Journal of
Non-Newtonian
Fluid
Mechanics

ELSEVIER J. Non-Newtonian Fluid Mech. 111 (2003) 87-105

www.elsevier.com/locate/jnnfm

Viscoelastic potential flow analysis of capillary instability

T. Funad@&, D.D. Joseph*

@ Department of Digital Engineering, Numazu College of Technology,
Ooka 3600, Numazu, Shizuoka, Japan
b Department of Aerospace Engineering and Mechanics, University of Minnesota,
110 Union &. SE, Minneapolis, MN 55455, USA

Received 24 July 2002; received in revised form 7 December 2002

Abstract

Analysis of the linear theory of capillary instability of threads of Maxwell fluids of diamétés carried out
for the unapproximated normal mode solution and for a solution based on viscoelastic potential flow. The analysis
here extends the analysis of viscous potential flow [Int. J. Multiphase Flow 28 (2002) 1459] to viscoelastic fluids of
Maxwell type. The analysis is framed in dimensionless variables with a velocity scale based on the natural collapse
velocity V = y /u (surface tension/liquid viscosity). The collapse is controlled by two dimensionless parameters,
a Reynolds number = VDp/u = py D/u? = (Oh)2 whereOh is the Ohnesorge number, and a Deborah number
A1 = MV/D wherels is the relaxation time. The density ratig/o andua/u are nearly zero and do not have
a significant effect on growth rates. The dispersion relation for viscoelastic potential flow is cubic in the growth
ratec and it can be solved explicitly and computed without restrictions on the Deborah number. On the other hand,
the iterative procedure used to solve the dispersion relation for fully viscoelastic flow fails to converge at very high
Deborah number. The growth rates in both theories increase with Deborah number at each fixed Reynolds number,
and all theories collapse to inviscid potential flow (IPF) for any fixed Deborah number as the Reynolds number
tends to infinity.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Capillary instability of a liquid cylinder of mean radidsleading to capillary collapse can be described
as a neckdown due to surface tensjoim which fluid is ejected from the throat of the neck, leading to a
smaller neck and greater neckdown capillary force as seEigirl
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r=R+n

Capillary Force vy/r

Fig. 1. Capillary instability. The force /r forces fluid from the throat, decreasindeading to collapse.

The dynamical theory of instability of a long cylindrical column of liquid of radRisnder the action
of capillary force was given by Rayleidii] following earlier work by Platea{2] who showed that a
long cylinder of liquid is unstable to disturbances with wavelengths greater thAnRayleigh showed
that the effect of inertia is such that the wavelengtorresponding to the mode of maximum instability
isA = 4.51x 2R, exceeding very considerably the circumference of the cylinder. The idea that the wave
length associated with fastest growing growth rate would become dominant and be observed in practice
was first put forward by Rayleigi]. The analysis of Rayleigh is based on potential flow of an inviscid
liquid neglecting the effect of the outside fluid. (Looking forward, we here note that it is possible and
useful to do an analysis of this problem based on the potential flow of a viscoelastic fluid.)

An attempt to account for viscous effects was made by Ray[@pagain neglecting the effect of the
surrounding fluid. One of the effects considered is meant to account for the forward motion of an inviscid
fluid with a resistance proportional to velocity. The effect of viscosity is treated in the special case in
which the viscosity is so great that inertia may be neglected. He shows that the wavelength for maximum
growth is very large, strictly infinite. He says,." long threads do not tend to divide themselves into
drops at mutual distances comparable to with the diameter of the cylinder, but rather to give way by
attenuation at few and distant places.”

Weber[4] extended Rayleigh’s theory by considering an effect of viscosity and that of surrounding
air on the stability of a columnar jet. He showed that viscosity does not alter the value of the cut-off
wavenumber predicted by the inviscid theory and that the influence of the ambient air is not significant if
the forward speed of the jet is small. Indeed the effects of the ambient fluid, which can be liquid or gas,
might be significant in various circumstances. The problem, yet to be considered for liquid jets, is the
superposition of Kelvin—Helmholtz and capillary instability.

Tomotika[5] considered the stability to axisymmetric disturbances of a long cylindrical column of
viscous liquid in another viscous fluid under the supposition that the fluids are not driven to move relative
to one another. He derived the dispersion relation for the fully viscous case (his(33)); he solved it only
under the assumption that the time derivative in the equation of motion can be neglected but the time
derivative in the kinematic condition is taken into account (his(34)). These approximations lead herein
to the asymptotic solution in the limit of — 0.

The effect of viscosity on the stability of a liquid cylinder when the surrounding fluid is neglected and
on a hollow (dynamically passive) cylinder in a viscous liquid was treated briefly by Chandraggkhar
The parametey Rp/u? which can be identified as a Reynolds number based on a velogityand the
viscosity of the liquidw, appears in the dispersion relation derived there.

Eggerd7] has given a comprehensive review of nonlinear dynamics and breakup of free surface flows
of Newtonian fluids. All of the references just mentioned are discussed in the Eggers review.
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Tomotika’'s problem was studied by Lee and Flumerfi@g]twithout making the approximations used
by Tomotika, focusing on the elucidation of various limiting cases defined in terms of three dimensionless
parameter, a density ratio, a viscosity ratio and the Ohnesorge n@hber,/pyD/u = J/2.

It is perhaps necessary to call attention to the fact it is neither necessary nor desirable to put the
viscosities to zero when considering potential flows. The Navier—Stokes equations, and the equations
for many models of a viscoelastic fluid, are satisfied by potential flow; the viscous term is identically
zero when the vorticity is zero but the viscous stresses are no{%eb is not possible to satisfy the
no-slip condition at a solid boundary or the continuity of the tangential component of velocity and shear
stress at a fluid—fluid boundary when the velocity is given by a potential. The viscous stresses enter
into the viscous potential flow analysis of free surface problems through the normal stress balance at
the interface. Viscous potential flow analysis gives good approximations to fully viscous flows in cases
where the shears from the gas flow are negligible; the Rayleigh—Plesset bubble is a potential flow which
satisfies the Navier—Stokes equations and all the interface conditions. Josepi@} e@bnstructed a
viscous potential flow analysis of the Rayleigh—Taylor instability which can scarcely be distinguished
from the exact fully viscous analysis. Similar agreements were demonstrated for viscoelastic fluids by
Joseph et a[11]. In a recent paper, Funada and Josg# analyzed Kelvin—Helmholtz instability of a
plane gas—liquid layer using viscous potential flow.

Funada and Josefi] did a viscous potential flow analysis of capillary instability. Results of linearized
analysis based on potential flow of a viscous and inviscid fluid are compared with the unapproximated
normal mode analysis of the linearized Navier—Stokes equations. The growth rates for the inviscid fluid
are largest, the growth rates of the fully viscous problem are smallest and those of viscous potential flow
are between. They found that the results from all three theories convergehigkrge with reasonable
agreement between viscous potential and fully viscous flow with O(10). The convergence results
apply to two liquids as well as to liquid and gas.

In this paper, we shall extend the results of Funada and J¢%8pto the case of viscoelastic liquid
filaments of Maxwell type. Joseph et §l1] have analyzed Rayleigh—Taylor instability of an Oldroyd
fluid using viscoelastic potential flow. They show that the most unstable wave is a sensitive function of
the retardation time., which fits experiments whek,/1; = O(103). The growth rates for the most
unstable wave are much larger than for the comparable viscous drop, which agrees with the surprising
fact that the breakup times for viscoelastic drops are shorter. They also do an analysis of Rayleigh—Taylor
instability based on viscoelastic potential flow which gives rise to nearly the same dispersion relation as
the unapproximated analysis.

The linear stability analysis of the capillary instability of a viscoelastic fluid has been done by Middle-
man[14] and Goldin et al[15]. They showed that the growth rates are larger for the viscoelastic fluid.
The analysis done here of viscoelastic potential flow has not been done before.

Chang et al[16] did a long wave study of the stretching dynamics of bead-string filaments for FENE
and Oldroyd-B fluids which extends the results of Bousfield dtlal]. They also do a long wave study
of linear stability of the cylinder studied here in the smallimit. Strictly speaking, the long wave
equations perturb solutions with infinitely long wavelengths. The wavelength for the maximum growth
rates computed here range fromz20 to a little less than 2 D.

Bousfield et al[17] did a nonlinear analysis of capillary instability which captures observed features
of the breakup in experiments cited by them better than the linear theory.

A referee of this paper noted that the observed increase of stability of jets with increasing elasticity,
which contradicts the results of the linear stability analysis given here and elsewhere, may possibly be
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explained by linear stability analysis of a stressed filament at resti(8Efr a simplified analysis). One
difficulty is that a stressed filament at rest is not a permanent solution.

The analysis which is developed in the sections to follow is framed in a general way suitable for an
Oldroyd-B filament in another viscous fluid which is designated with a subscript ‘a’, for air. The linear
theory perturbs a uniform cylinder with capillary forces. It is well known that all small perturbations of
motionless states are governed by the constitutive equation of linear viscoelastid fl8]dsdction 164):

[1 + M%] T = Lo [1 + ,\2%] [Vi+ (Vo)T], 1)

wherer is the viscous stress tensgg the viscosity, and A2[Vv + (V1) ] the rate of strain tensor. Here
we have assumed an Oldroyd model so that the parameters of the general linear viscoelastic fluid are
expressed in terms of the model parameters.

2. Linear stability for small disturbances of fully viscoelastic flow

In an undisturbed rest state, the long column of liquid (viscoelastic liquid of demsityd viscosity
1) with mean radiusR is put in 0< r < R and the fluid ‘a’ (air or gas of density, and viscosityu,) is
in R < r < 00, using cylindrical coordinate@, 0, z). The normal stress balance is given by

P__ﬁa:_ (2)

wherep is the liquid pressureyp, is the gas pressure, agddenotes the interfacial tension. The stability
problem of this state to small axisymmetric disturbances is solved herein.

In terms of the diameter of columm, typical timeT, typical velocityU = D/T and typical pressure
po=y/D = pU?for whichU = /y/(pD), we have the normalization:

r = Dr, z=Dz, t=Trt, 3)
p=rpop, ¥v=UD*, u=Ui, w=Uw, n=Di,
wherey is the stream function for axisymmetric flow:
19 19
=z, 1Y @)
r 0z r or
The parameters are given by
VD D
(=P pote VDo _pvD
P Ko 2] Mo )
A rV 5 A A AV 3 Ar
1= —F> 1= —F 2= "> 2= ——=»
D v D VT

whereV = y/ug denotes the capillary collapse velocity, andis the Deborah number. Itis noted tHat
may also be defined &= D/ V which is suitable for small, butT = D/U = (D/V)+/J is suitable
for large J. Hereinafter, dimensionless quantities are used without a tilde.
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For small disturbances, the equations for the liquid are given by

ou u Jw

— 4+ -+ — =0, 6
8r+r+8Z ©)
ou op /fc(z u ow p J 1

" (v __), — = —— 4+ —V-w, 7
Por = “or T g U T2 Por = e T g O

where the constitutive equation is expressed symbolically as

o1+ Ap(d/00)
p=—"E (8)
1+ 21(9/01)
and the equations for fluid ‘a’ are given by
dua | Uua  O0wa _ 0. (9)
ar r 0z
Olig dpa m < 2 Ugs dwa 0Pa m _,
Ota _ _OPa , M (g __), = _Pa T g2y, 10
T PV A= TR TN A 1)
with the Laplacian defined as
2 19 92
Vie — 4+ -+ —. 11
8r2+r8r+812 (11)
The kinematic condition at the interface= R + n = R (R = 1/2) is given for each fluid by
an an
1 = 12
ar " o e (12)
and the normal stress balance at R is given by
o ou m dug %y n
—pa—2—=—42———=—|—+—= ). 13
N N T (aZZ R? (13)
The velocity components are continuous across the interface, for which
U = Ug, W = Wa. (14)

The tangential stress balance at the interface is given by

a (ou dw m (dug Ow,
B BTl [ et B 15
ﬁ(8z+8r> ﬁ(az+ar> (15)
The stability problem for the disturbances is given by Hugs. (6)—(10)and the boundary conditions
Egs. (12)—(15)
The equation of motion gives the pressprand the equation of vorticity is expressed in termgrof
ap 2 a p 0
— = Vé—pop— s D _ D - 0, 16
oz (“ pa:)“’ < Ma:) v (16)
with the operator D defined as
32 19 92
v Loy 0%

= . 17
or? r or 972 (17)
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The solutions for small disturbances may take the following form:

Y = [Agrlo(kr) + Aorly(kyr)] explot + tk2) + c.c., (18)
Ya = [BHKl(kr) + le’Kl(kar)] exp(ot + tkz) 4+ c.c., (19)
n= Hexpot +tkz) + c.c., (20)

where the modified Bessel functions of the first order are denotefi fiyr the first kind andk, for
the second kindg is the complex growth rate aridis the wavenumber. Substitution (f8)-(20) into
(12)+(15) leads to the solvability condition, which is given as the dispersion relation of

11(kR) I1(kyR) K1(kR) K1(kaR)
Klo(kR) kyIo(kyR) —kKo(kR) —kaKo(kaR) 0 1)
20k I (KR) Ak + k) 1(kyR) 2mkPK(KR)  m(k? + k2)K1(kaR) T
F F> F3 Fy
whereF1—F, are defined as
ak? 1 k
Fl = LGIo(kR) + ztfll(kR) — (ﬁ — k2> Lgll(kR), (22)
akky 1 k
F kokR 1 2™ k1R (24)
= —IlO l— )
3 0 \/7 1
mkky
Fy= ZLWKl(kaR), (25)

with k, andk, given by

| J | v
7 m

and the prime denotes the derivative(kR) = d/1(kR)/d(kR). We note again thagi = (1 + iza)/(l +

A10). It is noted that(21) with 2 = 1 (for A1 = A, or even for steady case = 0) corresponds to
(normalized) Eg. (33) in the paper of Tomotil&, while (21) reduces to (normalized) (34) (1) is
manipulated by assuming boti/ /i andé~/J /m are small. Comparing with a Newtonian fluid of same
viscosity (@ = 1), we find readily thafi = (1 + A20)/(1+ A10) < 1if0 < A, < A, ando > O,

buti > 1if0 < A, < A1 ando < 0 within (1 + A10) > 0. It may be regarded that the viscoelastic
fluid of i < 1 has “viscosity” less than the Newtonian. Even for the Oldroyd model, instability arises in
0 < kR < 1; the critical wavenumber is given liy = R~ = 2. Then we have = 0 at the critical and

atk = 0. Therefore, the fluid in consideration behaves as a Newtonian fluid of same viscosity near the
stability boundaries, while as a fluid of less “viscosity” inside those, which we concern here of the onset
of instability.
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Table 1
Viscoelastic fluid properties and the parameters (4fi@})
2% PAA 2% PO
p (gent?) 0.99 0.99
wo (P) 96.0 350.0
pa (genr?) 1.947 x 1073 1.776x 1072
a (P) 18 x 107 1.8x 10
y (dyncnr?) 45.0 63.0
A1 (S) 0.039 0.21
A2 (S) 0.0 0.0
V (cms?) 0.4688 0.18
U(cmsH (T =D/U) 6.742 7.977
J 4.834x 1072 5.091x 104
NIl 0.06953 0.02256
L 1.967 x 1073 1.794x 1073
m 1.875x 10°® 5.143x 1077
Aq 0.01828 0.0378
Ay 0.0 0.0

For the single column given b= 0 andm = 0, (21) reduces to

20k21(KR)  fu (k? + k2) Ii(kyR) _0
F1 F, -

(27)

which involvesJ, A; andA,. This may approximaté?1)well for viscoelastic fluids with small values of

¢ andm as shown infable 1 Eq. (27) as well ag21), is
method.
For the viscoelastic potential flo{21) reduces to
LKR) Ki(kR)| 0
Fy Fr |

which is arranged as

¢ 2]‘2 0 ! )k
o(a + Laa) + _J(l/«ﬂ‘i‘m,ga)—(ﬁ— >—

f o

with
(kR _ Ko(kR) _ L(KR
TR’ T KRR T LR’

to be solved numerically by an implicit iteration

(28)
—0, (29)
KR

Arranging then(29) using/i = (1 + A»0)/(1 + A10), we have the cubic equation of(the dispersion

relation of the viscoelastic potential flow):
2

. k .
Ac?(1+ ho) + 2—J(B + Bio)o + C(1+ A0) =0, (31)

NG
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with

R A 1
A= (a + gOlaL B = 13 + m,Ba, Bl = )\'25 + m)‘-lﬁaa C=- (ﬁ - k2> k’ (32)
itis easy to have explicit expressions of the solution3aj.
Whenj = 1 for whichi; = A, (31) reduces to the quadratic equation (the dispersion relation of the
viscous potential flow) to give the solutions

K2 (B + mBa) \/[kz(ﬂ+mﬂa)]2 (1 ) k
o=———r———F"F | —| +|—= k) ——. 33
VT (@ + tag) VI (@ + Lay) R? (o0 + Lara) (33)
When the viscosity is dominant, for instability (with the upper sign i§33)) may be expressed as
2\ R? k(B + mpa)
whereas when the viscosity is negligibbemay be expressed as
1 k
== -k2)——. 35
’ \/(RZ k)(a+eaa) (35)

The viscous potential flow analysis includes the inviscid potential flow (JP$])

3. Asymptotic formsin large J, inviscid potential flow

Taking the limit/ — oo in the system of equatior{6)(15), we have the equations for inviscid fluids,
which allows, of course, solutions for inviscid potential flow:

1 k
==+ [|—= —k? . 36
? \/(RZ )oH—Eaa (36)

For the single column given b§= 0, (36) has the following asymptotic form:

1 k k2
—x /(= —r2) S~ =k 37
? (RZ )a 2R 37)

Another limiting case needs to be added as inviscid potential flow. i huge but., is kept fixed i
goes to zero. In addition, if/+/J is sufficiently small(29) reduces to give the solutiori36).

4. Asymptotic formsin small J

Assumingo /J is sufficiently small, manipulating the columns(®il) as was made by TomotiK&],
we have the dispersion relation for smal/J:

L(kR) kR, (kR) K1(kR) kRK (kR)
(kR  Ih(kR) + kRI1(KR) —Ko(kR) —Ko(kR) + kRK1(kR) o (38)
LI (kR) [ kRIo(KR) mK 1 (kR) —mkRKo(kR) 7

G G, G3 Ga
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Table 2
Peak values
km Om

PAA
(1) VPF 3.4308758E01 6.5569461E02
(2) VPF (Newtonian) 3.4154810681 6.4537511E02
(3) FVF 2.1395718E01 2.2780113E02
(4) FVF (Newtonian) 2.1299713801 2.2647558E02
(5) IPF 1.3956612E00 9.7090853E01

PO
(1) VPF 2.0271663E01 2.2830346E02
(2) VPF (Newtonian) 1.9910257001 2.2009961E02
(3) FVF 1.2360773E01 7.5584962E03
(4) FVF (Newtonian) 1.22500938D1 7.4646936E03
(5) IPF 1.3956612E00 9.7092587E01

VPF: viscoelastic potential flow, FVF: fully viscoelastic flow, and IPF: inviscid potential flow. ‘Newtonian’ means the case for

which A; = 0.

whereG,—G,4 are defined as

VI L(KR)
= all (kR — (1 — (kR?)——
G1=pl(KR) — (1 —( ))zoR R (39)
AT/ " 2 ﬁ /
G2 = ja[1;(kR) + kRI1(kR) — Io(kR)] — (1 — (kR) )ﬁll(kR), (40)
G3 = MK/ (kR), (41)
0.08 -
0.07} — f
VEE_
0.06| :
& 0.05- ,,}‘"AVPF (Newtonianz 3 |
0.04
0.03
S RE
R " TFVF (Newtonian) S 1]
0.01 [y - -
o \
0.01 0.1 o 10

Fig. 2. The growth rate vs.k in viscoelastic potential flow (VPF) and fully viscoelastic flow (FVF). PAA as Newtonian and

viscoelastic.
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0.025 ;
VPF
0.02 s ..
# VPF (Newtonian)
1111 SOV S SIS - —
=]
0.01 ; :
| FVF
T BVE (Newtonian)
0.005 |/ - o m\\ |
0 ; {
0.01 0.1 1 10
k

Fig. 3. The growth rate vs. k in viscoelasic potential flow (VPF) and fully viscoelasic flow (FVF). PO as Newtonian and
viscoelastic.

G4 = m[K}(KR) + kRK(kR) + Ko(kR)]. (42)

In this limit J — 0, the inertia terms can be neglected, by whiét not included in(38)(42). We may
recall that wheni = 1 (viscous fluid),(38) reduces to Tomotika's (normalized) (34) which takes the
solution of the formy = (a function ofk andm)x~/J. Now that/i = (1 + A,0)/(1+ A10), (38)is the
guadratic equation af, whose expression is long, thus is omitted here.

1 !
. VPF-051
: B
01 VPF-031 — "
" \
VPF-001 %
0.01
0.001 ‘ ?
0.01 0.1 1 10

k

Fig. 4. PAA: VPFA; = 1075 to 10°. Ay is given asA; = 1035 forn = 1,2, ..., 51, andn is used to label the curves.
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1

0.1.1 |
i
VPF-001
0.01
0.001
0.01 0.1 P 10

Fig. 5. PO: VPFA; = 10°%t0 10*. A, is given asA; = 10"3V/5forn = 1,2, ..., 51, andz is used to label the curves.

For the single column given by = 0, (38) reduces to
111 (kR)  [ikRIp(kR
uli(kR)  ukRlg(KR) o (43)

G, G,

which is arranged as the quadratic equation of
Na 1— (kR)?

L =—— = f(k). 44
= R RE+1— Rz TP (44)
1 ‘,,,3
FVF-051 /
\ FV-038
01
b FVF-030
B / FVF-001 \\
0.001
0.01 0.1 K 1 10

Fig. 6. PAA: FVFA; = 1078 to 10*. A4 is given asA; = 10"3Y/5 forn = 1,2, ...,51, andn is used to label the curves
(curves no. 31-37 are not shown).
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1 - e
5 FVF-051 '
FVF-df;aa
0.1 '
o]
FVF-030
0.01 P 1 L, BT
/
FVF-001
0.001 i — o . e —
0.01 0.1 1 10

k

Fig. 7. PO: FVFA; = 10°%t0 10", A, is given asd; = 10"3V/5forn = 1, 2,..., 51, andz is used to label the curves (curves
no. 31-37 are not shown).

0.8 T

0.7

0.6

0.5

0.4

0.3

0.2

0.1

pneysE et

0.001 0.01 10

Fig. 8. PAA: A; =1, 5.
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0.8

0.7

VPFA,=5 '

0.6

0.5

o 0.4

03 L

0.2

< VPFA=1 |
01k :

‘<-‘ FVF A1= 5

0 e -
0.001 0.01 0.1 1 10
k

Fig. 9. PO:A; =1, 5.

Solving this, we have

A~ A~ 2
1— A 1— fA
oo Lt fhy Sra) S (45)
212 2Ao A2

wheni, # 0. The solution with the upper sign becomees: f (k) if A, = A1 (viscous fluid). Fok small,
f(k) ~ /7/3(1 - (kR)?), which corresponds to Rayleigh's c48&.

Wheni, = 0 in(44), we haver = f(k)/(1— Alf(k)) which is larger thary (k) if (1— Alf(k)) > 0;
this growth rate has the larger value than that of the inviscid potential flow.

For the viscoelastic potential flo{88) reduces to

L(kR)  Ki(kR)

=0, 46
Gu Ga (46)

which is arranged as the quadratic equation of

k? A
ZW(B + Bio)o +C(1+ 10) =0. 47)
For the single column given by = 0 andi, = 0, (47) reduces to linear equation to give the solutian
-1
a=—|: 2ﬁ+k1i| . (48)
cVi

Whenk, = 0, we haver = +/J atk = 0 (the maximum growth rate in the limit — 0 for the viscous
potential flow[13]).
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5. Results

The data on viscoelastic fluids is provided for the diameter of the colbma 1 cm inTable 1 The
peak values and the associated wavenumber are lisTedbla 2 from the growth rate curves kig. 2for
PAA andFig. 3for PO. The growth rate and the wavenumber are showsiga. 4—7for various values
of A;. The comparison of VPF and FVF are showrFigs. 8 and 9The growth rates in both theories
increase with Deborah number at each fixed Reynolds number.
The growth rate and the wavenumber are showRigs. 10 and 1%or changingy/J, and all theo-
ries collapse to inviscid potential flow for any fixed Deborah number as the Reynolds number tends to

infinity.

10

IPF
| FVFA, =10

FVF A1 =1

0.1 1
FVF A+ =1
0.01
0.1 1 10 100 1000 10000
"
Z
IPF | 5 :
150 FVFA1=10

-

0.1 1 10 100 1000 10000

Jo

Fig. 10. Theo,, andky vs.+/J for FVF for A; =1.0, 10, 16. The maximum growth rate of IPF is given by, =0.97099 at
km =1.3957, which is drawn for reference in the figure.
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10 : .

0.1}

0.01 j i i i
0.1 1 10 100 1000 10000

IPF

05k B NS S _

" | |
0.1 ) 10 100 1000 10000

Vo

Fig. 11. Theoy, andky, vs.+/J for VPF for A; =1.0, 10, 16. The maximum growth rate of IPF is given by, =0.97099 at
km =1.3957, which is drawn for reference in the figure.

6. Conclusions and discussion

The following conclusions arise from our study of the linearized theory of capillary instability of a
viscoelastic filament of Maxwell type in air. For many viscoelastic fluids the final stage of collapse is
controlled by nonlinear effects not considered here.

¢ Capillary collapse is controlled by two parameters, a Reynolds nuthbet Dp/u? and a Deborah
numberA; = yA1/uD. The density ratid = p,/p and viscosity ration = 5/ are small and have
only a small effect.
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e The dispersion relation for viscoelastic potential flow can be solved fond computed for any value
of Aj.

e The dispersion relation for fully viscoelastic flow (where the shear stress and tangential velocity
conditions are enforced) must be solved by iteration which breaks down atthigh

o Following earlier studies, we found that a disturbance will grow more rapidly on a viscoelastic filament
than on a Newtonian liquid; the growth rates increase wittat a fixedJ.

e The growth rates for viscoelastic potential flow are several times larger than for fully viscoelastic flow
for each fixedJ when J is not large. The dispersion relatienversusk and the peak valuk;, and
om = o (km) are not greatly different.

e As in our study[13] of capillary instability of viscous threads, all theories collapse to the inviscid
theory in the limit of large/ even whenA; is huge. Inertia beats viscoelasticity whén- oco. The
ratio A1/J = ru/pD? = E is the elasticity numbeFigs. 10 and 13how that inertia beats elasticity
even wher¥ is rather large.

o The effect of increasing the retardation time (0 < A, < A,) isto drive growth to Newtonian values.

Nonlinear studies of capillary instability are frequently framed in terms of extensional flow. Such
studies are particularly popular in the rheology community. Purely extensional flow can be obtained from
a potential; it is a potential flow. Potential flows must be irrotational, but strong effects of viscosity and
viscoelasticity can be represented. Evaluation of the utility of potential flow solutions requires comparison
with exact results. Here and in the other studies of stability review&kation 1we find very accurate
results from viscous and viscoelastic potential flow when the appropriate Reynolds number is not too
large. Even at low/, say those foFigs. 2 and 3he discrepancy in the peak values is not greater than
about two and the wave numbers for maximum growth are not greatly different. In general, the peak
values are much closer even for Reynolds numbers in which inviscid potential flow is way off the mark.
In the present case, and in many other cases, the potential flow solution can be done analytically, here
even in cases in which the numerical simulations giving the exact results fail.

The main advantage of the viscous and viscoelastic potential studies is the determination of the con-
ditions under which the flows are very nearly potential flows. This meandhiatity, not viscosity is
negligible. For example, we could think of ways to connect the vorticity boundary layers on a flat plate
to the potential flow of say glycerin in the free stream. We simplify the analysis using potential flow.

The observed dynamics of collapsing Newtonian and viscoelastic filaments is determined by nonlinear
effects not considered in our linear analysis. Focusing now on the dynamics of thread rupture, in the
Newtonian case, we consider the possibility that the main events prior to rupture are governed by vis-
cous potential flow. The final event is universally, described as a pinch-off and the fundamental physics
governing the rupture of the thread is not considered. A pinch-off is a squeezing flow; the radius of the
jet at the pinch point collapses, squeezing fluid out as the filament collapses. Here one finds a stagnatior
point; stagnation point flow is a potential flow and the effects of viscosity in such a flow may be huge,
even more so in the viscoelastic case where extensional-l@tagnation point flow is so important.
Certainly, potential flow of an inviscid fluid is not the right tool here. We can get results in which viscosity
acts strongly using viscous potential flow. The question is not whether viscosity is important, which it is,
but whether vorticity is important.

Chen et al[20] have studied pinch-off and scaling during drop formation using high-accuracy compu-
tation and ultra-fast high-resolution imaging. They discuss dynamic transition from potential flow with a
2/3 scaling due to Keller and Miksj&1] to an inertial-viscous regime described by Egggt8] universal
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solution. They find overturn before breakup in experiments in water (1 cp) well before the dynamic tran-
sition from the potential flow to the inertial-viscous regime. On the other hand, an 85 cp glycerol-water
solution is said to exhibit this transition. The potential flow solutions discussed by Cherj2Q]alre

for inviscid solutions. Of course, water and glycerol are not inviscid. The scaling of Keller and Miksis
[21] which gives rise to the 2/3 power collapse law does not work for viscous potential flow. The spoiler
is their equation (3.3) expressing the normal stress balance. To this equation we must add the viscous
component 23U, /dn. The term(V¢)? in (3.3) scales likg?/L? whereas the viscous component scales

like ¢ /L2, so that the similarity transformation does not factor through. Analogies have been put forward
between capillary pinch-off of a viscous fluid thread and van der Waals driven ruptures of a free thin
viscous shedR3]. The observation that a filament under capillary collapse ruptures in a “pinch-off’ does
not come to grips with the physics which leads to a loss of the continuum. One idea is that thread breaks
under the action of disjoining pressures. Unfortunately, a mathematical theory for disjoining pressures
for thin threads is not available.

Another idea is that the high extensional stresses which are generated in the pinch region at rupture
are the cause of the rupture, the rupture may be framed as a stress induced cavitation following ideas
introduced by JosepR4,25] Cavitation will occur in pure extension when the extensional stress is large
enough, at high rates of extension.

The idea that threads will break under tension at high rates of extension is particularly interesting for
viscoelastic fluids which can support large extensional stresses. Small bubbles of vapor and gas could
be expected to appear in the solvent of polymeric liquids or polymer melts when the thread enters into
tension. The breaking of polymer strands on a spinline observed by WagnefZ§]akas framed in
terms of this maximum tension leading to cavitation by Jog2ph Wagner et al. claim that the breaking
stress is a pure material constant which in their LDPE and HDPE samples is aB®at, Hh order of
magnitude larger than atmospheric; the thread is in tension when it breaks.

Lundgren and JosedR7] analyzed the breakup of a capillary filament assuming extensional flow at
the pinch pointz = r = 0), u, = a(u, y, t)z, u, = —(1/2)a(u, y, t)r wherey is surface tension and
w is viscosity. This is a viscous potential flow with a potential

¢ = 1aZ — ar’. (49)

They found that the principal balance is between surface tension producing the neckdown and the viscosity
which resists collapse; that the neck is of parabolic shape and its radius collapses to zero in a finite time.
During the collapse the tensile stress due to viscosity increases in value until at a certain finite radius,
which is about Jum for water in air, the stress in the throat passes into tension, presumably inducing
cavitation there. The Reynolds numbRe = R.yp/v? based on the velocity/u of capillary collapse
whereR. = 1pm is about 55. The solution of Lundgren and Joseph is flawed, it satisfies normal stress
balance only at = 0 but not elsewhere. However, it should be possible to compute an exact numerical
solution of capillary collapse based on the equations of viscous potential flow in much the same way that
capillary breakup was studied by numerical simulation of the equations for potential flow of an inviscid
fluid by Mansour and Lundgrefi28].

The recent literature on capillary collapse is presently dominated by the discovery of self-similar, finite
time singularity formation. These solutions are discussed in the recent papers ChajiggtdeKinley
and Tripathi29], and in the paper of Chen et §0]. This literature does not treat the physics of rupture
or breakup by cavitation and does not compute stresses. All of the above mentioned authors find that
capillary radius decreases to zero linearly in time, but the rate of collapse differs from author to author.
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McKinley and Tripathi[29] write the formula
2X -1y
)
Rifig = R1— 6 ﬁl’ (50)

for the neck radius of the collapsing capillary in the stage of final decayareases tc* whenRrﬂﬁE =

They give theX obtained by different authors in their Table 1, but without the value 2 obtained by
Lundgren and JosefdR7] for viscous potential flow, who give the fastest decay. Egfef2] obtained

X = 0.5912 and Papageorid@0] obtainedX = 0.7127. The solutions of the two authors last named
have vorticity; Papageriou’s solution has no inertia. McKinley and Trip@@®ii note that very close to
breakup the solution of Papageriou crosses over to Egger’s similarity solution. Maybe the final breakup
is a non-similarity solution which crosses over from Egger’s solution to rupture.

The solution of EggerR22] gives rise to a universal scaling law which has been observed for viscous
liquids but not in water (seR0]). The long wave approximation used to derive universal scalings may
prevent it from resolving the dynamics of rupture. The similarity solution of Eggers does not lead to a
cavitation threshold; in his solution the tension due to extension increases but not fast enough to overcome
the compression due to the capillary pressure of the thinning filament.

The criterion for the termination of the continuum is probably not a finite time singularity; the thread
radius does not go to zero. It comes apart before then. The physics of rupture is up for discussion.
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