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Abstract:  A numerical approach based on preconditioning and dual-time stepping (DTS) is proposed to 

simulate cavitating flows at low Mach numbers. The methodology is based on a fully-compressible 

homogeneous mixture model and finite rate mass transfer as discussed in [1]. The method has shown 

promising results for capturing the large-scale cavitation in the developed cavitation regimes[2,3]. In the 

present work, we discuss a numerical approach to enable calculations for wetted conditions, cavitation 

inception etc. These simulations typically requires low free-stream nuclei, and consequently the modeling 

of low Mach numbers in water. The key aspects of the numerical approach are: (i) preconditioning applied 

to the cavitating equations in a fully-compressible manner, (ii) the shock-capturing is modified based on 

All-speed Roe-scheme, and (iii) implementation in parallel and on unstructured grids that allow the 

simulation of complex problems. The methodology is demonstrated for the LES of flow over a propeller 

under wetted conditions. Overall, a significant saving in total run-time, accurate comparisons of mean 

and RMS pressure with the incompressible solver, and a good agreement of thrust/torque with the 

experiments are obtained. 
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1. Introduction 

In many cavitation applications, it is essential to capture the the propagation of acoustic waves and 

strong shock waves and therefore, the compressibility of the medium. It is known that the speed of the 

sound of a pure water can drop by orders of magnitude (e.g. from 1480 m/s to 10 m/s) with the addition of 

a gaseous phase and/or phase change [4].  Numerical modeling of the compressibility in such flows poses 

a challenge due to the range of Mach numbers.  

The most commonly used physical model to simulate cavitating flows is the homogeneous mixture 

model [5,6,7,8], where the mixture of water and vapor is treated as a single medium. The model is used 

with either pressure-based [5] or density-based [7] numerical solver; both of which have to address the 

range of Mach numbers in cavitating flows. For density-based solvers, such as considered in the current 

work, algorithms suffer from the accuracy and numerical stiffness due to nearly incompressible regions in 

water. Prior studies have used high free-stream nuclei (i.e. initial levels of vapor or non-condensable gases 

present in water) in water to mitigate very low Mach numbers in pure water [2,3,10]. This approach has 

been shown to work well for the developed cavitation regimes [2,3]. However, small-scale vapor regions 

in the incipient cavitation, cavitation inception and wetted conditions are sensitive to free-stream nuclei 

content [9,10,11]. Hence, another approach is to retain the low free-stream nuclei that are important for 

physical modeling and use preconditioning to address the numerical stiffness. Preconditioning has 

provided a powerful remedy for the accuracy and convergence of compressible solvers at low Mach 

numbers [12,13,14,15]. Many of these preconditioning formulations are applied to the multiphase pressure-

based algorithms [14,15].  In the current work, we present a preconditioning and dual-time stepping 

framework for the density-based solver developed in [1].  
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2. Method 

We use the homogeneous mixture model where the mixture of water and vapor is treated as a single 

compressible medium. The mixture is assumed to be in thermodynamic and mechanical equilibrium 

between the constituent phases. The governing equations are the compressible Navier-Stokes equations for 

the mixture quantities along with the transport equation for vapor mass fraction. In the vector form with 

the addition of dual-time derivative they are given as:  
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Here, 𝑈 is conserved variable vector, 𝑄 is primitive variable vector,  𝐹 is the sum of convective and viscous 

flux vector, 𝑆 is the source term vector ( 𝑆𝑒  𝑎𝑛𝑑 𝑆𝑐 are evaporation and condensation source terms), and Τ𝑝 

is the time derivative preconditioning matrix. It is constructed by taking the Jacobian of 𝑈 with 𝑄, and 

preconditioning 𝜌𝑝
′ =

1

𝑈∞
 , where 𝑈∞ is the free stream velocity and 𝜌𝑝

′ =
𝜕𝑝

𝜕𝜌
|𝑇  [14]. 𝜌 is mixture density, 𝑝 is 

mixture pressure, 𝑌𝑣 is vapor mass fraction, and 𝜎𝑖𝑗 is the viscous stress tensor. Eigenvalues of the system 

are obtained by pre-multiplying Τ𝑝
−1 with the convective flux Jacobian (𝐴 =

𝜕𝐹

𝜕𝑈
). The details are given in 

[16].  

The governing equations are integrated using finite volume discretization. Time marching is 

performed using a DTS procedure (e.g.[17]), where the physical-time derivative is discretized using a 

second order backward differencing (BDF-2) and the pseudo-time derivative is discretized using the 

explicit Euler. The discretized form is given as: 
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Here, `𝑚’ and `𝑛’ are used respectively to indicate current pseudo-time and physical time values. Note that 

the pseudo-time derivative term is converged to zero every physical time step so that the accuracy of the 

unsteady term is not affected. 𝑅(𝑈𝑚)  contains specially discretized convective terms including shock 

capturing part, viscous terms, and source terms.         

The shock capturing is modified based on All-speed Roe-type scheme [18] to obtain proper 

conditioning of eigenvalues also in the dissipative terms. The modified eigenvalues are given as: 

 

λ = [Vn, 𝑉𝑛 , 𝑉𝑛 , 𝑉𝑛 − 𝑓(𝑀) ∗ 𝑐, 𝑉𝑛 + 𝑓(𝑀) ∗ 𝑐],       𝑤ℎ𝑒𝑟𝑒,      𝑓(𝑀) = min(𝑀2, 1) ,     𝑠𝑎𝑡𝑖𝑠𝑓𝑦𝑖𝑛𝑔,  

 

 0 < 𝑓(𝑀) < 1 ,    𝑤ℎ𝑒𝑛    0 < 𝑀 < 1 

 𝑓(𝑀) →  1 ,    𝑤ℎ𝑒𝑛    𝑀 →  0 

 𝑓(𝑀) = 0 ,    𝑤ℎ𝑒𝑛    𝑀 ≥  1.                 (3) 

 

Here,  𝑓(𝑀) is chosen such that it satisfies the above mention properties to ensure proper conditioning of 

eigenvalues for all Mach numbers. This is applied to the characteristic-based filtering fluxes of the original 

scheme[1]. Please see [16] for more details.  
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3. Results 

We simulate flow over a five-bladed marine propeller P4381 at the design advance ratio ( 𝐽 =

0.89), 𝑅𝑒 = 894000, and 𝜎 = ∞ (i.e. under wetted conditions). Here, 𝐽 =
𝑈∞

𝑛𝐷
, where `𝑛’ is the rotation 

rate and `𝐷’ is the propeller diameter. 𝜎 =
𝑝 − 𝑝𝑣

0.5 𝜌𝑈∞
2 , where `𝑝𝑣’ is the vapor pressure. The original case is 

simulated in [10] without preconditioning using compressible LES. The case is termed as `Case-O’. 

The same case simulated at low Mach number is termed as `Case-OLM’. Main challenge for these 

simulations is to obtain an accurate solution in a reasonable amount of run-time. We simulate the case 

at low Mach number using the preconditioning, that is termed as `Case-PRLM’. The details of the 

computational domain, grid size and boundary conditions are given in [10].  Table 1 shows the run-

time comparison for these cases. A significant savings from ~2 weeks per cycle to ~40 hours per cycle 

is obtained with preconditioning.  

 

Table 1. Computational time comparison. ∆t is the physical-time step, and ∆τ is the pseudo-time step. 

Cases simulated 𝚫𝒕  𝚫𝝉 Run-time/cycle 

Case-OLM 2 ×  10−6 - ~2 𝑤𝑒𝑒𝑘𝑠 

Case-PRLM 5 ×  10−3 1 ×  10−3 ~40 ℎ𝑜𝑢𝑟𝑠 

      

         We compare the solution accuracy of the Case-OLM and Case-PRLM with the benchmark 

incompressible solver at low Mach numbers. Figure 1(a) shows comparison of mean pressure contours 

in the x-y plane. The profiles of mean and RMS pressures extracted at various axial locations are 

plotted in figures 1(b) and 1(c) respectively.  For the Case-OLM the horizontal stripes upstream of the 

propeller, the lack of visibility of the tip vortices, and the diffused regions of low pressure close to the 

shaft are all indicators of the deteriorated pressure field. This is due to the incorrect scaling of the 

pressure field for the compressible solver in the incompressible limit. With the use of preconditioning 

(Case-PRLM), the improvements on all the fronts are observed. This is evident visually from the 

comparison of the Case-PRLM to the incompressible MPCUGLES. The secondary vortices close to the 

shaft of the propeller are better captured in the Case-PRLM. A quantitative comparison of profiles in 

figures 1(b) and 1(c) also indicate that the Case-PRLM is in very good comparison with the 

incompressible result.  

         The propeller loads are compared in table 2. Non-dimensional thrust coefficient is given by 𝐾𝑇 =
𝑇

𝜌𝑛2𝐷4, and non-dimensional torque coefficient is given by 𝐾𝑄 =
𝑇

𝜌𝑛2𝐷5 . Improvement in 𝐾𝑇 is observed 

for Case-OLM compared to Case-O. However, a significant simulation time of ~2 weeks per cycle is 

required. Also, 10% error in 𝐾𝑄  with experiments [19] is observed. With preconditioning (Case-

PRLM), both 𝐾𝑇 and 𝐾𝑄 are captured accurately.  Also, this is achieved with significant time savings 

of ~40 hours per cycle as indicated in table 1.  

         The method is also assessed for cavitating vortex problem, wetted and cavitation inception 

conditions over a cylinder. More details are in [16]. 
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Figure 1. (a) Contours of the phase averaged pressure field along the x − y plane. (b) Profiles of mean 

pressure extracted along the y − axis at x = −0.5D, 0.25D, 0.5D and 1.0D. (c) Profiles of RMS pressure extracted 

along the y − axis at x = −0.5D, 0.25D, 0.5D and 1.0D.  

 

Table 2. Comparison of propeller performance 

Cases simulated 𝑲𝑻 𝑲𝑸 

Case-O 0.257 0.055 

Case-OLM 0.226 0.050 

Case-PRLM 0.227 0.0458 

Boswell (1971)[19] 0.215 0.045 
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