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Abstract. Comparisons are made between laminar and turbulent flows
in pipes with and without flow control, and a formula is derived that
shows just how much the discrepancy between the volume flux of laminar
and turbulent flow at the same pressure gradient increases as the pressure
gradient is increased. Related to this, we investigate the lowest bound
for skin-friction drag in pipes for flow control schemes that use surface
blowing and suction with zero-net volume-flux addition.
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1 Introduction

Recently, an analysis was presented in ref. [1] (hereafter referred to as MJM)
that considered laminar and turbulent comparisons in channel flow, with and
without flow control. The study focused on the control strategies that use zero-
net volume-flux blowing/suction at the no-slip walls, and presented a criterion for
achieving sub-laminar drag conditions. The criterion was used to gain insight into
why the control strategy of Min et al. [2] was successful in achieving sub-laminar
conditions, and how other improved strategies could perhaps be designed.

Here we extend the analysis by MJM to pipe flows, and consider implications
at high Reynolds number.

2 Equations for pipe flow

For fully developed pipe flow of an incompressible fluid, driven by a constant
pressure gradient, the Navier-Stokes and continuity equations may be written as
ov

W—FV-VV:—Vp—i-exP—i-VzV, (1)

V-V=0. (2)

Here we use cylindrical polar co-ordinates (r, 8, ), where the z axis is at the pipe
center and r is the radial distance from the center of the pipe. Unless indicated,
all terms have been nondimensionalized using v, the kinematic viscosity of the
fluid, and a, the radius of the pipe. The domain occupied by the fluid is

—o<r<oo;0<d<2m0<r<1.
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Here P > 0 is the constant pressure gradient driving the flow, and the total
pressure at a point in the fluid is p(r, 0, z,t) — Pz, where in all cases pressure
has been normalized by p, the fluid density. We denote a cylinder average with
an overbar:

L—oo 2L

27
f(r,t) = lim —/ f(r,0,z,t) df dz,
2m Jo

and the over-all average as

1
f>:2/0 fr dr.

Therefore, the Reynolds number Reg = <1_/m> is that based on the pipe radius
and the bulk velocity. We will also decompose the velocity and pressure into
mean (cylinder averaged) and fluctuating parts

Ve, Vo, Vil = Vo +u, Vo + 0,V + w0, p+ p'] (3)

where the fluctuations have a zero mean: @, ,w, p’ = 0.
The boundary conditions for pipe flow with zero-net-volume flux blowing-
suction flow control are

Ve=Vp=0;V, = ¢(z,0,t) at r =1,

Note that u =v =0, and w = ¢ at r = 1.

2.1 Energy equations

In the following we will make use of energy identities. These are derived first by
substituting (3) into (1) and using continuity to give

VvV _ - _ D _
aa—t—i—aaltl—i—v VV+V .-Vu+u-VV+u - Vu= —er%—Vp'—{—exP—i—Vz (V+u).
(4)

From (2) it follows that V, = 0 everywhere. The cylinder average of (4) is

6_V+e
ot ’

- Vg v2
u-Vw — — — —
r r

op 10 [ 0V)\ Vil exd [ OV,
8+exP+9[8<6r>_r2]+r8r<rar>’ (5)

and the difference (4) — (5) is

+ ey {u-Vv—i—?} +ex u-Vu

= _el'

2
6_u+v Vu+u-VV+u-Vu-—e, [u Vw—v—]—eg [u-Vv—&-ﬂ]
ot r r

—e,u-Vu=-Vp +Viu (6)
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Energy identities for the mean and fluctuating components are obtained by form-
ing (V- (5)) = 0 and (u-(6)) = 0, respectively. We also use V,, = 0 and the
following identity

10

WV = V- (uf) = -+ (rFw),

which is valid when V - u = 0. Thus,

1d <|\_’|2> + <u_u;V9 + Vag(rm) + E%(7“W)>

2dt r or r
. v |*  |ov.|? | W2
_P<Vw>—<ﬁ ‘87‘ +7“_2 ) (7)
and B o7 o7
1d 2 W‘/@ J— ‘/0 N V:L' _ 2
L o) (T ) ).
Here
I =2¢(p,, + ¢%/2), (9)

where p!, is fluctuating pressure at the wall of the pipe. Summing (7) and (8)
gives the total energy equation

1d 2

2 dt

<V|2+|u|2>=P<Vz>—r—<|Vu2+% s

or

or

2 ‘

72
+ T—"2> , (10)
where it is noted that the second bracketed terms in (7) and (8) cancel.

3 Volume flux comparison between laminar and turbulent
flows

First we consider laminar Hagen-Poiseuille flow, for which equation (1) has the
solution
U (r)=2{U;) (1 - 7‘2) (11)

for
P =8(U). (12)

In order to evaluate the bulk flow rate for the turbulent flow cases, <Vz>,
we specify two properties of statistical stationarity, assuming that a turbulent
flow exists. The first is that all cylinder averages (~) are time independent, and
second we assume that velocity components have a zero mean value unless a
non-zero mean value is forced externally. This latter property implies Vy = 0.
Under such conditions the z-component of equation (5) may be written as

% 2
d% rm—rd;f —P% —0, (13)
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and the energy equation (8) becomes
dV, 2
ww r=-(Ivuf). 14
(w’y )+ 1= (vu (14)

We now seek an expression for P by taking the first integral of (13)

r2 dv,
5 = U = (15)

Forming ((15)) gives B
P =4 (ruw) + 8(V,). (16)

A comparison between the volume flux in a pipe for a turbulent flow with control
and the base laminar flow can now be made. For flows with the same driving
pressure gradient (P = P;), using (16) and (12) the difference between the bulk
flow rates between fully developed laminar and turbulent flows is given by

_ 1
(U -V, = 3 (ruan) . (17)
Therefore a proof that zero-net volume flux blowing/suction control cannot pro-

duce a volume flux in excess of laminar flow requires
(ruw) > 0. (18)

To test this we form (zw - (15)) = 0 and using (14) obtain
| 2 12
5P@w»_ovm>+<Wﬂ>fR (19)

Here P > 0 by definition, and therefore, the controlled flow can produce a volume
flux in excess of laminar flow if, and only if,

r>(jvl*y + (f@ml’). (20)

The same criterion holds for producing sub-laminar drag as will be discussed in
the following section.

3.1 Quantitative comparisons

For pipe flow without flow control (where I" = 0), equations (17) and (19) show
that the flow rate in laminar flow is always higher than in turbulent flow at
the same pressure gradient. This was first proven by Thomas [3], and while
generally well known, we are not aware of any formulas in the literature that
quantifies these volume flux differences. Quantitative differences between the
bulk flow rates can be obtained using functional forms for the mean velocity
profiles (laminar and turbulent). Following MJM, using a law of the wall-wake
mean velocity formulation ([4]) it can be shown that, to a good approximation,
i 3

- 5-) (21)

<Vw> :RBT(UT 2K
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Fig. 1. Ratio of bulk velocities for laminar and turbulent pipe flows as a function of
Re;. The filled circles are from pipe experiments [5].

with _
Vi
U,
where V; and U, are the nondimensional center-line and skin friction velocities
respectively. (Here Re, = aU, /v = U,.) For laminar flow

1
= —In(Re,) +5.16 (22)

2
Rez

(Un) = 1

(23)

Figure 1 shows the resulting comparison between the bulk velocities for laminar
and turbulent flows for varying levels of Re, compared to the experimental data
of McKeon et al. [5] obtained in the Princeton superpipe. It is noted that for a
typical practical Reynolds number of Re, = 10° the ratio (U;) / (V) is seen to
be over 1000.

4 Drag comparisons for pipe flow

For a fully developed pipe flow with statistical stationarity, the net skin friction
drag is simply obtained from a balance with the pressure gradient forces. That
is,

7o(4mal) = pP(21a’L)

where 7, and P are dimensional average wall-shear stress and driving pressure
gradient respectively. From this it follows that the bulk skin friction coefficient
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C} = 279/(pU%), where Ug is dimensional bulk velocity, is related to P by
P
Re?%’

Using (16), (12) and (24) for a given Reynolds number (U;) = (V,) = Reg,
we obtain

c; (24)

4
Cr—Cp, = R—ef3<ruw>' (25)

Equation (25) is equivalent to the result obtained by Fukagata et al. [6] where
they showed that drag reduction is dependent on the weighted integral of Reynolds
shear stress.

As expected, the criteria for achieving sub-laminar drag, with control for a
fixed volume flux, is equivalent to exceeding the volume flux of laminar flow for
a fixed pressure gradient. Both depend on (ruw). Therefore, for controlled flows
to produce sustained sub-laminar skin friction levels requires

r>(jvul*) + (f@ml’).

5 Concluding remarks

The result in figure 1 indicates that at very high Re, the flow rates in pipes would
be phenomenally (and likely aphysically) high for a laminar flow compared to
the turbulent case. This would indicate that while sub-laminar conditions require
the criterion in equation (20) to hold, other factors likely related to stability need
to be considered. Also, the similarity between equation (20) in this paper, and
the corresponding expression derived by MJM for a plane channel, suggests that
MJM’s conclusions about sub-laminar drag control strategies in plane channels,
are equally valid for pipe flows.
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