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ABSTRACT

A numerical approach based on preconditioning and dual-time stepping (DTS) is proposed to simulate
cavitating flows at low Mach numbers. The methodology is based on a fully-compressible homoge-
neous mixture model and finite rate mass transfer as discussed in Gnanaskandan and Mahesh (2015).
The method has shown promising results for capturing the large-scale cavitation in developed cavitation
regimes (e.g. Bhatt and Mahesh, 2020; Gnanaskandan and Mahesh, 2016a). Small-scale vapor regions in
the incipient cavitation, cavitation inception and wetted conditions are sensitive to free-stream nuclei
content (e.g. Hsiao and Chahine, 2005; Bhatt and Mahesh, 2019, 2020). In these regimes, lower values of
free-stream nuclei are necessary than what is typically prescribed in homogeneous mixture models that
use a fully-compressible formulation. While important for the physical modeling, lower values of free-
stream nuclei lead to acoustic stiffness. The goal of the present work is to present a numerical approach
to enable such low free-stream nuclei calculations in an accurate manner and in a reasonable amount of
time. The key aspects of the numerical approach are: (i) preconditioning applied to the cavitating flow
equations in a fully-compressible (density-based) solver, (ii) modifications based on the all-speed Roe-
type scheme to the characteristic-based filtering, and (iii) implementation in parallel and on unstructured
grids that allow the simulation of complex problems. The numerical formulation of the time-derivative
preconditioning matrix, the DTS framework, and modification to the shock-capturing are discussed. A
proper conditioning of the preconditioned system of equations is obtained. The methodology is demon-
strated for the unsteady flow over a cylinder under wetted and cavitation inception conditions, and LES of
flow over a propeller under wetted conditions. Overall, a significant saving in total run-time as compared
to the original solver is obtained, without compromising accuracy.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

(Ganesh et al,, 2016). In marine applications, acoustic waves are
used as an indicator to detect cavitation inception. Numerical mod-

Cavitation is the phase change of a liquid into vapor when the
liquid pressure drops below vapor pressure. In many cavitation
applications, it is essential to capture the propagation of acous-
tic waves and strong shock waves and therefore, the compress-
ibility of the medium. The shock waves emitted by vapor cavity
collapse are the major cause of noise, vibration, and material dam-
age (Franc and Michel, 2006) in marine applications and rotating
turbo-machinery. Bubbly shock wave propagation has been iden-
tified as an intrinsic mechanism behind sheet to cloud transition
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eling of the compressibility in such problems poses a challenge due
to the range of Mach numbers. It is known that the speed of the
sound of a pure water can drop by orders of magnitude (e.g. from
1480 m/s to 10 m/s) with the addition of a gaseous phase and/or
phase change. Fig. 1 shows a sharp decrease in the sound speed
with the increase in the gaseous phase volume fraction starting
from pure water. Hence, cavitating flows can be highly compress-
ible despite the nearly incompressible nature of the water. In the
present work, we propose a numerical approach based on precon-
ditioning and dual-time stepping (DTS) to address the challenge
posed by the range of Mach numbers. The goal of the present work
is to extend a density-based solver that is generally robust at high
Mach numbers to the low Mach number calculations in cavitating
flows.
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Fig. 1. Comparison of sound speed in water-gas mixture to experiments at 0.1 MPa.
Current ==, Karplus (1957) e.

The most commonly used physical model to simulate cavitat-
ing flows is the homogeneous mixture model (Budich et al., 2018;
Gnanaskandan and Mahesh, 2015; Bensow and Bark, 2010; Seo and
Lele, 2009; Schnerr et al., 2008; Saito et al., 2007; Liu et al., 2004;
Singhal et al., 2002; Ahuja et al, 2001; Kunz et al., 2000). The
model treats the mixture of water and vapor as a single medium.
One major difference between cavitation solvers based on the ho-
mogeneous mixture model is whether they use a pressure-based
(e.g. Singhal et al., 2002) or a density-based algorithm (e.g. Seo and
Lele, 2009); both of which have to address the range of Mach
numbers in cavitating flows. Pressure-based algorithms proposed
for single-phase flow often experience convergence problems due
to the significant reduction in the speed of sound in the water-
vapor mixture regions. Various modifications to pressure-based al-
gorithms have been proposed to obtain the correct speed of sound
in cavitating flows (e.g. Bensow and Bark, 2010; Senocak and Shyy,
2002; Singhal et al.,, 2002). On the other hand, density-based al-
gorithms suffer from the accuracy and numerical stiffness due to
nearly incompressible regions in water. To mitigate very low Mach
numbers in water, several studies based on the fully-compressible
formulation have used relatively high values of free-stream nu-
clei (Bhatt and Mahesh, 2020; Gnanaskandan and Mahesh, 2016a;
2016b; Seo and Lele, 2009; Saito et al., 2007) than typical free-
stream nuclei concentrations measured in the experiments (e.g.
Venning et al.,, 2018). Here, ‘free-stream nuclei’ refers to initial lev-
els of vapor or non-condensable gases (NCG) present in the water.
At sufficiently low pressures (typically the vapor pressure) these
nuclei act as the starting point for the liquid to cavitate (Franc and
Michel, 2006). The high values of free-stream nuclei reduce the
speed of sound in the water and avoid extremely small time steps
due to the acoustic stiffness.

Studies have shown that good agreement can be obtained with
the experiments for capturing the large regions of vapor in the de-
veloped cavitation regimes (Bhatt and Mahesh, 2020; Gnanaskan-
dan and Mahesh, 2016a; Saito et al., 2007) with high free-stream
nuclei values. Although, wetted conditions, cavitation inception
and incipient cavitation are highly sensitive to the free-stream nu-
clei content (Bhatt and Mahesh, 2019, 2020; Hsiao and Chahine,
2005). In such cases, lower values of free-stream nuclei consis-
tent with the orders of magnitude observed in the experiments
are necessary. For example, Bhatt and Mahesh (2020) studied par-
tial cavitation over a range of regimes spanning the incipient to
periodic shedding over a wedge. They obtained a very good com-
parison of the volume fraction data to the X-ray measurement of
Ganesh et al. (2016) for the large regions of vapor in the developed
cavitation regimes. However, in the incipient regime, they observed
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a noticeable difference in vapor void fraction compared to the ex-
periments with the high values of free-stream nuclei. Bhatt and
Mahesh (2019) showed that the propeller loads are sensitive to
the choice of free-stream nuclei and the lower values are nec-
essary for the accurate prediction of the propeller performance.
Brandao et al. (2020) obtained experimentally consistent behav-
ior of separation location over a range of regimes in the cylin-
der cavitation with the experimentally consistent values of the
free-stream nuclei. The behavior was not captured with high free-
stream nuclei content in the prior study of the same configuration
(Gnanaskandan and Mahesh, 2016b). While important for physical
modeling, lower values of free-stream nuclei impose a stringent re-
quirement on the time step of the numerical method and affect
the solution accuracy. Thus, for the density-based solvers, another
approach is to retain the low free-stream nuclei and use precondi-
tioning.

Preconditioning applied to the compressible flow equations
slows the acoustic wave speed (u + ¢) towards the fluid speed (u);
thereby reducing the disparity in the eigenvalues. Precondition-
ing has provided a powerful remedy for the accuracy and con-
vergence of compressible solvers at low Mach numbers (Guillard
and Viozat, 1999; Hsu and Jameson, 2002; Kunz et al., 2000;
LeMartelot et al., 2013; Li and Gu, 2008; Lindau et al., 2001;
Merkle, 1998; Turkel, 1999; Vatsa and Turkel, 2003; Weiss and
Smith, 1995). Many studies have made use of preconditioning for
single-phase flows. A few studies also report algorithms for mul-
tiphase mixtures. Kunz et al. (2000) developed a preconditioning
formulation in their two-fluid model using volume fraction as the
dependent variable. The authors demonstrated efficient and ac-
curate computations of various steady-state and transient sheet
and super-cavity flows. However, in the formulation, they assumed
constant densities in each phase and compressibility effects were
not accounted for in the two-phase mixture region. Ahuja et al.
(2001) developed a preconditioning algorithm accounting for the
compressibility effects in the component phases and demonstrated
results for steady-state flows. Lindau et al. (2001) discussed in de-
tail the choice of preconditioning variables and the corresponding
eigenvalues of the system for the homogeneous mixture model.
Venkateswaran et al. (2002) presented the artificial compressibil-
ity based formulation for time-marching systems. They used per-
turbation theory to provide scaled preconditioning forms for the
numerical computations. The algorithms use Jameson-type artifi-
cial dissipation term for the upwinding (Jameson, 1995) that is
preconditioned as suggested in Turkel (1999). For density-based
solvers, Hou and Mahesh (2005) demonstrated an approach to
obtain the incompressible Navier-Stokes equation in the limit of
low Mach by using the incompressible scaling for pressure in the
compressible Navier-Stokes equations. Li and Gu (2008) proposed
an all-speed Roe-type scheme and its asymptotic analysis of the
low Mach behavior. They perform preconditioning of the Roe-type
shock-capturing schemes by scaling the eigenvalues of the Jaco-
bian matrix. LeMartelot et al. (2013) demonstrated the methodol-
ogy to simulate liquid and liquid-gas flows at all-speeds. They ex-
tend the preconditioning variant of Guillard and Viozat (1999) for
multi-phase flows that conserves energy and the phase transition
is achieved in a thermodynamically consistent way.

In the present work, we extend the methodology of
Gnanaskandan and Mahesh (2015) based on a compressible
homogeneous mixture model to address the acoustic stiffness
in cavitating flows. The method is parallel, unstructured and
has shown promising results for the large scale cavitation in
the developed cavitation regimes (e.g. Bhatt and Mahesh, 2020;
Gnanaskandan and Mahesh, 2016a). The goal of the present work
is to allow the methodology to simulate wetted conditions, in-
cipient cavitation/cavitation inception calculations that typically
require low free-stream nuclei, and consequently the solution
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involving low Mach regions in the flow. We present a numerical
approach based on the preconditioning and DTS to enable such
calculations. The shock-capturing based on the characteristic-based
filtering is modified by following the all-speed approach suggested
by Li and Gu (2008) for Roe-type schemes. For constructing the
time-derivate matrix, we use the strategies of pressure-based
algorithms (e.g. Lindau et al, 2001). The current methodology
differs from the prior studies on the preconditioning of multi-
phase homogeneous mixture system in the following ways; (i)
the preconditioning that accomodates matrix dissipation in the
shock capturing scheme alongside the traditional time-derivative
preconditioning matrix, (ii) a use of fully-compressible formulation
that uses a density-based solver (including compressible viscous
fluxes), and (iii) use of conserved variables for physical time
derivative and shock-capturing. The paper is organized as follows.
The governing equations and the physical model is described
in Section 2. The details of the preconditioning methodology
are discussed in Section 3. The numerical experiments for the
problems of interest are discussed in Section 4. Finally, the paper
is summarized in Section 5.

2. Governing equations and physical model

We use the homogeneous mixture approach where the mix-
ture of water and vapor is considered as a single compressible
medium. We assume mechanical equilibrium (i.e. each phase has
the same pressure as the cell pressure and slip velocity between
the phases is not considered) and thermal equilibrium (i.e. temper-
ature of each phase is the same as the cell temperature). Sub-grid
scale bubble dynamics and surface tension effects are neglected.
In hydrodynamic cavitation, the high specific heat capacity of the
water, results in only minor temperature fluctuations. Hence, an
isothermal formulation is used to reduce simulation time. Thus,
the formulation somewhat differs from Gnanaskandan and Ma-
hesh (2015), as the energy equation is not considered here. The
governing equations are the compressible Navier-Stokes equations
for the mixture quantities along with the transport equation for
vapor mass fraction:

ap d

r ——aij(puj),
apu; d

8t' =—aT<j(PU1Uj+P5ij—Uij)7 (1)
apYy, 0 A
T ——Tx](,oyvuj)—i-se—sc

Here p, u; and p are density, velocity, and pressure of the mixture
respectively, and Y;, is the vapor mass fraction. The mixture density
is defined as

o =p(1—oay) + pyey, (2)

where p; and p, are densities of liquid and vapor respectively, and
oy is the volume fraction of vapor. Volume fractions of each con-
stituent phase are related to their respective mass fractions by

p(1—ay)=p(1-Y,) and p,a, = pY,. 3)
The system is closed using a mixture equation of state obtained us-

ing a stiffened equation of state for the liquid, and ideal gas equa-
tion of state for vapor:

p=YyoR,T + (1 — YU)pK,Tﬁ, (4)

where K; =2684.075 J/(Kg K) and P = 786.333 x 10% Pa are the
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constants associated with the equation of state for the liquid. The
parameters were derived by Gnanaskandan and Mahesh (2015) to
match speed of sound in liquid at a prescribed density to the NIST
data. Gnanaskandan and Mahesh (2015) also validated the thermo-
dynamic model for a variety of problems including sheet to cloud
cavitation. R, = 461.6 J/(Kg K) is the specific gas constant for equa-
tion of state of vapor obtained from Saito et al. (2007). The viscous
stress tensor (oj;) is given by

_ Bu,- 8uj 2 8uk 3
Ojj = M(ax] + Ju, §37Xk81] , (5)

where the mixture viscosity is defined as

w= (1 —oy)(1+42.50) 4+ oy, and (6)

(; and gy are the dynamic viscosity of water and vapor respec-
tively. S and S, are source terms for evaporation of water and con-
densation of vapor and are given by

max((py — p), 0)

V27 R;T

,max((p — py),0)

/27R,T

where py = 2.3 kPa is the vapor pressure. Ce(1/m) and C.(1/m) are
the empirical constants based on the interfacial area as defined by
Saito et al. (2007).

The isothermal mixture speed of sound is obtained by taking
the derivative of the mixture equation of state (4) with respect to
p at constant T. The expression for mixture sound speed is given
in Appendix A. Note that the isothermal speed of sound is chosen
to keep consistency with the isothermal assumption in the gov-
erning equations. The change in the speed of sound with gaseous
phase volume fraction at a temperature of 298 K and a pressure of
0.1 MPa obtained from the computations is compared to the exper-
imental data of Karplus (1957) in the Fig. 1. Note the good agree-
ment with experiments in the mixture region. The effect of gas
volume fraction in changing the acoustic characteristics of the wa-
ter is evident by the orders of magnitude drop in the sound speed.
The derivation of sound speed in the Eq. (A.1) does not account for
the variation in Y,, which implies no mass transfer between the
phases. Hence, it is considered as the frozen speed of sound. Alter-
natively, if instantaneous mass transfer is assumed, then it is called
the equilibrium speed of sound. Due to the finite rate of phase
change, the speed of sound in a water-vapor mixture is lower
than the frozen sound speed limit and higher than the equilibrium
speed of sound limit (Franc and Michel, 2006). Sound speed in
such cases depends on the accurate rate of phase change, subgrid-
scale bubble dynamics, and non-condensable gas nuclei. Hence, it
often depends on the problem. Analytical expressions for the speed
of sound are available only in the limit of no mass transfer (i.e.
frozen speed of sound) and equilibrium mass transfer (i.e. equi-
librium speed of sound) (Franc and Michel, 2006). Bhatt and Ma-
hesh (2020) showed very good agreement with the Ganesh et al.
(2016) experiments for the bubbly shock propagation speed and
vapor void fraction data using the frozen speed of sound. Hence,
in this work, we retain the frozen speed of sound for our simula-
tions. Note that the eigenvalues of the preconditioned convective
Jacobian also yield the frozen speed of sound; and are therefore,
consistent with the numerical modeling presented in Section 3.

Se = G2 (1 — av)Z% (7)
g

Se = Ca2(1 —ay)
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3. Preconditioning with dual-time stepping
3.1. Vector form of the governing equations

The governing equations (Eq. (1)) are recast in the vector form
as:
aa—Lt] + g—fz =S, where
P
pu
U=1| pv |,
pow
Yy

. — FC v
F=F +F,

pu; 0
pulj + pdyj 01j (8)
Ff = pUUj+p82j , F'= IR E and
PWU; + pds; 03j

,OUJ'YU 0

0

0
S= 0

0
Se — S¢

Here, U is the vector of conserved variables, F is the flux vector, F¢
is the convective part of the flux vector, FV is the viscous part of
the flux vector, and S is the source vector. §;; is the Kronecker delta
function. For solving unsteady problems using preconditioning, a
pseudo-time derivative term is added to the Eq. (8). Precondition-
ing is applied to the pseudo-time derivative to preserve the time
accuracy of the unteady problem. The derivative term is written in
terms of the time derivative matrix as:

dQ 99U OF au
PR TIR 3%, =S5, where I'= 50
p pp 0 0 0 Py,
u up, p 0 0  up, 9)
Q=|v]|, and I'=|vp, 0 p O vp, .
w wo, 0 0 p wp,
Y, Yoop 0 0 0 Yy, +p

Here, Q is the primitive variable vector. Different choices of the
primitive variables are possible (e.g. Kunz et al, 2000; Lindau
et al,, 2001; Venkateswaran et al., 2002). Lindau et al. (2001) and
Venkateswaran et al. (2002) have shown that the choice of ei-
ther o or Y, as primitive variable leads to identical eigenvalues
of the system. Here, we choose p and Y, along with the velocity
components as the primitive variables. I" is the Jacobian matrix
specifying the changes in the conserved variables with respect to
the primitive variables. pp = S—’;|T, which is inverse of the square

of isothermal speed of sound (Ciz). Similarly, oy, = g—ﬁh. Expres-
sions for these derivatives are given in Appendix A. The eigen-
values of the system of equation (Eq. (8)) can be obtained from
the matrix Ap = I'"1A, where A = g—g is the convective flux Jaco-
bian with respect to the primitive variable vector Q. The matri-
ces A, I'"1 and Ar are given in Appendix B. The eigenvalues of Ap
are Ar = [Va, Vi, Vo, Vo — ¢, Vy +c]. Here, V; is the velocity normal
to the face. Note that in the low Mach regions, V, is very small
compared to c. Hence, the condition number of the matrix Ar is
very high, which leads to the acoustic stiffness. This is a typical
condition in the water with very low vapor nuclei.

3.2. Preconditioning

Time derivative preconditioning (Turkel, 1999) is used for the
proper conditioning of Ar. pp in the I' matrix is modified as ,0;, to
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construct the preconditioned time derivative matrix I'p as:

Py 0 0 O Py,
upy P 0 O up,,
Lp=|voy, 0 p O vp,, . (10)
wp, 0 0 p wp,
Yo, 0 0 0 Y, +p

Note that the rest of the elements of the I', matrix are the same
as I'. Here, ,o;, = ULZ (Lindau et al., 2001). Note that for p;, various

other preconditioners can also be used (e.g. Venkateswaran et al.,
2002; Ahuja et al,, 2001). The eigenvalues of the preconditioned
system can be obtained from the matrix Apr = FI;]A. The matrices
1"1;1 and Apr are given in Appendix B. The eigenvalues of Apr are

4 /
Dopr = [V, Vi, Vi, 301+ 5) = V2 (1= )2 4+4¢2), J(Va (1 +
Cc/—zz)—i-,/vnz(l - %2)24-452)], where ¢’ is the modified speed of

sound based on p;, = C,% Note that all the eigenvalues are of the

order V,; when ¢2 = 1/,0;J =UZ is used for the preconditioning.
Hence, the matrix Ay is well conditioned. Note that the pseudo-
time derivative vanishes as one marches to the next time step in
the physical-time. Hence, time accuracy is preserved when solving
unsteady problems.

3.3. Time marching with DTS

The governing equation (Eq. (9)) after finite-volume integration
and simplifications is given as,

aQ U 1 1
(11)

Here, V is the volume and S is the surface area of the cell. The
time marching is performed using a DTS procedure (e.g. Vatsa and
Turkel, 2003; Hsu and Jameson, 2002), where the physical-time
derivative is discretized using a second order backward differenc-
ing (BDF-2) and the pseudo-time derivative is discretized using
the explicit Euler. Alternatively, a fourth order Runge-Kutta (RK-4)
method was considered for discretizing the pseudo-time derivative.
However, overall cost of computing 4 stages of RK-4 outweighed
the CFL gain compared to the single step of the explicit Euler. Also,
the explicit Euler is chosen for the simplicity of the preconditioned
DTS framework. Indicating the current physical-time with ‘n’ and
the pseudo-time with ‘m’, the discretized form of the equation is
given as:

Qm+1 _ Qm 3un+1 —4yn + Un—l
r

AT T 2AT
Here, U™ is unknown. It is treated implicitly with respect to

pseudo-time by considering it at m + 1. Following the linearization
ym+l = ym 4 ATF%, the Eq. (12) can be written as:

= RU™). (12)

3AT
(Fp + 2Atr> 2¢ —R1(U™), where
(13)
3U™ —4U" + U1

RMU")=—| —————— RWU™).

um ( AT >+ U™
Here, AQ = Q™! — Q™. The matrices on the left-hand side can
be combined as I';, = I'y + 33ET. The pseudo-time marching is
performed by inverting the matrix T'jp. I‘I.;] is given in the

Appendix B. After the pseudo-time iterations are converged, the
primitive variables are updated as Q"*! = Q™+!1, Subsequently, the
conserved variables are obtained from the primitive variables.
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3.4. Shock capturing

Guillard and Viozat (1999) showed that preconditioning of the
numerical dissipation term is necessary for the accurate scaling of
the pressure fluctuations of the discrete system. They performed
asymptotic analysis of the compressible Euler equation discretized
using Roe’s dissipation scheme, and proposed preconditioning of
the numerical dissipation tensor to recover the correct scaling
of the pressure. Turkel (1999) discusses various preconditioners
for artificial dissipation terms. Turkel (1999) shows that different
choices for variables and preconditioners can be used in the time
derivative matrix and the artificial dissipation term. Also, it is sug-
gested that if one wishes to capture shocks, the fluxes be evalu-
ated in terms of conserved variables (U) and subsequently precon-
ditioned. Hence, for shock capturing the conservative variables are
retained.

The convective fluxes can be written as the sum of the central
part and the dissipation part as:

FC = Ff 4+ FF. (14)

Here, Ff is the central part, which is discretized using a symmetric
non-dissipative finite volume scheme, where fluxes at a cell face
are given by

¢f[ — ¢1CU1 ;¢zcv2 + %(V¢|icu1 ~Axiw1 + V¢|icv2 3 AXich)’ (15)
where AxicV! =Xy, — Xjey1, and V@i denotes gradient defined
at icvl, which is computed using a least-squares method. ‘icv1’
is the current cell, ‘icv2’ is the neighbouring cell, and ‘fc’ is the
common face. The viscous fluxes are split into the compressible
and the incompressible contributions, and treated separately. See
(Gnanaskandan and Mahesh, 2015) for the details.

Ef is the dissipation part, which is treated using the charac-
teristic based filtering (Yee et al., 1999). Originally, the method
was developed by Yee et al. (1999) for ideal gases on structured
grids. Park and Mahesh (2007) extended this to unstructured grids.
Gnanaskandan and Mahesh (2015) extended this to the mixture of
fluids and the mixture equation of state used in the present work.
They implemented the methodology in a predictor-corrector man-
ner, where the filtering is applied in the corrector step. Alterna-
tively, the filtering can also be directly applied for the dissipative
part of the flux in a single step as discussed in Yee et al. (1999). In
the present work, we compute both the central part and the dis-
sipation part in a single step as shown in the Eq. (14). It is done
for the simplicity in adopting the fluxes in a DTS framework. The
formulation for the characteristic filtering is the same as used in
Gnanaskandan and Mahesh (2015). However, the eigenvalues are
modified to obtain the proper conditioning at the low Mach num-
bers. Ff in the characteristic filtering is of the following form:

1
chfc = ijCCDfC. (16)
Here, Ry, is the matrix of right eigenvectors of the Jacobian B = 3—5.

It is computed at the face using the Roe average of the variables
from the left and the right cell-centered values. The matrices R,
R~1 and B are given in the Appendix of Gnanaskandan (2015). @’}C
is a vector, Ith component of which, ¢*, is given by

¢Jtlc = kgjl‘cd)’fc’ (17)

where k is an adjustable parameter and 6. is Harten’s switch func-
tion, given by

S |Brel — 185
9fc = 0'5(91‘%1)1 + 91‘%1/2 - Bion = m’
0y = 1B =Vl o

1Bral + 1Bgel
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Here, ﬂf=R}l(Ufcuz—in1) is the difference between charac-
teristic variables across the face. q For ¢;, the Harten-Yee to-
tal variation diminishing (TVD) form is used as suggested by
Yee et al. (1999):

O = V(@) oy + Ela) — W (@l + ¥[B,
I 1 \Ij(alfc)(glicvz _glicvl)ﬁ}c (19)
yfc_i (,3}6)2-‘1-6 s

where € = 1077, W(z) =+/8 + 22 (8 being 1/16) is introduced for
entropy fixing and a’fc is an eigenvalue of the Jacobian matrix B.

B has the set of eigenvalues Ag = [Vp, Vi, Vi, Vo — ¢, Vi + c]. Note
that the matrix is ill-conditioned in the low Mach limit. One way
to rectify this is to use a typical low-speed preconditioner (e.g.
Weiss and Smith, 1995). This works well in the incompressible
limit. However, for cavitating flows Mach numbers can range from
the extremely low values in the water to the supersonic regions in
the mixture. Hence, in the present work, we use an all-Mach pre-
conditioning approach proposed by Li and Gu (2008). The imple-
mentation of this approach is straight-forward as it only involves
changes in the eigenvalues of B, keeping both the Jacobian matrix
and the eigenvector matrix the same. Li and Gu (2008) discusses
this in detail. Following that, we modify the eigenvalues as:

A= [Vi, Vi, Vi, Vo — f(M)c, Vi, + f(M)c],
f(M) =min(M?, 1).

Here, f(M) is a function of local Mach number that satisfies the
following three criteria:

0<f(M)<1 when 0<M<1
f(M) - 0 when M— 0
f(M)=0 when M>=1

The limiter function g, is computed using the minmod
limiter. Park and Mahesh (2007) and Gnanaskandan and Ma-
hesh (2015) proposed a modification to the Harten switch to ac-
curately represent under-resolved turbulence for single phase and
multi phase flow mixtures respectively by multiplying 6;, with ch

given by

where
(20)

1
9}; = j(el;vl + gi’éuz) + [(@iev2 — Aicv1) | (21)
0* L= v 'u)izcvl
cv .
v 'u)izcvl + Q1'261)1 te€

3.5. Rotating frame of reference

For simulating flow over a propeller in Section 4.3, we use ro-
tating frame of reference approach. The governing Egs. 1 are fil-
tered for LES and the sub-grid terms are modeled using the Dy-
namic Smagorinsky Model (DSM) (Moin et al., 1991). For rotating
frame of reference we use absolute velocity formulation as dis-
cussed in Bhatt and Mahesh (2019). The governing Eq. (1) after LES
filtering can be written in rotating frame of reference in terms of
absolute velocity as:

85):1, = —a%k(ﬁﬁiﬁk +Pdix — Gk — Tir) (22)

+ aixk (ﬁﬁiekj,wjxl) + PE€ijkWilly,.
Here, w is angular velocity of rotating frame of reference. Abso-
lute velocity u is related to the velocity in rotating reference frame
(ur) as u = ur + €;,W;X. Eq. (22) is solved in rotating frame of ref-
erence in terms of absolute velocity, therefore it does not invole
any contribution due to centrifugal force. This also simplifies the
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Details of the simulations conducted for the flow over a cylinder at Re = 200. Here, «,,_ is the free-stream nuclei

content, and M., is the free-stream Mach number.

Cases simulated (o) Mx Description

Case-0O 102 0.01 Original solver - no preconditioning (Gnanaskandan and Mahesh, 2015)
Case-OLM 1076 0.001  Original solver at low Mach

Case-P 102 0.01 Preconditioning with DTS

Case-PLM 10-6 0.001 Preconditioning with DTS at low Mach

Case-PRLM 10-6 0.001 Preconditioning with DTS with RS at low Mach

boundary condition implementation as it is now applied to abso-
lute velocity directly. Note that this formulation adds additional
contribution due to the Coriolis force and modifies the advection
terms in the governing Eq. (1). Changes in the advection terms
subsequently requires modification to the shock capturing of the
method. This additional contribution due to rotation indeed only
changes the diagonal of the jacobian matrix. Thus the precondi-
tioned eigenvalues in Eq. (20) can be modified as:

Ap = [V, Vi, Vi Vi — F(M)C, V, + f(M)c]. (23)

Here, V,: =Vp — (w x r).ii, where r is the radial vector from axis of
rotation and i is the unit normal vector.

4. Results

We assess the methodology using the following numerical ex-
periments. First, we consider the unsteady flow over a cylinder un-
der wetted conditions. The problem is used to assess the precon-
ditioning and DTS framework for the unsteady low Mach number
problem in water. Various aspects of the simulation such as total
run-time, shedding frequency, pressure, and velocity field are con-
sidered for comparison and analysis. Next, the background pressure
is dropped to examine cavitation inception in the cylinder config-
uration. Here, the method is assessed for its ability to handle the
small scale vapor regions at the low free-stream nuclei concentra-
tion. Finally, the ability of the method to extend to the complex
problems is assessed by doing the LES of flow over a marine pro-
peller under wetted conditions. The calculations were previously
very expensive and formidable due to the convergence issues at
low Mach numbers. In the simulations, we discuss run-time, the
effect of free-stream nuclei on the propeller loads, and comparison
to both the experiments and the incompressible solver results.

4.1. Unsteady flow over a cylinder

We simulate the flow over a circular cylinder at Reynolds num-
ber (Re) = "jl% = 200, where the subscript ‘oo’ represents the
free-stream values and D is the cylinder diameter. The domain
size and mesh used in the present study are the same as those
considered in Brandao et al. (2020) and Gnanaskandan and Ma-
hesh (2016b). Gnanaskandan and Mahesh (2016b) performed a grid
refinement study and showed that the time evolution of the drag
coefficient and the profiles of the mean and the fluctuations in
the void fraction show a good agreement among the chosen grids.
To avoid the reflection of pressure waves from the boundaries, a
large domain of 50D is used. Also, we apply acoustically absorb-
ing sponge layers at the boundaries (Colonius, 2004) to further
reduce any reflections. The simulations are initialized with a spa-
tially uniform void fraction of vapor (o, ) as a background nuclei.
The flow Mach number is changed by choosing different values
of free-stream nuclei. Table 1 summarizes the simulated cases. All

the cases are simulated at a cavitation number (o) = ~2-Pv — 5,
0.5000U%

such that no cavitation is observed. Only the free-stream nuclei

are varied that change the free-stream Mach number, and conse-
quently the acoustic stiffness. The changes in Mach number are
within the incompressible limit, thus, the unsteady vortex shed-
ding is expected to be identical for the considered cases.

Fig. 2 shows the instantaneous snapshots of @i and p for 3
cases: (i) original solver of Gnanaskandan and Mahesh (2015) at
high Mach number (Case-0), (ii) original solver at low Mach num-
ber (Case-OLM) and (iii) preconditioning with dual time stepping
at low Mach number (Case-PLM); respectively in the Fig. 2(a)-
(c). Here, il =u/U, is the non-dimensional axial component of
the velocity, and p = P ’LZ is the non-dimensional pressure. For

the Case-0O, the sinusoioaaiovelocity field and the pockets of low-
pressure cores of the vortices indicate that the compressible solver
is reasonably capturing the vortex shedding at this Mach number.
However, at low Mach numbers, for Case-OLM, the pressure field
is completely intangible. This is due to the incorrect scaling of the
pressure field for the compressible solver in the incompressible
limit (Turkel, 1999). Interestingly, the Case-PLM shows that with
the use of preconditioning, the accurate pressure field is retained
even at low Mach number (Case-PLM).

We consider Case-O as the baseline to compare the Case-PLM.
The profiles of the mean pressure and the root-mean-squared
(RMS) pressure are chosen for the comparison and shown in the
Figs. 3 and 4 respectively. Very good agreement is observed in both
the mean pressure and the RMS pressure with the Case-O. This
demonstrates the ability of the methodology with preconditioning
to capture the accurate pressure field at low Mach numbers.

The Strouhal number for the vortex shedding is obtained
as St = 1%- Here, 'f’ is the vortex shedding frequency ob-
tained from the Fast Fourier Transform (FFT) of the time-history
of the drag coefficient. It is compared to the canonical study
of Williamson (1996) in the Table 2. Note good agreement
with the (Williamson, 1996) for both the Case-O and Case-
PLM. Interestingly, the Case-PLM shows a better comparison to
Williamson (1996) than Case-0. The identical values the St for both
Case-P and Case-PLM indicates that the St is not affected by the
flow Mach number when the preconditioning is used.

In addition to improving the solution accuracy, precondition-
ing significantly reduces computer time. The Table 3 compares the
computer time for all the cases simulated. At low Mach number,
the time step for the compressible solver drops by a factor of 50
from 5 x 10~ to 1 x 1075, This increases the total run-time from
33.5 min to 1 day for 1 cycle of vortex shedding. Therefore, we
can see that the acoustic stiffness due to disparities in eigenval-
ues at low Mach numbers significantly affects the run-time. The
acoustic stiffness is eliminated with the use of preconditioning as
observed in Table 3 for Case-P, Case-PLM, and Case-PRLM. A sig-
nificantly higher physical-time step of 1 x 10~2 can be used with
the preconditioning. Also, the physical-time step is independent of
the Mach number. The calculations can be further accelerated by
using the residual smoothing (RS) (e.g. Vatsa and Turkel, 2003) for
the convergence of the pseudo-time step. The RS increases pseudo-
time step by a factor of 3 from 2 x 103 to 6 x 10~3 and reduces
the total run-time by half.
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Fig. 2. Unsteady flow over a cylinder at Re = 200. (a) Case-0O, (b) Case-OLM, and (c) Case-PLM. Instantaneous snapshots of i (on the left), and p (on the right).

Table 2

Comparison of the St for the flow over a cylinder at Re = 200. St is computed from the
frequency obtained from the Fast Fourier Transform (FFT) of the time-history of the
drag coefficient.

Case-O  Case-OLM  Case-P  Case-PLM  (Williamson, 1996)
St = fD/Uy 0.198 X 0.184 0.184 0.182
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Fig. 3. Comparison of the mean pressure profiles (p) for the unsteady flow over a cylinder at Re = 200. (a) Contours of p for Case-PLM, and (b) Case-O. (c) Profiles extracted

along the y-axis at x/D = —1.0, 1.0, 2.0 and 3.0.

Table 3

Computational time for the cases simulated for the flow over a
cylinder at Re = 200. Here, At is the physical-time step, At is the
pseudo-time step, and ny, is the number of pseudo-time iterations
per physical-time step.

Cases simulated At AT run-time/cycle  ny,
Case-0 5x107% - 33.5 min -
Case-OLM 1x 106 - 1 day -
Case-P 1x102 2x103  6.18 min 30
Case-PLM 1x 102 2x10°3 5.6 min 30
Case-PRLM 1x 102 6x 103 3.7 min 11

4.2. Cavitation inception over a cylinder

In this section, we consider the flow at o = 1.8. The only differ-
ence from the calculations presented in Section 4.1 is that the free-
stream pressure is dropped to allow cavitation; thereby, changing
o from 5 to 1.8. For o lower than 1.8, Brandao et al. (2020) dis-
cuss the developed cavitation regimes in detail. They show that
at o =1, the cavitation is observed in the vortex core as the lo-
cal pressure inside the core drops below vapor pressure; this is

termed as the cyclic regime. If o is further reduced to 0.7, the
pressure in the near wake of the cylinder also drops below va-
por pressure. This leads to transitional shedding by condensation
shock propagation. Given this prior work, the current development
allows us to extend to higher o close to cavitation inception, with
the significant time savings. The details of the flow conditions are
given in Table 4 and the corresponding computer time require-
ments are given in Table 5. Note that changing the cavitation num-
ber does not affect the time step and the overall run-time when
preconditioning is used (compare the case in Table 5 to the cases
in Table 3). A significant saving in the run-time over the original
solver (compare Case-OLM with Case-I) is obtained at low Mach
number.

The solution is visualized using the instantaneous snapshots
of Y, and p. Three snapshots are chosen to cover a single vor-
tex shedding cycle from the bottom of the cylinder. p is plotted
on a log scale from 0.01 to 1. The corresponding non-dimensional
value of the vapor pressure is 0.011. Hence, the blue regions ob-
served at the bottom of the cylinder surface in the Fig. 5(a) in-
dicate the local pressure lower than the vapor pressure. Unlike in
the cyclic cavitation regime discussed by Brandao et al. (2020) at
o =1; here at o0 = 1.8, the regions within the vortex core yield
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Table 4
Details of the simulations conducted for the cavitation inception over a cylinder. Here, «,_ is the free-
stream nuclei content, and M, is the free-stream Mach number.

Case simulated  (oy,) Mx Re o Description
Case-I 106 0.001 200 1.8  Preconditioning with DTS with RS at low Mach
Table 5 local pressure higher than the vapor pressure. This suggests that

Computational time for the simulation of the cavitation incep-
tion over a cylinder. Here, At is the physical-time step, and At
is the pseudo-time step.

the vapor is incepted on the cylinder surface and advected down-
stream along the shear-layer into the vortex core. In the subse-
quent snapshots, after the vortex is shed from the bottom, the
low pressure now appears on the top of the cylinder (Fig. 5) con-
Case-1 1x102  2x10  4.17 min tinuing the periodic shedding. The St remains unchanged from
the non-cavitation conditions as shown in Table 2. Overall, the Y,
remains of the 0(10~7), which is 3 orders of magnitude lower

Cases simulated At At run-time/cycle

Table 6
Details of the simulations conducted for the LES of high Re flow over a propeller under wetted conditions. Here, o,
is the free-stream nuclei content, and M, is the free-stream Mach number.

Cases simulated (o) My Description

Case-0 102 0.03 Original solver - no preconditioning (Gnanaskandan and Mahesh, 2015)
Case-OLM 104 0.005  Original solver at low Mach

Case-PRLM 10-6 0.002  Preconditioning with DTS with RS at low Mach
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Fig. 5. Cavitation inception on the cylinder at Re = 200 and o = 1.8. (a) Beginning of the vortex shedding, (b) t = 0.42 cycle and (c) t = 0.84 cycle. Instantaneous snapshots

of Y, (on the left), and p (on the right).

than what was observed in the developed cavitation regimes
(Brandao et al., 2020).

4.3. LES of flow over a propeller under wetted conditions

We simulate flow over a five-bladed marine propeller P4381
at the design advance ratio, | = 0.89, Re = 894,000, and 0 =
(i.e. under wetted conditions). The advance ratio is defined as

J= %‘5, where n is the rotation rate and D is the propeller di-

10

ameter. Bhatt and Mahesh, (2019) simulated the flow with the
above conditions using the original solver of Gnanaskandan and
Mahesh (2015). They found that the propeller loads are very sen-
sitive to the free-stream nuclei concentration. Also, they obtained
closer comparison to the experiments when the free-stream nu-
clei concentration was reduced from 0.01 (i.e. a typical high nuclei
concentration prescribed in the numerical solver to avoid acoustic
stiffness (e.g. Saito et al., 2007)) to 0.0001. However, a further re-
duction in the nuclei concentration could not be achieved as it sig-
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Fig. 6. Contours of the phase averaged pressure field along the x —y plane for Re = 894, 000 flow over the P4381 propeller under the wetted conditions. (a) Case-OLM, (b)
Case-PLM and (c) incompressible MPCUGLES (Mahesh et al., 2004). The flow is from left to right.

nificantly reduced the time step and increased the total run-time.
Here, with the preconditioning and DTS, we show that the calcu-
lations can be performed at such low free-stream nuclei in a rea-
sonable amount of time. Table 6 summariez the cases considered
in Bhatt and Mahesh (2019) along with the current simulations.
The computational domain/grid and boundary conditions are
kept the same as considered in Bhatt and Mahesh (2019) and
the preconditioning method is applied here. Bhatt and Ma-
hesh (2019) assessed the grid refinement and numerical dissipa-
tion from the shock-capturing for this problem. Here, we consider
the grid consisted of 11,532,735 hexahedral control volumes. We
apply an acoustically absorbing sponge layer spanning a distance
of D at the inflow, outflow and, the far-field boundaries to avoid

n

reflections of pressure waves. We apply pressure Neumann bound-
ary conditions at the outflow.

First, we compare the propeller loads obtained from the cur-
rent simulations to Bhatt and Mahesh (2019) and the experimental
data of Boswell (1971) in the Table 7. The notation used for pro-
peller performance is as follows. The thrust (T) is the axial com-
ponent of a force and the torque (Q) is the axial component of
the moment of force. Non-dimensional thrust coefficient is defined
as Ky = p—n%f and the torque coefficient is defined as Ky = ﬁ%ﬁ'

Forces are averaged over 4 propeller revolutions. Bhatt and Ma-
hesh (2019) showed that a better comparison to the experiments
can be obtained at lower values of free-stream nuclei. This is ev-
ident from comparing Kr and K, for Case-O and Case-OLM to
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Fig. 7. Profiles of the phase averaged pressure field for the Re = 894,000 flow over the propeller P4381 under the wetted conditions. The profiles are extracted along the
y-axis at x = —0.5D, 0.25D, 0.5D and 1.0D.
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Fig. 8. Profiles of the RMS pressure fluctuations for the Re = 894, 000 flow over the propeller P4381 under the wetted conditions. The profiles are extracted along the y-axis
at x = —0.5D, 0.25D, 0.5D and 1.0D.

Boswell (1971) experiments. Case-OLM shows a better comparison and K, of the Case-PRLM show a very good comparison to the ex-
to the experiments. The preconditioning allowed the calculations periments.

at an even lower nuclei concentration (Case-PRLM) (consequently, As discussed in Section 4.1, for low Mach number flows it is im-
at a very low Mach). The preconditioning case shows a significant portant to assess the pressure field obtained from the compressible
improvement in the Ky from the prior study. Overall, both the Kr solver. Hence, we compare the mean and the RMS pressure field

12
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Table 7
Comparison of propeller performance
under the wetted conditions.

Kr Ko
Case-0 0257  0.055
Case-OLM 0226  0.050
Case-PRLM 0227  0.0458
(Boswell, 1971) 0215  0.045

Table 8

Computational time for the cases simulated for the at Re =
894, 000 flow over the propeller p4381 under the wetted con-
ditions. Here, At is the physical-time step, and At is the
pseudo-time step.

Cases simulated At AT run-time/cycle
Case-OLM 2x10°6 - ~ 2 weeks
Case-PRLM 5x 1073 1x1073 ~40 h

of the original solver (Case-OLM) and the preconditioned solver
(Case-PRLM) with the incompressible MPCUGLES (Mahesh et al.,
2004). The incompressible solver is considered as the baseline
since the M., is less than 0.01. The contours of the mean pres-
sure field are visualized in Fig. 6. For the Case-OLM the horizon-
tal stripes upstream of the propeller, the lack of visibility of the
tip vortices, and the diffused regions of low pressure close to the
shaft are all indicators of the deteriorated pressure field. This be-
havior is similar to what was observed for the cylinder case in
Section 4.1. As noted earlier, it is due to the incorrect scaling of
the pressure field for the compressible solver in the incompress-
ible limit (Turkel, 1999). With the use of preconditioning (Case-
PRLM), the improvement on all the fronts is observed. This is ev-
ident visually from the comparison of the Case-PRLM to the in-
compressible MPCUGLES. The secondary vortices close to the shaft
of the propeller are better captured in the Case-PRLM. A quantita-
tive comparison of the mean pressure is obtained by taking pro-
files along the y-axis at various axial locations as indicated by the
white dashed lines in Fig. 6(a). The profiles are compared in Fig. 7.
For Case-OLM, even the mean pressure upstream of the propeller
at x = —0.5D is different from the baseline incompressible MPCU-
GLES. Also, the profile shows oscillations along the y-axis. Both
Case-PRLM and incompressible MPCUGLES are generally in good
agreement at all the locations. The lower pressures near the shaft
at x =0.25D and x = 0.5D for the Case-PRLM are due to the sec-
ondary vortices near the shaft as visualized in the Fig. 6(b). The
RMS pressure is compared in the Fig. 8. The pressure fluctuations
are typically very small for the low Mach number flow. However,
the Case-OLM shows very high-pressure fluctuations close to the
shaft; particularly at the locations downstream of the propeller
blade (i.e. x=0.25D, x=0.5D and x = D). Here also, the Case-
PRLM is generally in good agreement with the incompressible so-
lution.

Finally, we compare the computational time savings when us-
ing preconditioning as compared to the original solver in the
Table 8. The preconditioning allows a significantly higher physical-
time step of 5x 10~3 as compared to the physical-time step of
2 x 1075 of the original solver. Although, the overall gain in the
run-time is not directly proportional to the time step gain as the
additional time is needed to converge the pseudo-time derivative
at each physical-time step. Nevertheless, preconditioning saves the
run-time significantly from ~ 2 weeks to ~ 40 h per cycle.

5. Summary

A numerical approach based on preconditioning and DTS is
applied to a fully compressible (density-based) cavitating solver
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(Gnanaskandan and Mahesh, 2015). The methodology is based on
the homogeneous mixture model and finite rate mass transfer. The
time-derivative preconditioning matrix is constructed using the
mass fraction formulation for the primitive variables. The speed of
sound is preconditioned based on the free-stream velocity as dis-
cussed by Lindau et al. (2001). The preconditioned system of equa-
tion is shown to be well-conditioned from the resulting eigenval-
ues of the flux-Jacobian matrix. The shock-capturing based on the
characteristic-based filtering is modified by following the all-speed
approach suggested by Li and Gu (2008) for Roe-type schemes.
Also, the conserved variables are retained for preconditioning the
shock-capturing to ensure conservation across shocks and contact
discontinuities.

The method is demonstrated for cavitation inception and wet-
ted flow conditions over a cylinder at Re = 200. The limitation of
the original solver for capturing the pressure field at low Mach
number is shown using the instantaneous solution. The flow-field
is compared to the high Mach number solution as a baseline and
the shedding frequency is validated with (Williamson, 1996). The
preconditioning allowed accurate computation of both the mean
pressure and pressure fluctuations at low values of free-stream
nuclei. Overall, a significant saving in the total run-time from
~ 1 day/cycle to ~4 min/cycle is obtained using the precondi-
tioning compared to the original solver. Given the prior work of
Brandao et al. (2020) on the developed cavitation over the cylin-
der, the current development allowed the extension to the cavita-
tion inception regime. The methodology is demonstrated for flow
over a marine propeller under wetted conditions at Re = 894, 000
using the LES. The preconditioning methodology allowed the low
free-stream nuclei calculations in a reasonable amount of run-
time that were formidable in the earlier study of Bhatt and Ma-
hesh (2019). A very good comparisons for the thrust and torque
with the (Boswell, 1971) experiments is obtained. Also, good com-
parions of the mean pressure and pressure fluctuations with the
incompressible solver (Mahesh et al., 2004) are obtained.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgments

This work is supported by the United States Office of Naval
Research under grant ONR NO00014-17-1-2676 with Dr. Ki-Han
Kim as the program manager. The computations were made pos-
sible through the computing resources provided by the High-
Performance Computing Modernization Program (HPCMP), Texas
Advance Computing Center (TACC), and the Minnesota Supercom-
puting Institute (MSI ).

Appendix A. Derivatives

The expressions for the derivatives appearing in the time
derivative matrix (Eq. (9)) are derived by substituting the equation
of state (Eq. (4)) in terms of density, and then taking its derivative
at constant T. They are given as:

ap
Oy, = 3, )
:p2<l — l) and
P Py (A1)
ap 1 :
Pp= 87p|T =z

_ 2p+ P — pYyRgT - (1-Y,)pK T
(p+P)YuReT + p(1 =YK, T
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Appendix B. Jacobians and eigenvalues

The convective flux Jacobian matrix with respect to the primi-
tive variable vector (Q) is given as:

JoF
A=%0
Vapp Py pny pn; 04, Vn
uVnpp + Ny puny + pVy puny pun; up,, Va
Whpp + 1y PUN, pvny + pVy pvn, vp,, Va
WVapp+n;  pwny pwny  pwn,+pVe  wp, Vy
YoV pp OVl PVnty pVanz Y0, Vo + pV

(B.1)

The matrix A is evaluated at the cell face. ny, ny and n; are the
unit vectors along x, y and z axis respectively. The inverse of the
time derivative matrix (Eq. (9)) is given as:

P+py, Yo Py,
- 0 0 0 -7
1
—4 £ 0 0 0
r-'= —L 0o L 0 o | (B.2)
w 1
-y 0o o0 ¢ 0
Yy, 1
-L 0 0 O 1

Finally, the eigenvalues of the system
obtained by computing the Jacobian:

of equation (Eq. (8)) can be

BV, 0 0 o0

Ar=T"1A= "7,! 0oV 0 (B.3)
Lo 0 V., 0
0 0 0 0 v

The eigenvalues of the matrix Ar are Ap = [Vi, Vi, Vi, Vo — ¢, Vi +
c], where c is the speed of sound given by Eq. (A.1). When the
preconditioning is used, pp in the I'"! matrix is modified to ,o;, to

construct I';! matrix. The rest of the elements of the I', matrix
are the same as I'. Here, p; = ULZ The eigenvalues of the precon-

ditioned system can by obtained by computing the modified flux
Jacobian matrix given as:

Lo Py Py png
PZ Vn Pp Ppy Pp 0
% Va 0 0 0
Ar =T,'A= 2 Vi 0 (B.4)
% Va 0
0 0o W
The  eigenvalues of the matrix Ay, are  Apr =

/ / ’
Vi Vo Vi 301+ 5) = (/VZ(1 = )2 +4¢2), S (Va(1+ 5) +
JV2A - CC/—ZZ)2 +4c'2)], where ¢ is the modified speed of sound

based on p;, = c’% Note that all the eigenvalues are of the order

Va; when ¢ =1/p, =U2 is used for the preconditioning. When
the physical-time derivative terms are treated in an implicit
manner, they are combined with the preconditioned pseudo-time
derivative terms. The resulting time derivative matrix inverse is
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given as:
T S T R 7
» ipﬁ 1 0 o0 /())pp
3AT o p
r,;,.l = (1 + 2—N> - 0 ,l) 0 0 (B.5)
— o 0 4 0
-5 0 0 O H
_ ppt3REop

. Note that the eigenvalues of the correspond-

"
Here, p
’ 3A

p 1435

ing flux Jacobian matrix (Apr = F;ilA) are the same as Ar.
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