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Batchelor and Gill 1962 constructed a simple analysis of a cylindrical jet of one fluid into the same fluid. Their
analysis is based on potential flow of an inviscid fluid. The interface in their problem is defined by a discontinuity
of velocity. The fluid on either side of the discontinuity is the same. Here we show how to generalize the analysis
to irrotational flow of a viscous fluid. Our analysis is a paradigm for generalizing problems of potential flow
with discontinuous velocity profiles to include the effects of viscosity.

Laplace equations are given by

v2¢0 = Oa v2¢l = 07 (01)
and Bernoulli equations are
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The boundary conditions at the cylindrical surface r = a + 1 = a are the kinematic conditions

on ;o1 _ 9% On _ Ob1

ot " o9r  or’ ot or’ 0.3)
and the normal stress balance
9o ¢
Po — 24 52 —P1— 24 52 (0.4)
The solution takes the form
n= Aeiaaj+in0—iact7 ¢O _ CIn(a,r,)eiaz+in9—iact7 ¢1 — DKn(ar)ei(xx-‘rinO—iozct' (05)
[Computations] The kinematic conditions give
i (Uy — ¢) A = aClI)(aa), —iacA=aDK) (0.6)
The normal stress balance gives
Do do po Oy ¢
— 4+ U—+2 =—+2 0.7
ot or TV T T e (0.7)
which is then written as
a2, *K,
i (Uy — ¢) CI,(aa) + 2vC dn(ar) = —iacDK,(aa) + 2vD 4 Kn(ar) , (0.8)
dTQ r=a dTQ r=a
ia (Ug — ¢) CI,(aa) + 2vCa?I! (aa) = —iacDK,(aa) + 2vDa*K!! (aa) (0.9)
where v = pu/p.
The dispersion relation for ¢ = cg + icy is given by
) . I, (aa) o I (cva) ) . Ky(aa) 5 K (aa)
Uy — Uy — 2 n = — — 2 n 0.10
ia (Uy — ¢) [104( 0b—¢) T (aa) + 2va T (aa) iac lacK{l(aa) + 2va K (aa) ] (0.10)
o In(aa)  _. I'(aa)  SKp(aa) . K/!'(aa)
- ——t 42 - — -2 = 11
(c —Uy) T (aa) + 2iva (¢ — Up) T (o) c K7 (aa) U/OchT/l(aa) 0 (0.11)
Hence the quadratic equation of ¢ gives
A AN A
Axc® + 241+ Ag = =-=44/(— ) -F— 12
o +2A1c+Ag=0 — ¢ 4 <A2) 1 (0.12)
with
I,(ca) Kp(aa) I,(aa) . I'(aa) . K!(aa)
Ay = — A =-U, n — x 0.13
2 I'(@a) Kl (aa)’ ! OI;L(aa) +1yalﬁl(aa) e K!(aa)’ (0.13)
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Ao =Ug -2 n 14
0 =1U; T (aa) ivaly T (aa) (0.14)
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For n =0, a, a,, b and b, are defined as

— 1,

(0.15)

(0.16)

(0.17)

L) B2 Ko(k/2) _ Ko(h/2)
L2 kR T Kk2) | Kk2)
_ 2 Iy(k/2) B 2 K{(k/2)
b=a T Ty T T TR
It is noted for real k£ that koo — 4 and a, — 0 as kK — 0, while « — 1 and «, — 1 as k — oo; this will be shown
in figure 0.1.
In the limit aa — oo,
17 1
I, (aa) 1 I'(aa) Y ~ Kn(aa) Y K}/ (aa)
T, (aa) T, (aa) K, (aa) K, (aa)

For n > 1, the ratios of Bessel functions will be checked later.
If v = 0, then

2 In(aa) 5 Ky(aa)

=00 Taa) = Kj(aa)

aa — 00
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2 4 2 T2 ’ Uy 2
When v # 0 and aa — 0o, we have
(¢ — Up)? + 2iva (¢ — Up) + ¢ + 2ivac = 0
Ug

+i

e Uy — 2iva i\/<U0—2iua)2_ Ug —2ivaly Uy — 2iva

2 2 2 B 2

U Ug Ug
cRZTO, cr=-vaz TO—FV?a?:—VoH—\/TO—FVZaQ

When ¢; = 0, the neutral state is given by

Ug Ug
O:—Voz—i—\/zo—l—zﬂoﬁ — IO:O
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Thus KH instability may arise when U2 > 0. The viscosity does not affect the neutral condition, as in the

previous results for VPF. We then find that ¢; — 0 as aa — oo.
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Figure 0.1: Functions «, by, b and «, versus real k; these functions tend to one for k& > 10.
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Fig.2a. cgr and ¢; versus aa for n = 0. (1) cg (red) ¢r (green-top) for v = 0 (inviscid), (2) cgr (magenta) ¢y
(yellow) for v = 0.001, (3) cr (black) ¢y (gray) for v = 0.1. The positive value ¢; is shown in the figure, since
the solution is of the form ¢ = ¢ + ic;.
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Fig.2b. cg and ¢y versus aa for n = 0. (1) c¢g (red) ¢r (green-top) for v = 0 (inviscid), (2) cgr (magenta) ¢y
(yellow) for v = 0.001, (3) cg (black) ¢ (gray) for v = 0.01, (4) cr (red-top) ¢r (blue-bottom) for v = 0.1. The
data (3) is added to Fig.2a.
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Fig.3a. cg and cj versus aa for n = 1. (1) cg (red) ¢ (green) for v = 0 (inviscid).
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Fig.3b. cg and ¢; versus aa for n = 1. (1) cg (red) ¢; (green) for v = 0 (inviscid), (2) cg (magenta) ¢; (yellow)
for v =0.001, (3) cg (black) ¢ (gray) for v = 0.01, (4) cg (red-top) ¢y (blue-bottom) for v = 0.1.
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Formulae of the modified Bessel functions

Ko 1(2) + Ko () = ~2K3,(2), Ko1(2) — Knia(2) = — 2 Ko (2)

— Kua(5) = Ky() = TRu(z) — Kolz) = —Ki() ~ LKa(2)

Ki(2) _ Ko(z) 1
Ki(z) Ki(2) * z

— K{(2) = —Ko(z) — 1 Ki() — -

L 1(2) + T (2) = 214(2), To1(2) = Lo (2) = —Ia(2)

~ a2 = () + D) — Tofz) = B(2) + ()

1

K{/(2) = ~Kb(2) K1) + () = (1 n ) K (7) - 1 <—K0(Z) e
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