1.8254E-01 -1.6727E-01 -8.3972E-01 -3.6579E-02 9.1636E-01 1.9126E-01
8 A 1.8254E-01 -1.6727E-01 -8.3972E-01 -3.6579E-02 9.1636E-01 1.9126E-01
8 B -6.4044E-02 | -4.1918E-01 | -4.2840E401 | -8.2768E-01 | 6.5452E+400 | 9.0977E-01
9 B 1.8254E-01 -1.6727E-01 -8.3972E-01 -3.6579E-02 9.1636E-01 1.9126E-01
9 C -6.4044E-02 | -4.1918E-01 | -4.2840E401 | -8.2768E-01 | 6.5452E400 | 9.0977E-01
10 A -8.3724E-01 | -9.8951E-01 | -1.3968E4-00 | -4.1513E-03 | 1.1819E400 | 6.4430E-02
10 C -9.5658E-01 | -1.0475E4-00 | -1.1992E+00 | -8.0419E+4-00 | 1.0951E4-00 | 2.8358E+-00
11 A -9.5658E-01 | -1.0475E4-00 | -1.1992E+00 | -8.0419E4-00 | 1.0951E4-00 | 2.8358E4-00
11 B -8.3724E-01 | -9.8951E-01 | -1.3968E+400 | -4.1513E-03 | 1.1819E400 | 6.4430E-02
12 B -9.5658E-01 | -1.0475E+00 | -1.1992E4-00 | -8.0419E+00 | 1.0951E400 | 2.8358E+00
12 C -8.3724E-01 | -9.8951E-01 | -1.3968E+400 | -4.1513E-03 | 1.1819E400 | 6.4430E-02
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No. £ — & §2/& ©(&1) k K type
1 4.2600E-01 | -6.6096E-01 5.9996E-02 9.7067E-01 2.4041E-01 A
1 3.0851E-01 | 5.7279E+00 | -5.1675E-04 | 9.9314E-01 1.1696E-01 C (i)
2 3.0851E-01 | 5.7279E+00 | -5.1675E-04 | 9.9314E-01 1.1696E-01 | A (ii)
2 4.2600E-01 | -6.6096E-01 5.9996E-02 9.7067E-01 2.4041E-01 B
3 3.0851E-01 | 5.7279E400 | -5.1675E-04 | 9.9314E-01 1.1696E-01 B (ii)
3 4.2600E-01 | -6.6096E-01 5.9996E-02 9.7067E-01 2.4041E-01 C
4 4.2600E-01 | -6.6096E-01 5.9996E-02 9.7067E-01 2.4041E-01 A
4 3.0851E-01 | 5.7279E+00 | -5.1675E-04 | 9.9314E-01 1.1696E-01 B (ii)
5 3.0851E-01 | 5.7279E+00 | -5.1675E-04 | 9.9314E-01 1.1696E-01 | A (ii)
5 4.2600E-01 | -6.6096E-01 5.9996E-02 9.7067E-01 2.4041E-01 C
6 4.2600E-01 | -6.6096E-01 5.9996E-02 9.7067E-01 2.4041E-01 B
6 3.0851E-01 | 5.7279E400 | -5.1675E-04 | 9.9314E-01 1.1696E-01 C (ii)
7 3.5513E-01 | 6.5452E+00 | -2.2063E-03 | 9.9029E-01 1.3900E-01 A (ii)
7 3.4981E-01 | -9.1636E-01 9.6975E-02 9.7798E-01 2.0871E-01 C
8 3.4981E-01 | -9.1636E-01 9.6975E-02 9.7798E-01 2.0871E-01 A
8 3.5513E-01 | 6.5452E+00 | -2.2063E-03 9.9029E-01 1.3900E-01 B (ii)
9 3.4981E-01 | -9.1636E-01 9.6975E-02 9.7798E-01 2.0871E-01 B
9 3.5513E-01 | 6.5452E+00 | -2.2063E-03 | 9.9029E-01 1.3900E-01 C (i)
10 1.5227E-01 | 1.1819E+400 | -1.3605E-03 | 9.9851E-01 5.4515E-02 | A (ii)
10 9.0967E-02 | 1.0951E+00 | 4.8807E-05 | 2.3887E+00 | 2.5896E+00 C
11 9.0967E-02 | 1.0951E+00 | 4.8807E-05 | 2.3887E+00 | 2.5896E+00 A
11 1.5227E-01 | 1.1819E+400 | -1.3605E-03 9.9851E-01 5.4515E-02 B (ii)
12 9.0967E-02 | 1.0951E+00 | 4.8807E-05 | 2.3887E+00 | 2.5896E+00 B
12 1.5227E-01 | 1.1819E400 | -1.3605E-03 | 9.9851E-01 5.4515E-02 C (i)

3 Flows

around an elipsoid at rest

For flows around an elipsoid at rest, the velocity potential ¢ is given by

¢o=Uzx+ xfy.
For Type (A) with (ii), fo is expressed as

fo = abcU 1 & —& “ & é by + b1V1 — k2u? du/v
07 2= ag aabe lp(E)] Jo &1 +1/a%  az —u? V(1= u?) (1 - k2u?)
B U (& — &) &1 Abg - L—w? 7
RPETCRPRY oy {fl T bR £ | FO.R) ~ Bk + (1-vi—# 2))] } (3.2)
with ag
. abe 51 —52 “o fl ébo+b1\/1—]€2u2 d’u/l/
afabe Vg€ Jo [ +1/a? Tar V= u?) (1= k2?)
wug=sin Oy
_ (&1 —&) & @ _ 1—u? . —
= {& Tl OR) 0 [ FOR) B0 + — (1 1 k:%ﬂ))] }0 . (3.3)

by taking u = sinf and 0 < k% < 1. It is noted for this case that A, ag, az, by, b1 are given in (1.16).
For Type (B) or (C) with (ii), fo is expressed as

fo = abcU 1 & —¢& “ &1 A by + biV1 — k2u? du/v
V-2 (1- k)

Ab 1 1

420 [F(a, k) = oa B0 k) + 5 tan v/ 1 — k2 sin? 9}

2
oAb [\/1 —u?— 1} } o (34)

ao

_2—a0a2abc,/|¢(gl)| o | & +1/a? ao 1 —u?

U (& — &) &
)
ﬁ@awu|¢an{&+vﬁF($) a0
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with «aq
_abe & =& “o & ébo + b1V1 — k2u? du/v
- atabe Jlp(@)[ Jo [G+1/a* Tao 1ol V=) (1= k2?)
(& —&) &1 Abo 1 1 22
= & §1+1/a2F(97k) +$ F(0,k) WE(H,I{)—F ﬁtanﬁ 1—Fk2%sin" 6
upg=sin 6o
oAl { 1 u? - 1] } : (3.5)
apn 0

by taking v = sinf, 0 < k? < 1 and k'> = 1 — k2. It is noted for this case that A, ag, az, by, by are given in
(1.20).

4 Drawing

4.1 Plane fixed at z =constant

Consider a region:

which includes an ellipsoid

atpta=th (42)
or
—a<z<a, —-b<y<b -c<z<ec (4.3)
A point in the region is taken by steps:
Ax:]LV—i, Ay:L—Z, Az:]I\}—z (4.4)
When z = 0, we may take
a_z %2:1 — y:ib\/l—z—z:iym (4.5)
or
r=acosf, y=bsind, (4.6)
in0<6<m.
When 2z = 2. (0 < z. < cor —¢ < 2. < 0), we may take
2 2 2 2 2
% Z—Q —1- 2—2 R - (GZC)Q n (bzyzc)z’ —1 — y=+bR[1— (QZ)Q, (4.7)
or

x =aR.cosf, y=D>bR.sinb. (4.8)

When ¢ < z < L, (—L, < z < —¢), there is no ellipsoid in the plane z =constant.
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4.2 Plane fixed at x =constant

Consider a region:

which includes an ellipsoid

2 2 2
x y z
4+l + 2 =1
a? * b2 * c? ’
or
—a<zr<a -b<y<bh —-c<z<c
A point in the region is taken by steps:
L, L L,
Ar =" Ay=-YL Az=-12
Nm Yy NZ

When z = 0, we may take

or
y=bcosn, z=csinn,
in0<n<27.
When z =z, (0 < x4 < a or —a < z, <0), we may take

2 2 2 2 2 2
vz - y z z
=+—==1-—S=R, — + =1 — y==2bRy[1— ,
?o e a> (bRa)*  (cRa)® VU (eRy)®

or

y=0bRscosn, z=cRgsinn.

When a <z < L, (—L; <z < —a), there is no ellipsoid in the plane z =constant.

A Expressions for semi-axes of ellipsoid

The maximum of the semi-axes of ellipsoid a, b, ¢ may give some geometrical relations as shown below.

A1 Type (A) (a>b>c>0o0ra>c>b>0)

—— (1%¢?) + \/T] (B2c?) (1) — 1/a?) (1/6% — 1/a?)
12 = 1/6% +1/c% — 1/a? ’

— (1/¢2 = 1/a?) (1/6? = 1/a?) £ \/1/ (82¢2) (1/c® — 1/a2) (1/62 — 1/a2)

51,24’1/@2: 1/b2+1/02—1/a2 ,
o 12 (/62 = 1/a?) £ /1] (b2c2) (1/c2 — 1/a2) (1/b? — 1/a?

12+ 1/b° = /v* (1/ /a®) 1\//b2/_£1/02)(_/1/a2 /a?) (1/ / ),
E1o+1/c? = 1/¢* (1/c* = 1/a®) £ /1] (b2c) (1/c2 — 1/a?) (1/b> — 1/a?)

1/2 +1/c2 — 1/a? ’

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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s _&(etl/d) & L V(e —1/a?) (/Y —1/a?) = 1/ (P?) (6_2)2 (A5)
& (& +1/a%) & —\/(1/2 —1/a?) (1/0% —1]a®) + /1] (b22) &)’ '
o (10 (e+1/?) (VIR —1/a?) — 1/ (1) —1]a?) : (A.6)
(& +1/0%) (& +1/¢) VI/R2 (102 —1/a®) + \/1/2(1/2 —1]a?) ) '
A= %, ao = (& + 1/(12)2 v — (& + 1/(12)2 =0, az = (& + 1/(12)2 V2 k2,

b= (& +1/a%) v, by = (&+1/a%) = by. (A7)

Since & < 0 only, p(¢1) = &1(&1+1/a?)(&+1/b%) (&1 +1/c?) < 0. When ¢ = b, we have {a+1/¢? = &+ 1/b2 = 0
and p = 0.

A2 Type (B) (b>c>a>0o0rb>a>c>0)

—1/ (a®c?) + /1/ (a®c?) (1/c® = 1/b?) (1/a? — 1/b2)

$12= @ 1 1) — 112 (A.8)

oot 1)1 = = (1/e*=1/b*) (1/a® — 1/1b22i+\1//1c/2 i2;j3)2(1/c2 —1/0%) (1/a? - 1/b2) (A.9)
f1ot1/a = 1/a* (1/a® — 1/b?) i1>212/+a12/cc22) (_1{;12— 1/?) (1/a? - 1/b2) (A.10)
a1/t — 1/¢2 (1/¢2 = 1/b2) + /1] (@22) (1/¢2 — 1/6%) (1/a® — 1) (A1)

/a2 +1/c2 —1/h?

o @&t P) & —VI/E-1P /@ 1P - 1@ _ (5_2>2 (A.12)

LGy & /- UR) A/ - 1) + /1] (@@ \&

_p o @tye) @t ye) (V@A - 1R) - Y121/ - 1) 2 (A.13)
(& +1/a%) (& +1/¢) V1/a® (1/a2 =1/0%) + \/1/2 (1) —1]b?) '
- a? 2 2 2
A= _(§§11 _|_£12342—, ap = (&1 +1/a%)"V* — (&4 1/a®)7, az = (& +1/a®) VK> = ao,
b= (& +1/a) v bo= (& +1/a%) = (4 +1/a*) p=bE = b1 (A.14)
When a = ¢, we have & + 1/a? =&+ 1/c? =0 and pu = 0.
A.3 Type (C) (c>a>b>0o0rc>b>a>0)
—1/ (a®b?) £ \/1/ (a202) (1/a% — 1/c2) (1/b% — 1/c2
ba= MO TEE TRy
,  —(1/a®* =1/c¢*) (1/b* —1/c?) £ +/1/ (a?b?) (1/a® — 1/c?) (1/b% — 1/c?
b v = ZOLE NV O 1) £ STEEIEGEENE) y
, 1/a*(1/a? —1/c?) £/1/ (a?b?) (1/a® — 1/c?) (1/b*> — 1/c?
o = M 01 ) TR VOO
fot 1)1 = 1/6? (1/6% = 1/¢%) £ /1/ (a2b?) (1/a® — 1/c2) (1/b* — 1/(32) (A18)

1/a?> +1/02 —1/c?
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e & (L+1/¢%) & L V(a2 — 1)) (10 — 1)) = /1] (a?0?) (5_2>2
& (Gr+1/c?) & — /(a2 =1/c3) (1/12 —1/c2) + /1] (a%0?) &)’

o (&et1/a?) (+1/8?)  [V1/a?(1/a® —1/c?) - /1/0? (1/0? — 1/c?) i
S VN GRSV V1/a2 (1/a2 =1/c2) + /12 (1/02 —1/c?) )

L&)/

) k2:a7
& +1/a? 0

as = (fl + 1/(12)2 V2

(& +1/a*) p=bt =i

apg = (51 + 1/a2)2z/2 - (fg + 1/a2)2,
b, = (51 —|—1/CL2) v, by = (fz—‘r 1/a2) =

When b = a, we have & + 1/b* = &+ 1/a®> =0 and pu = 0.

B Transformation

The elliptic integral:
ds

Ve(s) _\/|s0£1/\/i t2iu ) (2 £12)

is transformed into the expression of u

cdu

\/ 1-— u2 1 _ k2u2) [C : COnstant’ 0< k2 < 1] ’

ok

based on the following table.

(A.19)

(A.20)

(A.21)

type | denominator in Eq(B.1) transformation (¢ — w) k2

) (£ — p2) (2 — v?) { ;22:522/152 [E;ifj] P2 2 <]
i) | (F=p?) (=) |[#=1v21-k?) [p? <t <] ] (2 —p?) /v [p? <
@ CrAT— 7 | P P [ @@ )

W @A) | P=r0-w) <2 | @)
O Gl Gl I I () R R T Vel Tt

The case for which — (t2 + ,u2) (t2 + u2) is taken away since the term in the square root is negative.

Our problem may be solved using type (ii).
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A note on Elliptic integral

T.Funada, October 3, 2004 / cal-oct3.tex / printed October 3, 2004

1 Derivation of formulas

Funada computed on Sunday: for a triaxial ellipsoid with a > b > ¢, the velocity potentials are given by

o
— &0 J )\
by = gbcvﬂy / (X)) (),
— M0 J
abcWz [, 4 ~1/2 ;.9 ~1/2 , 9 —3/2
0= G [ @ @ an

where
e [ 8
Po = “bc/ooo (@ + X)) (@ 40P an,
Mo = “bc/ooo (@+2) 2B+ 0T (@) A

Putting 7, # and k to

we may have the elliptic integral in (1.1)

/ (@ +2) 2@+ (@)
A

a’® + )\)3/2

2

- /0 ()2 (2 4 ) V2 (24 2) 2 (o) =

dn

n a2 — 2 -1/2 a2 — 2 -1/2 9
L (T ) (+7) 2
/o < n? 7> Z_a

2 K — —
= a2_02(a2_62)/0 772 (1_k2772) 1/2 (1_772) 1/2d77
2 71 —1/2 1/2
— a2—c2(a2—c2)/o ﬁ[(l—k%ﬂ) _(1—k;2772) ]
0
- \/ﬁQ( - b2)/ (1= Ksin?0) "/ = (1= k?sin?6)
a? —c? (a2 — 0
2

= Vom0 BRI

(1 _ 172)—1/2 dn

1 2} a0

(1.4)
(1.5)

(1.6)

(1.8)
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in (1.2)
/ (a2 +)\)71/2 (b2 + )\)*3/2 (C2 _"_)\)*1/2 d\
A
’ - - - a? + \)*?
:/ (a2 _|_/\) 1/2 (b2 _|_/\) 3/2 (Cg +>\) 1/2 (_2)( . ) . dn
n a2 —c
n g2 _ 2 a2 — 2 —3/2 a2 — 2 -1/2 9
= b2 — a4+ ) ( 2_ g2 4 ) d
/0 Us ( ¢ Us o n? Z—z
— 2 K 2 9 2y—3/2 o9\ —1/2
- az_cz(az_cz)/on(l_kn) (1-7?) dn
2 0 c 2 2 2 —3/2
:m(a2_02>/051n9(1_mn 0) o
2 1 2 2
= 5 | E0,k) — (1— k) F(6,k) — _ Ksin(20) (1.9)
P (@ )1k 21— k20
and in (1.3)
< —1/2 /39 —1/2 / o —3/2
(@®+XN)" 7@ +N) (AN AN
A
0 B B B @2+ ) 3/2
:/ (a2+/\) 1/2 (b2+/\) 1/2 (02+)\) 3/2 (_2)( _ )2 dn
n a?—c
N 42 o2 a2 — 2 —1/2 a? — 2 —3/2 9
_ b2 _ o2 4 ) ( 2_ g2 ) d
/o n? ( ¢ n? ce U Z_2
2 T 2 2\—1/2 2\ —3/2
N (a2 — ¢?) / n* (1=k*n%) (1 ) dn
2 o -1/2 —1
= S 7 (o ) / sin 0 (1 — k2 sin? 9) (1 — sin? 9) do
a? —c?(a?—c2) Jo
2 ¢ —1/2
= / tan? 6 (1 — k2 sin? 9) do
@ —c(a2—c2) Jo
2 1 . 1/2
= TR @)Lk [tan@ (1 — k2sin? 9) — E(Q,kj)] . (1.10)
2 Check of the formula L R

X 2(A+a?) VAt
On Saturday (October 2), Sonoda computed the fol- ( )

lowing: or _ 1 _ ./ At a?
9¢ /1 —k2sin?¢ A+ b2

abe 2[F(p, k) — E(p, k)]

r=u +1 2.1 2
{2—@0 (a® = b?) Va? — ¢? } L) 8E—\/1—kzsinz<p: Atb

oo A+ a?
or 2ab 1 OF OFE ,/(12*‘32
oL _ abe o oL (p = arcsin
oA U2 —ag (a? —b?)Va? — 2 [8)\ 8)& (2:2) )‘2+ a22
k= ,/227:; (2.4)
OF _0E) _0Fdp 0EDs
oA ON| Op O\ Op OX
1 a2 — 02 (ag o b2) 8F —ach (25)

= (2.3) N

20+ a2) /O @) (A + 0 (A + ) (2 —ao) \/(A +a2)* (A +52) (A +¢2)
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