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Abstract

This paper considers the stability of a feedback connection of a known linear, time-invariant system and a
perturbation. The input/output behavior of the perturbation is described by an integral quadratic constraint (IQC).
IQC stability theorems can be formulated in the frequency domain or with a time-domain dissipation inequality.
The two approaches are connected by a non-unique factorization of the frequency domain IQC multiplier. The
factorization must satisfy two properties for the dissipation inequality to be valid. First, the factorization must
ensure the time-domain IQC holds for all finite times. Second, the factorization must ensure that a related matrix
inequality, when feasible, has a positive semidefinite solution. This paper shows that a class of frequency domain
IQC multipliers has a factorization satisfying these two properties. Thus the dissipation inequality test, with an

appropriate factorization, can be used with no additional conservatism.

I. INTRODUCTION

Integral quadratic constraints (IQCs) [14] provide a framework for robustness analysis building on
work by Yakubovich [26]. The system is separated into a feedback connection of a known linear time-
invariant (LTT) system and a perturbation. The input-output behavior of the perturbation is assumed to
satisfy a frequency-domain IQC defined by a multiplier II. The IQC stability theorem in [14] involves
frequency domain inequalities. The main condition in this theorem is equivalent (by the KYP lemma
[17], [23]) to the existence of a matrix P = PT satisfying a related linear matrix inequality (LMI).

A related stability theorem can be formulated using dissipation theory [1], [24], [25] and a time-
domain IQC. There are two issues. First, the frequency domain IQC can be equivalently expressed in
the time-domain as an infinite-horizon integral constraint. This step requires a (non-unique) factorization
of the multiplier as II = W~AMW. The dissipation theory requires the IQC to be “hard” in the sense

that the integral constraint holds over all finite times. Second, the dissipation inequality is equivalent to
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existence of a matrix P > 0 satisfying the KYP LMI. The constraint P > 0 ensures that P defines a
valid storage function. Note that the frequency domain approach does not require P > 0.

To summarize, the two approaches are related by a non-unique factorization of the frequency domain
multiplier as II = W~ MW. This factorization must be “hard” and must ensure that the KYP LMI,
if feasible, has a solution P > 0. The main contribution of this paper is to show that a class of
frequency domain IQC multipliers has a (J-spectral) factorization satisfying these two properties. Thus
with an appropriate factorization, the dissipation inequality approach can be used with no additional
conservatism. The benefit is that the dissipation theory enables generalization to cases where the known
system in the feedback connection is nonlinear and/or time-varying, e.g. Theorem 2 in [15].

Previous work [3], [11], [12], [18], [21] relates IQC analysis to dissipation theory for the special case
of hard IQCs. The important point in this paper is that the constraint P > 0 on the KYP LMI solution
must also be considered. Another closely related prior work is [22]. This work extends the systems with
additional input/output signals to create an equivalent loop. A dissipation inequality based on IQCs then
follows after performing a loop transformation. The work here complements [22] by focusing on the
non-unique IQC factorization. This provides additional insight into the use of IQCs. The approach here
also avoids extending the input/output dimensions of the loop systems. Hence the dissipation inequality
given here may have numerical advantages.

The work here is also related to existing IQC factorizations. Related work on .J-spectral factorizations
of 1QCs appears in [9]. An upper triangular factorization in [19], [20] guarantees that all solutions of
the KYP LMI satisfy P > 0. A lower triangular factorization in [21] is “hard”. It was incorrectly stated
in [21] that this lower-triangular factorization also yields P > 0. Finally, a hard factorization theorem
is also given in [13] using a minimum phase condition on one block of the factorization. The terms
“complete” and “conditional” IQCs in [13] are generalizations of hard and soft IQCs. The hard/soft
terminology will be used here. The factorization described in this paper is both hard and ensures P > 0.

This result essentially corrects the flaw in [21].

II. BACKGROUND
A. Notation
Most notation is from [28]. ARE(A, B,Q, R, S) denotes the following Algebraic Riccati Equation
(ARE)

ATX + XA—(XB+S)R'(XB+9)"+Q=0 (1)



The stabilizing solution X = X7, if it exists, is such that A — BR™! (XB+ S)T 1s Hurwitz. For
u € L[0,00), (u)r is the truncated function: (u)7(t) = u(t) for t < T and (u)r(t) = 0 otherwise. The
para-Hermitian conjugate of G € RIL”*", denoted as G, is defined by G~(s) := G(—s)”. Finally,

given a differentiable function V' : R™ — R the notation V1" denotes the gradient of V.

B. Problem Formulation

Consider the feedback interconnection shown in Figure 1. This interconnection is specified by the

following equations:
v=Gu+ f, u=A()+r (2)

where r € L1'[0,00) and f € L3,[0,00) are exogenous inputs. A : L3 [0,00) — L]0, 00) is a causal

operator with bounded gain. G is a linear time-invariant system:
iq = Arg + Bu, y=Cxg+ Du 3)

where 5 € R"¢ is the state of G.
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Fig. 1. Feedback interconnection

Definition 1: The interconnection of G and A is well-posed if for each r € LJ'[0,00) and f €
L3.[0,00) there exist unique u € L'[0,00) and v € L%,[0,00) such that the mapping from (r, f) to
(u,v) is causal.

Definition 2: The interconnection of G and A is stable if it is well-posed and if the mapping from

(r, f) to (u,v) has finite Ly gain for all solutions starting from z¢(0) = 0.

C. Frequency Domain IQC Stability Condition

Let IT : jR — C#m)x(+m) be a measurable Hermitian-valued function. Two signals v € L3[0, c0)

and w € LT[0, 00) satisfy the IQC defined by the multiplier IT if
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where 0(jw) and w(jw) are Fourier transforms of v and w. A bounded, causal operator A : L3_[0, 00) —
L350, 00) satisfies the IQC defined by II if Equation 4 holds for all v € L}[0,00) and w = A(v). The
next theorem provides a stability condition for the interconnection of G' and A.

Theorem 1 ( [14]): Let G € RH.™ and A : L}, — L7’ be a bounded causal operator. Assume for
all 7 €0, 1]:

1) the interconnection of G and TA is well-posed.

2) 7A satisfies the IQC defined by II.

3) de > 0 such that

[CUD ] TI(jw) [(4) ] < —el  Yw € R, ®)

Then the feedback interconnection of G and A is stable.

(n+m)x (n+m)

can be factorized as IT = U~ M ¥ where M = M” € R"*"= and ¥ € RH":*"*™)_Such factorizations

For rational multipliers, Condition 3 is equivalent to an LMI. Specifically, any II € RL

are not unique but can be computed with state-space methods [18]. Denote a state-space realization of
U by (Ay, [By1, Bya], Cy, [Dy1, Dys]) where the By/D,, matrices are partitioned compatibly with [, ].

A state-space realization for the system W [§] is:

(Aa Eaév E) = ([B,ﬁC Aow} ) |:B¢,2+BB¢1D} ) (6)
[lec Cw:| ) Dw2 +D¢1D)

Finally, the KYP Lemma [17], [23] can be applied to demonstrate the equivalence of Condition 3 in
Theorem 1 to an LMI condition. This result is stated formally below.
Theorem 2: Je > 0 such that Equation 5 holds if and only if there exists a matrix P = P such that
ATP+PA PB cT

oo |t o M[é [)}<0 )

D. Time Domain Dissipation Inequality Stability Condition

An alternative time-domain stability condition can be constructed using IQCs and dissipation theory.
Let (W, M) be a factorization of II. Let signals (v, w) satisfy the IQC in Equation 4 and define zZ(jw) :=
U(jw) [Z;((]]Z)) ] Then the IQC can be written as [ 2(jw)*MZ2(jw)dw > 0. By Parseval’s theorem [28],
this frequency-domain inequality can be equivalently expressed in the time-domain as:

/OO 2" Mz(t)dt >0 (®)
0



where z is the output of the LTI system W:

P(t) = Ayp(t) + Byv(t) + Byaw(t), (0) =0 )
Z(t) = Cwl/)(t) + lev(t) + Dwgw(t) (10)

Thus A satisfies the IQC defined by II = W~ MW if and only if the filtered signal z = W [ ] satisfies
the time domain constraint (Equation 8) for all v € L]0, 00) and w = A(v).

The constraint in Equation 8 holds, in general, only over infinite time. The term hard IQC in [14]
refers to the more restrictive property: fOT 2(t)T M z(t) dt > 0 holds VT > 0. In contrast, IQCs for which
the time domain constraint need not hold for all finite times are called soft IQCs. This distinction is
important because the dissipation theorem below requires the use of hard IQCs. One issue is that the
factorization of II is not unique. Thus the hard/soft property is not inherent to the multiplier II but
instead depends on the factorization (W, M). A more precise definition is now given.

Definition 3: Let 11 € RLI™*®+m) pe factorized as U~MU where M = M7 € R™*" and
U € RH™*"+™) Then (¥, M) is a hard IQC factorization of II if for any bounded, causal operator

A satisfying the IQC defined by II the following inequality holds
T
/ 2(t) " Mz(t) dt > 0 (11)
0

forall 7> 0, v € L} [0,00), w=A(v), and z = ¥ [ ].
The stability of the feedback system can be analyzed using Figure 2. This feedback interconnection
including ¥ is described by w = A(v) and the following extended linear dynamics (omitting the

dependence of all signals on time ?):

i = Az + Bw+ By [{] := F(x,w, f,r) (12)
[E]ZO1I+D11@U+D12[’;] (13)

where = := [25, ¢T]7 € R"6*t" is the extended state. A, B, C, and D are defined in Equation 6. The

remaining state matrices are defined as:

By = [B?pl Ble], 4 12[%8] (15)

Dy =71, Dy, =[57], Dy, i= [Dy1 Dy1D | (16)
The next theorem provides a stability condition using IQCs and a standard dissipation argument.

Theorem 3: Let G € RH™ and A : L}, — L3 be a bounded causal operator. Assume that:

1) the interconnection of G and A is well-posed.



G
w A v f

Fig. 2. Analysis Interconnection Structure

2) A satisfies the IQC defined by IT and (¥, M) is a hard factorization of II.
3) there exists P > 0 and a scalar v > 0 such that V(z) := 27 Pz satisfies

Mz +VV - Fz,w, f,r) <
1
v[}]T[?]—;[%]T[%} (17)

for all nontrivial (z,w,r, f) € R"¢T™ x R™ x R™ x R™ where u, v, z are defined by Equations 13
and 14.
Then the feedback interconnection of G and A is stable.
Proof: All solutions of the interconnection satisfy the dynamics in Equations 12-14. From well-
posedness, the dissipation inequality (Equation 17) can be integrated from ¢ = 0 to ¢ = T" with the
initial condition z(0) = 0. It then follows from the IQC (Equation 11) and P > 0 that:

1 [T T T T
- u(t) u(t) r(t) r(t)
7/0 [v@)] [v(t)] dt 37/0 [f(t)} [f(t)} dt (18)

Hence the feedback interconnection of G and A is stable. [ ]
Equation 17 is an algebraic inequality on the variables (x,w, f,r). This constraint, when evaluated
along solutions of the extended system, represents the differential form for a dissipation inequality
satisfied by the extended system. The next lemma shows that the dissipation inequality in Equation 17
is also equivalent to the KYP LMI.
Lemma 1: There exists P > 0 satisfying the dissipation inequality (Equation 17) for some v > 0 if
and only if there exists P > 0 satisfying the KYP LMI (Equation 7).

Proof: The dissipation inequality (Equation 17) can be expressed as a quadratic constraint on

(x,w, f,r):

1T | Q(P,y) | S(Py) | 1z
§ [ar s g

~—



where

Q(P,v) = [ATP—FPAPB} + [CAT}M[CD]_’_%[

e
BTp 0 DT AT] [Cl D11]

Dll

R AT ~ lrear -
S(P.7) = [P8] + | §1 | MDz + . or ] D

1 A ~ A A
R(y) = ;DQDH + DL M Dyy — I

By Schur complements [3], P satisfies the KYP LMI if and only if it satisfies Equation 19 for sufficiently
large ~. [ ]

III. MAIN RESULT

Section II summarizes two 1QC stability theorems. Theorem 1 involves a frequency domain condition
with a multiplier II. Theorem 3 involves a dissipation inequality with a multiplier (W, M'). The multipliers
are connected by a non-unique factorization II = W~ M W. Theorems 1 and 3 are clearly related as the
Condition 3 in each theorem is equivalent to the same KYP LMI. Two important properties are required
for the dissipation inequality approach:

1) (¥, M) must be a “hard” factorization to ensure the time-domain constraint holds over all finite

intervals.

2) The solution to the KYP LMI must satisfy P > 0. This is not required for the frequency domain

test.
The main result is: For a class of multipliers, IT has a factorization (W, M) that is both “hard” and such

that any feasible solution of the KYP LMI satisfies P > 0.

A. Condition for Hard Factorization

Define the following cost functional J on v € L3[0,00), w € L5'[0,00), and 1y € R™:
J(v,w, 1) = / 2() T M=z(t) dt (20)
0

subject to:

(t) = Aptp(t) + Byro(t) + Byaw(t), ¥(0) = o
2(t) = Cyb(t) + Dyrv(t) + Dygu(t)
Also define the upper value J as

J(1pg) :=  inf sup  J(v,w, ) (21

veL5[0,00) we L [0,00)



Lemma 2: Let IT € RL{T™*("™) be a multiplier and (¥, M) any factorization of II with W stable.
Assume A : L% [0,00) — L5[0,00) is a casual, bounded operator that satisfies the IQC defined by II.
Then for all T > 0, v € L3'[0,00) and w = A(v), the output of U satisfies:

/0 T M) dt > — T () (22)

where 11 denotes the state of U at time 7" when driven by inputs (v, w) with initial condition (0) = 0.
Proof: By assumption, A satisfies the “soft” IQC defined by (¥, M). For any 7" > 0, the (infinite

time) integral constraint can be re-arranged as:
T fo'e)
/ 2()TMz(t)dt > —/ 2(t)T Mz (t) dt (23)
0 T

This provides a simple lower bound on fo ()T M z(t) dt. A more useful lower bound can be obtained
by invoking the causality of A. Spemﬁcally, let © € LY[0,00) be any signal that matches v up to time
T, ie. (0)r = (v)r. Define @w := A(?0) and let Z := W[Z] denote the corresponding output of W
from v(0) = 0. By causality of A and W, if (0)r = (U)T then ()7 = (w)r and (2)7 = (z)r. Hence
fOTE(t)TM Z( fo (t)" Mz(t) dt. Moreover, [;* Z(t)" MZ(t) > 0 because the (infinite-horizon)
IQC holds for all 1nput/output pairs of A. Thus any © satlsfymg (0)r = (v)7 can be used to lower bound

the integral fo (t)"' M=z(t) dt for v. Maximizing over feasible © yields the following lower bound on
fo 2()T M2 (t )dt:

sup  — / Ooé(t)TMZ(t)dt (24)

seLp0,00)  JT

subject to: (0)r = (v)r, W =A(0), 2=V[2]
The integral cost in the optimization only depends on the state of W at t = 7" and the signals (9, w) for
t > T. Note that ¢)(T) is the same for all feasible ¢. In particular, ()7, (@)7) = ((v)7, (w)7) for any
feasible ©. Hence W evolves from 1(0) = 0 to the state ¢)(T) = 1)y given by the inputs (v,w). Thus
the lower bound can be expressed as:

sup  — / F()TME(t) dt (25)

5reLRToo0)  JT
v(t) t<T

subject to: w = A(0) where 0(t) = ,
{Jf(t) t>1T

D(t) = Aptb(t) + Buad(t) + Buoid(t), (T) =y

2(t) = Cyth(t) + Dy 0(t) + Dyoi(t)



In this bound, the relation w = A(?) is the only constraint that connects the past (t < T') to the future
(t > T'). This connection is removed by replacing the true future output of A with a minimization over

all possible output signals. This leads to the following lower bound on fOT 2(t) T M=(t) dt:

sup inf — / h F)TME(t) dt (26)
T

BEL[T,00) WEL' [T)00)

subject to:

P(t) = App(t) + Byid(t) + Byat(t), (T =ty

This removes the dependence on A but introduces some conservatism, i.e. the bound in Equation 26
is no greater than the bound in Equation 25. The time-invariance of W is used to equivalently write

Equation 26 as —.J(¢7). n

B. Condition for Positive Semidefinite KYP Solution

Define the lower value J as

J(tho) == sup inf J(v, w, ) (27)

weLP[0,00) vE€L5[0,00)

Lemma 3: Let IT € RL{T™*("*™) be a multiplier and (¥, M) any factorization of IT with ¥ stable.
Given G € RH.™, assume the corresponding KYP LMI (Equation 7) is feasible with state matrices
(A, B,C, D) defined in Equation 6. Let P = PT denote a solution to the KYP LMI. Then V (z) :=
aT Py > J(1hy) for all g := [25 .07 |7 € Rrotns,

Proof: J(1p) involves a max over w followed by a min over v. Hence the choice of v may
depend on w. Choose v to be the output of GG generated by w with some initial condition z¢ . This
specific choice of v yields a value that is no lower than the infimum over all possible v € L,. Hence

J(t) < V*(xo) where V* is defined as:

V*(zg) := sup /OO 2(t) " M=z(t) dt (28)
)J0

weLP[0,00

subject to:

i = Az + Bw, z(0) =
z=Cx + Dw

The proof is completed by showing V(xy) > V*(zy) for all xy. This follows from Theorems 2 and 3
in [23] and hence the proof is only sketched. Let z(t), z(t) be the resulting solutions of ¥ [§] for a



T
given input w € L3'[0,00) and initial condition xy. Multiply the KYP LMI on the left/right by [i((?)}

and [f}((?)] to show V (z(t)) + z(t)"M=z(t) < 0. Integrate this inequality from ¢ = 0 to ¢ = 7" to obtain

V(z(T)) + /0 2()TMz(t) dt < V(x) (29)

limy_,o 2(T) = 0 for any w € L'[0, 00) because A is Hurwitz. Maximizing the left side of Equation 29

over w € L]0, 00) for T' = oo thus yields V(xg) > V*(xo). [

C. Dissipation Inequalities with J-Spectral Factorizations

By Lemma 2, (¥, M) is a hard factorization if .J(¢/) < 0 V1. By Lemma 3, all KYP LMI solutions
satisfy P > 0 if J(¢)) > 0 Vib. Moreover, weak duality implies that the lower and upper values satisfy
J(¢) < J(¢). Hence a factorization IT = U~ MW that is both “hard” and ensures P > 0 for all KYP
LMI solutions must have 0 < J(¢)) < J(3)) < 0. In other words, for such a factorization the lower and
upper values must satisfy J (1)) = J(1) = 0. The following special factorization plays a key role in the
main result below.

Definition 4: (U, M) is called a .J,,,-spectral factor of IT = II~ € RL{F™>("Fm) jf T] — O~ MW,
M=[% 9 1 and U, "' € RH™>(mm),

Lemma 4 in the appendix provides sufficient conditions for the existence of a .J-spectral factor. The
main result can now be stated.

Theorem 4: Let 11 = T~ € RLUT™*("*™) and partition as [g; ggﬂ where II;; € RL2" and
[ye € RLZX™. If 1133 (jw) > 0 and Tlss(jw) < 0 Vw € RU {0}, then

1) II has a J, ,,-spectral factorization (¥, M).

2) The J,, ,,-spectral factorization (W, M) is a hard factorization of II.

3) For G € RH™™, let (A, B,C, D) denote the state-space realization of ¥ [¢] in Equation 6. All

solutions P = PT to the KYP LMI (Equation 7) satisfy P > 0.

Proof: Statement 1) follows from Lemma 4 in the appendix. Statements 2) and 3) follow from
known results on linear quadratic games (Lemma 5 in the appendix). Specifically, let (A, By, Cy, Dy)
be a realization for the .J-spectral factor ¥. Define () := Cf[ MCy, R := DZM Dy, and S := Cfg MDy.
Then X, = 0 is a solution of ARE(Ay, By, Q, R, S) and this solution gives A,—ByR™" (XoBy + 5)" =
Ay — B¢D; IC’¢. The matrix A, — B¢D; IC’¢ is Hurwitz because ¥~! is stable and hence X, = 0 is
the stabilizing solution of the ARE. Next, II;;(jw) > 0 implies the ARE in Condition 2 of Lemma 5
has a stabilizing solution. This follows from the spectral factorization theorem [27], [28]. Similarly,

[y (jw) < O implies that the ARE in Condition 3 of Lemma 5 has a stabilizing solution. Finally,



Lemma 5 implies .J(¢)) = J(¢) = T Xy = 0 V). Statements 2) and 3) now follow from Lemmas 2
and 3. [ ]

Factorization conditions in [4], [8] connect classical passivity multipliers and their IQC counter-
parts. Theorem 4 provides a connection between classical passivity multipliers and dissipation theory.
Specifically, let H be a classical passivity multiplier proving stability for the interconnection of G
and a finite-gain system A. It follows by a simple perturbation argument, e.g. as in [4], that stability

can be demonstrated with the (frequency-domain) IQC test using II = [fé o ]] The conditions in

K
Theorem 4 hold for this multiplier and thus a J-spectral factorization of II exists. Moreover, there is a
dissipation inequality that proves stability of the feedback interconnection. In other words, if stability
can be demonstrated by a classical passivity multiplier then it can also be demonstrated via a dissipation

inequality.

IV. CONCLUSIONS

This paper explored the connections between frequency domain and time domain IQC stability
theorems. The approaches are related by a (non-unique) factorization of the frequency domain multiplier.
It was shown that if a J-spectral factorization is used then the approaches are equivalent except for minor
differences in technical assumptions. Thus the dissipation theory, with an appropriate IQC factorization,

can be used with no additional conservatism.

V. ACKNOWLEDGMENTS

The author acknowledges Andrew Packard and Gary Balas for useful discussions and the reviewers for
their extensive comments. This work was partially supported by the AFOSR under the grant entitled “A
Merged IQC/SOS Theory for Analysis of Nonlinear Control Systems,” Dr. Fahroo technical monitor.
This work was also partially supported by the National Science Foundation under Grant No. NSF-
CMMI-1254129 entitled “CAREER: Probabilistic Tools for High Reliability Monitoring and Control of
Wind Farms”.

REFERENCES

[1]1 A.J. van der Schaft. L2-Gain and Passivity in Nonlinear Control. Springer Verlag, 1999.

[2] H. Bart, I. Gohberg, and M.A. Kaashoek. Minimal Factorization of Matrix and Operator Functions. Birkhduser, 1979.

[3] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear Matrix Inequalities in System and Control Theory, volume 15 of
Studies in Applied Mathematics. SIAM, 1994.

[4] J. Carrasco, W.P. Heath, and A. Lanzon. Factorization of multipliers in passivity and IQC analysis. Automatica, 48(5):909-916,
2012.



(5]
(6]
(7]
(8]
(9]

(10]
(11]
[12]

(13]

[14]

(15]

[16]

(17]

(18]

(19]

(20]

[21]

(22]

(23]

[24]
[25]

[26]
[27]
(28]

J. Engwerda. LQ Dynamic Optimization and Differential Games. Wiley, 1st edition, 2005.

J. Engwerda. Uniqueness conditions for the affine open-loop linear quadratic differential game. Automatica, 44:504-511, 2008.

B. Francis. A Course in Ho Control Theory. Springer-Verlag, 1987.

M. Fu, S. Dasgupta, and Y.C. Soh. Integral quadratic constraint approach vs. multiplier approach. Automatica, 41:281-287, 2005.
K.C. Goh. Structure and factorization of quadratic constraints for robustness analysis. In IEEE Conference on Decision and Control,
pages 4649-4654, 1996.

R.A. Horn and C.R. Johnson. Matrix Analysis. Cambridge University Press, 1990.

U. Jonsson. Robustness analysis of uncertain and nonlinear systems. PhD thesis, Lund Institute of Technology, 1996.

D. Materassi and M.V. Salapaka. Less conservative absolute stability criteria using integral quadratic constraints. In Proceedings of
the American Control Conference, pages 113-118, 2009.

A. Megretski. KYP lemma for non-strict inequalities and the associated minimax theorem. Arxiv, 2010.

A. Megretski and A. Rantzer. System analysis via integral quadratic constraints. /[EEE Trans. on Aut. Control, 42(6):819-830, 1997.
A. Megretski and A. Rantzer. System analysis via integral quadratic constraints: Part II. Technical Report TFRT-7559-SE, Lund
Inst. of Technology, 1997.

G. Meinsma. J-spectral factorization and equalizing vectors. Systems and Control Letters, 25:243-249, 1995.

A. Rantzer. On the Kalman-Yakubovich-Popov lemma. Systems and Control Letters, 28(1):7-10, 1996.

C. Scherer and S. Weiland. Linear matrix inequalities in control, 2000.

C.W. Scherer and LE. Kose. Robust H> estimation with dynamic IQCs: A convex solution. In Proceedings of the IEEE Conference
on Decision and Control, pages 4746-4751, 2006.

C.W. Scherer and LE. Kose. Robustness with dynamic IQCs: An exact state-space characterization of nominal stability with
applications to robust estimation. Automatica, 44:1666—-1675, 2008.

P. Seiler, A. Packard, and G.J. Balas. A dissipation inequality formulation for stability analysis with integral quadratic constraints.
In IEEE Conference on Decision and Control, pages 2304-2309, 2010.

J. Veenman and C. W. Scherer. Stability analysis with integral quadratic constraints: A dissipativity based proof. In IEEE Conf. on
Decision and Control, 2013.

J.C. Willems. Least squares stationary optimal control and the algebraic Riccati equation. IEEE Trans. on Aut. Cont., 16:621-634,
1971.

J.C Willems. Dissipative dynamical systems part i: General theory. Archive for Rational Mech. and Analysis, 45(5):321-351, 1972.
J.C Willems. Dissipative dynamical systems part ii: Linear systems with quadratic supply rates. Archive for Rational Mech. and
Analysis, 45(5):352-393, 1972.

V.A. Yakubovich. S-procedure in nonlinear control theory. Vestnik Leningrad Univ., pages 62-77, 1971.

D.C. Youla. On the factorization of rational matrices. IRE Trans. on Information Theory, 7(3):172-189, 1961.

K. Zhou, J.C. Doyle, and K. Glover. Robust and Optimal Control. Prentice-Hall, 1996.

VI. J-SPECTRAL FACTORIZATIONS

Existence conditions for a J-spectral factor of II are provided by the canonical factorization theorem

[2].

The conditions involve the modal subspaces for IT and IT~!. This subspace property is connected

to a related Riccati equation. Chapter 7 of [7] summarizes these results. Existence conditions for a

J-spectral factor can also be specified using the notion of an equalizing vector as defined in [16].



Specifically, & € Hy, is an equalizing vector of IT if @ is non-zero and Il € Hy. The next lemma
provides an alternative existence condition in terms of definiteness properties on II.

Lemma 4: Let 11 = II™ € RL™>*("™) pe partitioned as [Ei ﬁ;g} where II;; € RLZY" and
[Ty € RLZ™. If 1135 (jw) > 0 and s (jw) < 0 Vw € RU {oco}, then

1) There exists real matrices A, B, Q, S, R of compatible dimensions with A Hurwitz, Q = Q*, and

R = RT such that II can be expressed as

H(S) = [BT(—SI—AT)fl [] [;% ]SDJ [(s[—f})_lB]

2) II has no poles and zeros on the imaginary axis including oo and II has no equalizing vectors.
3) R is nonsingular and there exists a unique stabilizing solution X = X7 to ARE(A, B,Q, R, S).
4) II has a J, ,,,-spectral factorization (U, M). Moreover, (¥, M) is a J,, ,,,-spectral factor of II if and
only if WU has a state-space realization (A, B, MW~ (BTX + ST) ,W) where W is a solution
of R=WTMW.
Proof: Conclusion 1) follows from the results in Section 7.3 of [7]. Next, the block-determinant

formula yields
det (TI1(jw)) = det (12 (jw)) - (30)
det (T (jw) — Mya(jw) My (jw)IIT,(jw))

Hence 11y (jw) > 0 and Tlgs(jw) < 0 implies det (II(jw)) # 0 Vw € RU {oo}. Thus II is nonsingular
and has no zeros on the imaginary axis. II is also bounded on the imaginary axis and hence it has no
poles there.

Finally, assume that II has an equalizing vector, i.e. assume there exists a nonzero © € Hs such that
y = 1Ilu € ]1-]12L By the spectral factorization theorem [27], [28], 1I;; > 0 and —Ils» > 0 have spectral
factors denoted by G; and G5, respectively. Define u := [%1 (92] @ and § := [GOT GOQN } - 9. The spectral
factors (G; and GG are stable with stable inverses and hence u € H, and ¢ € H§ With these definitions,

the relation ¢ := Il4 € Hy is transformed to two coupled equations consistent with the partitioning of

II:
1 = U + Xt (31)
Y2 = XUy — Uy (32)

where X := (G7) ;G5 € RLZ. Let P, and P_ denote the projection operators to H, and H,

respectively. By Liouville’s theorem, Equation 31 implies that u; = — P, (Xus9). Similarly, Equation 32



implies @y = P, (X ™~u;). Thus 4y must satisfy the following equation:
Uy = — Py (X7 Py (X1y)) (33)
Take the inner product of u, with itself to obtain:
0 < (tg, ug) = — (U, Py (X~ Py (Xug))) (34)

The projection operator P, is self-adjoint and, moreover, P,u,; = s because us; € H,. Hence the

inequality in Equation 34 yields (X1, P, (X)) < 0. Use P, = (P,)? to express this inequality as:
02 (Xty, Py (X)) = (P (X2), Py (Xuy)) (35)

This implies that P, (Xus) = 0 and hence both @; = 0 and @y = 0. This contradicts the assumption
that IT has a (non-zero) equalizing vector. Conclusion 2) follows.

Finally conclusion 3) as well as the existence of a .J-spectral factor both follow from Theorem 2.4 in
[16]. @ and R are not sign definite in general but the stabilizing solution X can still be computed by
standard Hamiltonian methods, see Chapter 2 of [5]. The specific conclusion that II has a J,, ,,,-spectral
factorization follows from the inertia of the matrix R. In particular, R = II(jo0) and hence this matrix
is symmetric with Ry; > 0 and Ry < 0. The Courant-Fischer minimax theorem [10] thus implies that

R has n positive eigenvalues and m negative eigenvalues. [ ]

A. Linear Quadratic Differential Games

This section briefly summarizes one technical result on linear quadratic games related to the cost
functional .J, upper value .J, and lower value J as defined in Equations 20, 21, and 27, respectively.
The cost functional J defines a two-player, non-cooperative game with player 1 choosing input v to
minimize J and player 2 choosing input w to maximize .J. The dynamic game with J includes a
quadratic integral cost and LTI dynamics. There is an extensive literature on LQ differential games and
the most relevant work is [5], [6].

Lemma 5: Assume A, is Hurwitz. Define Q := CJMCy, R := D{MD,, and S := C M D,, where
By = [By1 Byz| and Dy, = [ Dy1 Dyz2 . In addition, partition R and S as [gi g;z] and [ 51 Sz | compatible
with the dimensions of v and w. Finally, assume the following conditions hold:

1) R is nonsingular and there exists a stabilizing solution Xy = X! to ARE(Ay, By, Q, R, S).

2) Ry := Dj;MDy; > 0 and there exists a stabilizing solution X; = X[ to ARE(Ay, By1,Q, R, S1).

3) Ry := D, M Dy, < 0 and there exists a stabilizing solution X5 = X3 to ARE(Ay, Byz, Q, Ry, 52).

Then J(¢) = J(¢) = ¥ Xot for all 1.



Proof: This lemma is a generalization of Proposition 7.20 in [5] to include the cross terms
Dy M Dy, CT"M Dy, and C" M Dy,. It can be proven using existing results for non-zero sum games

in [6]. The proof is similar to the proof of Proposition 7.20 in [5] and details are omitted. |



