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ABSTRACT

In this study, we propose the use of the novel approach of objective molecular dynamics (OMD) simulating far-from-equilibrium gas
dynamics problems with chemical reactions. The OMD method has an exact relation to models in continuum mechanics and can be used to
improve those models. We provide a detailed molecular dynamics investigation of chemically reacting nitrogen gas in a space-homogeneous
adiabatic reactor. The analysis is based on a first-principles derived reactive ReaxFF potential energy surface, which captures the relevant pro-
cesses of rovibrational relaxation, dissociation, and exchange as well as recombination in a gas evolving under non-equilibrium conditions.
We examine the evolution of the internal mode population distribution of all the molecules as well as the rovibrational probability distribu-
tion of the pre-collision dissociating and post-collision recombined N2 molecules to investigate the microscopic selectivity of various reactive
processes. Subsequently, we make comparisons with results obtained by means of an alternative modeling approach called direct molecular
simulation. The current work illustrates the application of the method of OMD to study the compression and expansion kinetics of
dissociation-recombination nitrogen mixture relevant to normal shock wave and nozzle expansion.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0150492

I. INTRODUCTION

Hypersonic flows characterized by high Mach numbers typically
involve shock waves and rapid expansions, which can cause the gas to
become vibrationally excited and chemically reacting. The strong ther-
mochemical non-equilibrium effects are present in the gas when the
timescales of flow and internal energy transfer and chemistry are of
similar orders of magnitude. Computational fluid dynamics (CFD)
models the flow as a continuum and relies on various traditional trans-
port, energy exchange, and chemistry models, which, though accurate
in the near-equilibrium regime, are known to break down under strong
non-equilibrium conditions. This breakdown can either be due to non-
linear transport1–4 or strong thermo-chemical non-equilibrium.5–7

An alternative set of the modeling approaches is based on
particle-level methods where individual molecules and atoms are
tracked either statistically (DSMC)8,9 or deterministically (MD).10,11

The DSMC method has been shown to simulate the Boltzmann trans-
port equation (BTE), which defines the evolution of the velocity and

internal energy distribution functions. It has had success in describing
dilute flows over wide regimes and is one of the most successful parti-
cle simulation methods for rarefied gaseous flows. However, DSMC
requires collision cross section models as input for inelastic and react-
ing collisions. The traditional collision cross-sectional models used as
input to DSMC require many parameters, many of which are still
uncertain.

The desire to remove these uncertainties and avoid empiricism
led to the development of the direct molecular simulation (DMS)
method.12,13 DMS integrates exact classical trajectory calculation on
an ab initio potential energy surface (PES) for each binary collision
within a DSMC simulation and, thus, apart from the dilute gas
assumption (which allows decoupling of free molecular motion from
collisions over small enough timescales), the solution is based on the
sole input of PESs. Hence, the method can be understood as a method
of “Accelerated MD” for modeling of dilute gases. However, the cur-
rent implementation of DMS cannot completely describe reacting
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flows since three-body interactions are not simulated. In classical
dynamics, the third body carries away enough excess energy from the
interacting two-atom system (in the form of the third body’s kinetic
energy) so that they can stay bounded at an internal energy inside the
diatomic potential well. Otherwise they approach each other in the
center of mass frame only to separate again without forming a stable
molecule. Additionally, momentum should be conserved in the colli-
sion. Therefore, this needs modeling of three-body collisions, which is
still a subject of active research.14 Thus, the recombination reaction
has not been investigated at the same level of detail using ab initio par-
ticle methods under non-equilibrium conditions, as processes of disso-
ciation and exchange have. Consideration of all these processes is
important to predict the correct thermochemical gas state around a
hypersonic vehicle, which directly influences heat flux to the surface
and gas-surface reactions.

In this paper, we focus on studying all the relevant electronic
ground-state processes in nitrogen: rovibrational relaxation, dissocia-
tion, exchange as well as recombination using the pure deterministic
method of molecular dynamics. Unlike DMS, our method captures
three and many-body collisions and, hence, automatically incorporates
recombination as well. We are able to do this because of particular fea-
tures of the method of objective molecular dynamics (OMD)
explained below.

Traditional molecular dynamics (MD) of spatially homogeneous
systems, where Newton’s equations of motion are solved for every
atom, typically replicates an adiabatic reactor where the total energy of
the system is conserved. MD can also be used to replicate an isother-
mal reactor where the system is assumed to be temperature controlled
by a heat bath,11 though these approaches typically introduce artificial
forces on atoms, which guarantee that a certain distribution of statisti-
cal mechanics is being modeled and, therefore, are not suitable to the
accurate modeling of chemical reactions. Similarly, DMS can generate
adiabatic/isothermal conditions. Most prior work along these lines has
focused on non-equilibrium relaxation of a dissociating gas where the
gas is initialized in thermo-chemical non-equilibrium.15–17

In this study, we introduce the method of objective molecular
dynamics (OMD), which extends the capability of MD to systems
beyond adiabatic and isothermal reactors for analyzing the non-
equilibrium physics of gases. In OMD one simulates flow fields having
a macroscopic form v ¼ AðIþ tAÞ�1x; where I is an Identity matrix,
t is time, and A is an arbitrary assigned constant 3� 3 matrix.18–20 An
advantage of these flows is their compatibility with fluid dynamics, i.e.,
the velocity field vðx; tÞ ¼ AðIþ tAÞ�1x is an exact solution of the
macroscopic momentum conservation equation of fluid dynamics for
many well-accepted transport constitutive models. This allows us to
bridge the gap between molecular and continuum theory by making
connections and formulating better transport and chemistry models
from first principles, which can improve the predictions of higher scale
modeling. One such effort is to develop a non-classical constitutive
model for OMD flows of dilute mono-atomic gases, which improve
Navier–Stokes prediction under strong gradients.1,2 Also, the statistical
distribution of velocities in an OMD simulation is known to have the
form f ðt; x; vÞ ¼ gðt; v � AðIþ tAÞ�1xÞ. Substitution of the formula
f ðt; x; vÞ ¼ gðt; v � AðIþ tAÞ�1xÞ into the Boltzmann equation
gives an exact reduction to an evolution law for g. In other words, the
statistics of the MD solutions in OMD are exactly consistent with the
statistics of the Boltzmann equation. (However, OMD is not restricted

to rarefied gases: It can be applied to solids21 and also nanostruc-
tures.22) The solution of this reduced Boltzmann equation can give
interesting insight into far-from-equilibrium statistical mechanics.23,24

Objective molecular dynamics (OMD) is a generalization of tra-
ditional molecular dynamics with periodic boundary conditions to
non-equilibrium systems. OMD is symmetry-adapted MD, which is
based on fundamental invariances (invariance under orthogonal trans-
formations, translations, and permutations) of the underlying
Born–Oppenheimer potential energy surface and the special structure
of MD equations. These symmetries are represented by isometry
groups, i.e., groups of orthogonal transformations and translations. In
OMD, we define a finite set of “simulated atoms,” which are denoted
by ykðtÞ; k ¼ 1;…;M. The value of M> 1 and the initial conditions
for the simulated atoms are assignable. All the other atoms (typically
infinite) of the system (the “non-simulated atoms”) are obtained by
applying isometry groups to the set of simulated atoms. For fluid flows
considered here, the relevant isometry group is the group of time-
dependent pure translations. This results in the trajectory of non-
simulated atoms given as a function of simulated atoms by the
formula,

yð�;kÞðtÞ ¼ ykðtÞ þ ðIþ tAÞð�1e1 þ �2e2 þ �3e3Þ;
� ¼ ð�1; �2; �3Þ; �i 2 Z; k ¼ 1;…;M;

vð�;kÞðtÞ ¼ vkðtÞ þ Að�1e1 þ �2e2 þ �3e3Þ;
(1)

where the non-simulated atoms (y�;k; v�;k) are parameterized by triplet
of integers � ¼ ð�1; �2; �3Þ and e1; e2, and e3 are three linearly inde-
pendent vectors. Thus, for every simulated atom ykðtÞ at time t, there
exist infinitely many non-simulated atoms yð�;kÞðtÞ whose positions are
obtained by extending the position of simulated atoms using the
instantaneous periodicity defined by the three vectors ððIþ tAÞe1;
ðIþ tAÞe2; ðIþ tAÞe3Þ. The set of integers � ¼ ð�1; �2; �3Þ defines
the degree of this extension.

The 3� 3 matrix A is also assignable and is the same A as
appears in the macroscopic velocity field vðx; tÞ ¼ AðIþ tAÞ�1x. The
main theorem of OMD states that if the MD equations are only solved
for simulated atoms, and all the other non-simulated atoms are simply
obtained by formula (1) at every t; then, all the atoms, simulated and
non-simulated, satisfy the MD equations exactly for their forces. This
theorem computationally simplifies the problem to a great extent since
only finitely many atoms (simulated atoms) need to be simulated. The
sensitivity of the behavior of system of dilute gas with respect to num-
ber of simulated atoms is investigated in our previous work.25 If the
number of simulated atoms is too small, then simulation may become
non-physical. As a general rule, we try to maintain the size of funda-
mental domain of simulated atoms to be higher than the length scale
of the system (mean free path of gas), which provides the minimum
number of simulated atoms at a given density. For the computation of
forces acting on simulated atoms from all other atoms (simulated and
non-simulated atoms), one needs to also keep track of non-simulated
atoms. Typically, since the simulated atoms quickly diffuse into the
“sea” of non-simulated atoms, the atoms within the cutoff of a given
simulated atom at a given time step consist of both simulated and
non-simulated atoms. Hence, at each time step, we only need to
calculate the positions of these atoms within the cutoff of each simu-
lated atom, in order to calculate the force on that simulated atom.
The theorem underlying OMD says that, if this procedure is followed,
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then each non-simulated atom also satisfies exactly the equations of
molecular dynamics for its forces. All the computational details of the
method are provided in Refs. 21 and 25.

The primary potential of OMD (similar to MD) is that it is not
limited to binary collisions. Thus, it provides a suitable machinery to
study recombination and condensation, which require models in
many statistical based methods developed for the dilute gas regime.

Our main goal in this work is to present an exhaustive treatment
of chemically reacting nitrogen gas under strong non-equilibrium con-
ditions using pure molecular dynamics. Before discussing simulation
results, in Sec. II, we give a brief overview of the ReaxFF potential
energy surface for nitrogen being used in this work. We then analyze
the system in dissociation-dominated and recombination-dominated
regimes in an adiabatic MD reactor ðA ¼ 0Þ. This is investigated in
Secs. III and IV. These regimes are characterized by conditions where
the mole fraction of molecular nitrogen at t¼ 0 is, respectively, higher,
or lower than that of the true equilibrium state, respectively. We make
comparison with DMS to assess the behavior of reactive ReaxFF
potential used for this study.

Section V sets up an OMD reactor to study the kinetics of gas by
making a special choice of the tensor A. A is tuned to access the
regimes of opposing behavior, where energy in the translational mode
(characterized by translational temperature Tt) becomes greater/
smaller than the energy stored in the rotational (temperature Tr) and
vibrational mode (temperature Tv), as the gas evolves. These regimes
are of interest in the modeling of shock wave and nozzle expansion,
respectively. Under these conditions, we examine the relevant macro-
scopic fields and microscopic distributions to investigate the behavior
of the gas in detail. Finally, the conclusions are contained in Sec. VI.

II. POTENTIAL ENERGY SURFACE

Recent advances in computational resources have led to the use
of quantum chemistry calculations for the development of potential
energy surfaces for studying high-temperature chemistry.26,27 The
usage of these calculations has been limited to three and four-atom
systems since it becomes prohibitively expensive to use these accurate
ab initio methods for a larger system composed of a multitude of
atoms and molecules. Therefore, DMS15,17,28 and quasi-classical trajec-
tory (QCT)14,29,30 type calculations are focused on atom–diatom and
diatom–diatom interactions. This development has made available the
ab initio rate parameters for elementary collisional processes, which
have also enabled the development of state-to-state (STS) model-
ing.31–34 The four-atom-based ab initio potential hypersurface in its
current form26 is not suitable for molecular dynamics computation
since there is no control over the possible number of atoms interacting
at once in MD. For this reason, we use a ReaxFF potential energy sur-
face fitted to a similar ab initio (4N) dataset generated using MS-
CASPT2 calculations by Paukku et al.26 ReaxFF is a bond-order-based
potential that accounts for the contribution from various energies,
which for binary collisions are given by35

EReaxFF ¼ Ebond þ Eover þ Eunder þ Eval þ Epen þ Etors þ Econj
þ EvdWaals þ Ecoulomb;

where terms on the right hand side represent the contribution from
bond energy Ebond, over-/undercoordination Eover ; Eunder , valence
angle energy Eval, torsion energy Etors, conjugation effects Econj, and
van der Waals interactions EvdWaals and Coulombic interactions

Ecoulomb between atom pairs. Each term is a function of bond-length-
dependent bond order of the pair of atoms considered, which allows
for a smooth transition from a non-bonded to bonded system with no
discontinuities in energy or forces during reaction. The terms have
specific functional forms with their respective fitting parameters. The
reader is referred to Refs. 36 and 37 for complete details on the forms
and fitting for nitrogen. Note that ReaxFF PES does not impose a limit
on how many atoms may be interacting at any given time but the
underlying electronic structure calculations were only valid for at most
four interacting N atoms.

Figure 1 presents a curve fit for a ReaxFF two-body potential.
The dataset is constructed by computing ReaxFF energies of an iso-
lated system of two interacting nitrogen atoms by sequentially varying
the distance (r) between them. The aim of this least squares fitting is to
compute quantized rovibrational energy levels based on the diatomic
ReaxFF potential using a WKB approximation.30,38 From the N2

diatomic potential, we find a total of 9194 rovibrational levels, of
which 7025 are bound and 2169 of which are quasi-bound states.
Bound states have internal energy lower than the dissociation energy
D0 ¼ 9:7746 eV, and quasi-bound states have internal energy higher
than D0. This spans a range of 288 and 54 rotational and vibrational
states, respectively. These quantized levels are used later to construct
an equilibrium Boltzmann distribution of rovibrational energy states
of N2 at a given temperature for comparison with the instantaneous
population distribution of an evolving gas under non-equilibrium
conditions.

III. COMPARISON OF MD WITH DMS UNDER
DISSOCIATION DOMINATED ADIABATIC CONDITIONS

In this section, we perform adiabatic MD computations under
high-temperature conditions and compare them with DMS.39 This is
equivalent to putting A ¼ 0 under the framework of OMD, which cor-
responds to the NVE (constant energy) statistical ensemble. NVE
stands for: particle number N, volume V, total energy E microcanonical
ensemble. The DMS computation performed here uses the PES fit
from Paukku et al.26 The aim of the comparison is to consider DMS as
a benchmark solution under this high-temperature dissociation-domi-
nated regime and assess the performance of ReaxFF-based MD in ana-
lyzing non-equilibrium reacting flow. In this case, the system is
initialized with pure molecular nitrogen with initial translational Tt,

FIG. 1. Curve fitting of 2-body ReaxFF potential.
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rotational Tr, and vibrational temperature Tv set to 30 000K and
density of q ¼ 1:25 kg=m3 with 100 000 simulated number of atoms.
Note that the density (pressure) in these simulations was chosen to be
high in order to force very high collision rates, which in turn make
these MD simulations produce enough reaction events in a still reason-
able amount of time steps. To post-process the phase-space trajectory,
we store positions and velocities of all simulated atoms/molecules every
few time steps and compute the internal energy states of molecules
using the vibrational prioritized framework.40 To extract the internal
temperature from simulations, we use the definitions given by Panesi
et al.31 where the total internal energy of the system extracted from the
simulation is equated to equivalent average energy based on the
Maxwell–Boltzmann distribution for the rovibrational energy levels.

In this case, all the mode temperatures are initially high; there-
fore, the gas is already rovibrationally excited and the rate of dissocia-
tion is high from the start. Figure 2 shows the MD computed time
evolution of different temperatures (Tt, Tr, Tv) and mole fraction of
atomic nitrogen ðxNÞ. As the system evolves, the mole fraction of
atomic nitrogen increases due to dissociation. This process takes up
energy from all the modes, which results in a decrease in the transla-
tional, rotational, and vibrational temperatures until the system
reaches macroscopic equilibrium. In this high-temperature case, both
internal energy modes relax together and this relaxation overlaps with
the reactive processes, which leads to a strong coupling between the
two.

Figure 3 examines the corresponding rate of dissociation (red
circles) and recombination reactions (blue circles). As expected, it
shows that dissociation dominates at an initial stage. As the system
evolves, and temperature goes down, the rate of dissociation decreases
and the rate of recombination increases. This is followed by a slow
decrease in the magnitudes of both the forward and backward rates
until they level off and reach a steady state.

Figures 4 and 5 compare the MD prediction with DMS. The rea-
sonably close agreement between MD and DMS supports the suitabil-
ity of ReaxFF potential for the study of nitrogen gas chemistry under
non-equilibrium conditions. Note that the simulated conditions
involve extremely high pressures. Even though the regime is dissocia-
tion dominated, it is clear that significant multibody events start

happening in MD whereas in DMS, those interactions are not taken
into account. The DMS code in its present state is only applicable to
dilute gases dominated by 2-body interactions, and any higher-order
interactions, such as the ones pre-requisite for recombination, are not

FIG. 2. Case 1: Adiabatic dissociation-dominated relaxation. Evolution of different
temperatures and composition obtained by MD in dissociation dominated regime.
Initial state: Tt ¼ Tr ¼ Tv ¼ 30 000 K; q ¼ 1:25 kg=m3; xN2 ¼ 1.

FIG. 3. Case 1: Adiabatic dissociation-dominated relaxation. Time evolution of
number of dissociations and recombination events per unit time.

FIG. 4. Case 1: Adiabatic dissociation-dominated relaxation. Comparison of transla-
tional temperature Tt and mass fraction yN with DMS (dashed lines).

FIG. 5. Case 1: Adiabatic dissociation-dominated relaxation. Comparison of evolu-
tion of rotational and vibrational temperature with DMS (dashed lines).
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modeled. This can be one of the major reasons for the remaining
differences seen in comparisons.

Next, we investigate population distribution functions at various
time instants during the evolution to gain more microscopic insight
into the gas dynamics. Figure 6 shows the internal (rotationalþ vibra-
tional) energy population distributions where the vertical dashed line
corresponds to the dissociation energy of N2 for the PES (D0 ¼ 9:77
eV). The part toward the right of this line corresponds to quasi-bound
states, and the part toward the left corresponds to bound states.
Figures 7 and 8 show the distribution with respect to rotational and
vibrational numbers, respectively. The system initiates at the imposed
equilibrium distribution at T ¼ 30 000K (solid pink line). Soon there-
after, at t ¼ 0:5 ns (blue circles), the instantaneous distribution
extracted from MD becomes depleted at higher internal energy levels
due to the heavy preferential dissociation. This depletion with respect
to a Boltzmann distribution at local internal temperature Tint (solid
green line) significantly lowers the rate of dissociation as compared to
a gas in local equilibrium as reported in earlier studies.15,17 As time
progresses the populations tend to the Boltzmann distribution as
shown by time-averaged red circles in Figs. 6–8. The same feature is
also evident from the evolution of the time-averaged dissociation
probability density functions (PDFs) in Fig. 9. We define the dissocia-
tion probability density from a given internal energy [pDðeintðj; vÞÞ]/
rotational [pDðjÞ]/vibrational state [pDðvÞ] as the ratio of number of
molecules dissociating from that internal energy/rotational/vibrational
level to the total number of molecules, which dissociated in that time
interval. This dissociation can be due to a collision with either another
molecule or an atom. The probability is time-averaged over a time
window to reduce statistical noise. The dissociation PDFs based on
internal energy levels at all times have a strong peak near the dissocia-
tion limit D0 as shown in Fig. 9(a). Nevertheless, a non-negligible
number of dissociations also originate from lower energy bound states.
Initially, the contribution of these low-lying energy states is greater
than high-lying states, as shown by blue circles at t ¼ 0:5ns6 Dt1.
This is due to the increased availability of collision energy from trans-
lation (Tt � 18 902K), which is often high enough to knock out atoms

from molecular nitrogen bonded in low-energy states. This probability
decreases as the system evolves, due to decrease in the translational
temperature, which modifies the PDF shape, increasing the contribu-
tion of the quasi-bound states lying on the right side, as shown by the
red circles at t ¼ 2:5ns6 Dt2. Note that time interval Dt1 ¼ 0:5 ns is
chosen to be smaller than Dt2 ¼ 1:5 ns due to steep gradients
observed at the initial stage. Similar characteristics of non-equilibrium
dissociation PDFs are also reported in an earlier DMS study.15

The other plots in Fig. 9 show the pre-collision rotational and
vibrational energy PDFs of dissociated reactants at two time instants,
where the binning is based on rotational and vibrational quantum lev-
els, respectively. It is apparent from the plots that molecules have a
strong tendency to dissociate from higher vibrational levels. A similar
assertion regarding vibrational bias has been made in Refs. 17 and 41.
As time evolves and the translational and internal temperatures
decrease, the bias shifts to the right of the dissociation PDF based on

FIG. 6. Case 1: Adiabatic dissociation-dominated relaxation. Rovibrational energy
populations (blue and red circles). Pink line depicts theoretical Boltzmann distribu-
tion at t¼ 0. Green and black lines: Boltzmann distribution at local internal tempera-
ture Tint. Initial state (t¼ 0): Tt ¼ Tr ¼ Tv ¼ 30 000 K.

FIG. 7. Case 1: Adiabatic dissociation-dominated relaxation. Time evolution of rota-
tional distribution functions (blue and red circles). Pink line depicts theoretical
Boltzmann distribution at t¼ 0. Green and black lines: Boltzmann distribution at
local internal temperature Tint. Initial state (t¼ 0): Tt ¼ Tr ¼ Tv ¼ 30 000 K.

FIG. 8. Case 1: Adiabatic dissociation-dominated relaxation. Time evolution of vibra-
tional population distribution functions (blue and red circles). Pink line depicts theo-
retical Boltzmann distribution at t¼ 0. Green and black lines: Boltzmann distribution
at local internal temperature Tint. Initial state (t¼ 0): Tt ¼ Tr ¼ Tv ¼ 30 000 K.
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rotational quantum number, increasing the contribution from higher
rotational numbers [red circles which correspond to pDðjÞ in Fig. 9(b)].
The shape of the dissociation probability density reflects the combined
effects of continued dissociation with time, which leads to a scarcity of
the molecules at certain levels of the vibrational and rotational mani-
folds, and an inherent favoring of dissociation processes for certain
rovibrational levels ðj; vÞ. Figure 10 shows the post-collision exchange
probability density (red circles). The pre-collision molecules also dis-
play a similar probability density. In contrast to dissociation, the
exchange PDF roughly follows the instant population distribution of all
the molecules in the gas. This suggests that the exchange reaction has
no microscopic bias toward any specific rovibrational state.

IV. MD UNDER RECOMBINATION DOMINATED
ADIABATIC CONDITIONS

In this section, we focus on the recombination-dominated
regime. That is, at the initial state, the mole fraction of nitrogen mole-
cules is lower than the equilibrium composition at that temperature
and pressure. The system is initialized with translational Tt, rotational
Tr, and vibrational temperature Tv all set to 2000K. The initial total
mass density corresponds to 1:25 kg=m3 with molecular mole fraction
of 0.052 63 with 100 000 simulated atoms. These conditions promote
rapid N2 recombination early on, as seen by the increase in the con-
centration of nitrogen molecules with time (xN2 ) in Fig. 11. The
recombination releases thermal energy into the gas, which quickly

increases the translational, rotational, and vibrational temperature of
the system, shown by the solid red, blue, and black lines, respectively
in Fig. 11. Early on, the vibrational temperature increases at a much
higher rate than the other two temperatures. However, a small early
overshoot of Tr relative to Tt can also be observed. Eventually, all three

FIG. 9. Case 1: Adiabatic dissociation-dominated relaxation. Time-averaged evolution of dissociation probability density from a given (a) internal energy, (b) rotational, and (c)
vibrational state, respectively. Blue and red circles depict density time averages over two distinct intervals ð1 : ½0; 1 ns�Þ and 2 : ½1; 4 ns�Þ, where ðTt2 < Tt1Þ:

FIG. 10. Case 1: Adiabatic dissociation-dominated relaxation. Time-averaged evolution of post collision exchange probability density to a given (a) internal energy, (b) rota-
tional, and (c) vibrational state, respectively. Blue and red circles depict density time averages over two distinct intervals ð1 : ½0; 1 ns�Þ and 2 : ½1; 4 ns�Þ, where ðTt2 < Tt1Þ:

FIG. 11. Case 2: Adiabatic recombination-dominated relaxation. Initial state:
Tt ¼ Tr ¼ Tv ¼ 2000 K; q ¼ 1:25 kg=m3; xN2 ¼ 0:052 63. Translational, rota-
tional, and vibrational temperature are depicted by solid red, blue, and black,
respectively. Pink circles depict mole fraction of molecular nitrogen.
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temperatures equalize and continue to increase at the same rate.
To some extent, relaxation of the rotational mode is slightly faster
than vibrational, but overall rovibrational relaxation is rapid.

Figure 11 also shows the composition history obtained from MD
(solid pink circles), which predicts a change of curvature of the mole
fraction profile at the initial stage during evolution. It follows an “s-
shape” curve where the initial production rate of nitrogen molecules is
lower. A state-to-state study by Colonna et al.42 also reported a similar
qualitative s-shape trend of their atomic nitrogen mole fraction profile
in the recombination-dominated regime. This s-shape feature is also
evident in Fig. 12, which shows the rate of the forward and reverse
reactive processes under these conditions. It shows that both recombi-
nation and dissociation follow a similar trend, with the recombination
rate being a little higher than dissociation in the early stages. This dif-
ference narrows to zero as the system evolves and reaches equilibrium.
The overall rate evolution can be divided into three stages. In the first
stage between t¼ 0 and t ¼ 10 ns, the system see a slow rise in reactive
processes. This is followed by a constant linear increase in

recombination and dissociation in the second stage. In the final stage
approximately starting at t ¼ 20 ns, both rates converge to the same
value and the system reaches a steady state.

We present population distributions extracted at different time
instants during the evolution in Figs. 13–15. To reduce statistical noise,
we perform ensemble-averaging over three simulations where initial
positions and velocities of atoms are extracted using random seeds
(different microscopic states) at the same macroscopic conditions
(density, temperature). This sums the total number of simulated atoms
to 300 000.

For reference, we plot the equilibrium distribution (solid pink
line) at t ¼ 0 ðT ¼ 2000KÞ. The population distribution extracted
from MD quickly becomes non-Boltzmann (blue solid points) at t ¼
2:2 ns and shows a cusp near the dissociation limit of the N2 molecule.
Figures 14 and 15 show the corresponding vibrational and rotational
population distributions, where rovibrational energies are binned
based on vibrational and rotational numbers, respectively. The rota-
tional number-based distribution possesses significant non-Boltzmann

FIG. 12. Case 2: Adiabatic recombination-dominated relaxation. Time evolution of
number of dissociations and recombinations per unit time.

FIG. 13. Case 2: Adiabatic recombination-dominated relaxation. Time evolution of
rovibrational energy population distributions (blue and red circles). Pink line depicts
theoretical Boltzmann distribution at t¼ 0. Green and black lines: Boltzmann distri-
bution at local internal temperature Tint.

FIG. 14. Case 2: Adiabatic recombination-dominated relaxation. Time evolution of
rotational population distribution functions (blue and red circles). Pink line depicts
theoretical Boltzmann distribution at t¼ 0. Green and black lines: Boltzmann distri-
bution at local internal temperature Tint.

FIG. 15. Case 2: Adiabatic recombination-dominated relaxation. Time evolution of
vibrational population distribution functions (blue and red circles). Pink line depicts
theoretical Boltzmann distribution at t¼ 0. Green and black lines: Boltzmann distri-
bution at local internal temperature Tint.
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character during early stages, where we see overpopulation of high and
low rotational levels and a dip in between as compared to local equilib-
rium Boltzmann at Tint ¼ 2000K. We also see a long plateau in the
vibrational energy distribution, which happens due to the majority of
preferential recombination into higher-lying vibrational levels. As time
evolves, the distribution starts converging to the Boltzmann distribu-
tion (red circles).

Another characteristic of a recombining non-equilibrium gas is
also observed in the evolution of the recombination probability density
shown in Fig. 16. Figure 16(a) shows the probability that atoms will
recombine to a particular internal energy state at two time instants
t1 ¼ 3:75 ns6 Dt (blue circles) and t2 ¼ 15 ns6 Dt (red circles).
These times correspond to different states where the translational tem-
perature at t2 is higher than t1 (Tt2 > Tt1). It shows that the likelihood
of a molecule recombining into a state close to the dissociation limit is
high, and the translation temperature increases, the recombination
PDF flattens, increasing the contribution of quasi-bound and bound
states lying away from D0. This suggests that the microscopic selectiv-
ity of recombination for certain energy levels is stronger at lower trans-
lational temperature. Figures 16(b) and 16(c) also show the
corresponding PDFs with respect to rotational and vibrational quan-
tum numbers. At t¼ t1, the majority of recombined molecules have
high vibrational and intermediate rotational numbers. As Tt increases,
more molecules start appearing at low v. Simultaneously, the rotational
recombination probability function shifts toward the right and flattens.
Over time this microscopic bias of the recombining gas explains the

cusp in the instantaneous snapshot of internal energy population dis-
tribution and significant non-Boltzmann character of rotation,
vibration-based population distributions analyzed in Figs. 13–15. A
similar trend is also reported in previous work based on theoretical
analysis using principle of microscopic reversibility.5

For completeness, Fig. 17 shows the dissociation probability den-
sity at the same times as that of the recombination PDFs. During the
first time interval, the distribution in Fig. 17(a) exhibits a similar
behavior, where the majority of pre-dissociation reactants are clustered
near the eintðj; vÞ ¼ ed curve, but the contribution of bound states is
exceedingly small and the drop is sharp away from D0. This is due to
the combination of a low translational temperature and low mole frac-
tion of molecular nitrogen. This behavior has some disparity in com-
parison to the case of the dissociation dominated regime investigated
in Sec. III. As time evolves and the gas comes closer to an equilibrium
state, the dissociating PDF (red solid circles in Fig. 17) begins to
resemble the recombination PDF (red solid circles in Fig. 16) as
expected.

The evolution of microscopic recombination and dissociation
probability densities investigated in this and earlier sections showed
that a major part of the energy during reactive processes is contributed
by molecules populating levels close to the dissociation energy limit.
This implies that the vibrational energy of dissociating and recombin-
ing molecules is higher than the average vibrational energy of mole-
cules in the reactor, which in turn explains the higher instantaneous
Tv relative to the other energy modes early on in Fig. (11).

FIG. 16. Case 2: Adiabatic recombination-dominated relaxation. Time-averaged evolution of recombination probability density to a given (a) internal energy, (b) rotational, and
(c) vibrational state, respectively. Blue and red circles depict density time-averaged over two distinct intervals ð1 : ½0; 11:25 ns�Þ and 2 : ½11:25; 18:75 ns�Þ, where ðTt2 > Tt1Þ:

FIG. 17. Case 2: Adiabatic recombination-dominated relaxation. Time-averaged evolution of dissociation probability density from a given (a) internal energy, (b) rotational, and
(c) vibrational state, respectively. Blue and red circles depict density time-averaged over two distinct intervals ð1 : ½0; 11:25 ns�Þ and 2 : ½11:25; 18:75 ns�Þ, where ðTt2 > Tt1Þ:
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In conclusion, the microscopic physics of chemistry guides the evolu-
tion of macroscopic profiles, which motivate first-principle based
modeling development for higher-scale theories like DSMC and CFD.
A few such efforts have been made in Refs. 5, 6, and 43–46.

Figure 18 shows the evolution of different components of energy
density as time progresses. The total energy of the system is a summa-
tion of these different components, which include the kinetic energy
per unit volume of particles due to thermal motion relative to each
other ½qe�tra, rovibrational energy density of molecular nitrogen

½qe�rovibN2
, and formation energy per unit volume of atomic nitrogen

½qe�formN ,

qe½ �Total ¼ qe½ �tra þ qe½ �rovibN2
þ qe½ �formN

¼ 3
2

qN2

MN2

þ qN

MN

� �
RTtþ qe½ �rovibN2

þqNh
0
N; (2)

h0N2
¼ 0 and h0N¼D0/2, R is the universal gas constant, andMs is mass

per unit mole of species s. Since the bulk velocity v is set to zero ini-
tially and remains conserved, the contribution of the bulk kinetic
energy, i.e., 12qv

2, has been ignored. As the gas evolves over time, the

translational temperature and mole fraction of molecular nitrogen
increases. This results in an increase in thermal and rovibrational
energy and a decrease in the formation energy of atomic nitrogen. The
total energy of the system remains conserved, as expected. We empha-
size that A is identically zero for the adiabatic system investigated in
this section, i.e., there is no flow.

Next, we simulate an adiabatic reservoir composed of all nitrogen
atoms (xN ¼ 1) at an initial temperature of T ¼ 500K. The total mass
density is set to 1:25 kg=m3. As time evolves, nitrogen atoms recom-
bine, decreasing the atomic mole fraction (pink circles in Fig. 19),
which follows an s-shape profile similar to the one seen in the earlier
example in Fig. 11. Corresponding to this, the translational tempera-
ture rises with time. Internal temperatures of the system are only com-
puted once a sufficient number of molecules appear in the system. As
atoms recombine, the rotational and vibrational temperatures start out
from high values due to the microscopic selectivity of chemistry, and
begin by decreasing before their eventual equilibration with the trans-
lational mode. Another important result is shown in Figs. 20 and 21,
which show the time evolution of translational temperature and
atomic mole fraction of systems initialized at different densities under
recombination dominated regimes. It is observed that with an increase
in density, the temperature of the final steady state attained increases
and the corresponding final mole fraction of atomic nitrogen
decreases. The system with lowest density of 0:5 kg=m3 takes the lon-
gest time to approach the thermo-chemical equilibrium state. This is
to be expected, since the relaxation rates scale with collision rate,
which itself scales with the square of density.

V. OMD REACTOR

In this section, we study sudden compression and sudden expan-
sion processes. To do so, we study the non-equilibrium evolution of
nitrogen gas in an OMD reactor where A is chosen to be

A ¼ je1 � e1 þ je2 � e2 þ je3 � e3: (3)

Recall that the macroscopic velocity field vðx; tÞ ¼ AðIþ tAÞ�1x
of OMD is a special, but also an exact solution of the equations of
continuum fluid mechanics. The set of ODEs that correspond to
reduced fluid dynamics modeling of an OMD reactor is given in the

FIG. 18. Case 2: Adiabatic recombination-dominated relaxation. Time history of
different components of energy for a system under recombination-dominated-
regime.

FIG. 19. Case 2: Adiabatic recombination-dominated relaxation. Time history of
various temperatures and atomic mole fraction of a system, initially composed of
atomic nitrogen xN ¼ 1, at the initial temperature of 500 K.

FIG. 20. Case 2: Adiabatic recombination-dominated relaxation. Comparison of the
evolution of translational temperature between adiabatic reactors of different densi-
ties. Initial state: xN ¼ 1; T ¼ 500 K.
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Appendix [Eq. (A4)]. The chosen value of the A tensor for the system
investigated in this work simplifies to

dqN2

dt
þ qN2

3j
jt þ 1

¼ wN2 ;
dqN

dt
þ qN

j
jt þ 1

¼ wN

de
dt
þ ðeþ ~pÞ 3j

jt þ 1

� �
¼ 0;

dev
dt
þ ev

3j
jt þ 1

¼ wv;

(4)

where the velocity field has been substituted with v ¼ 3
jtþ1Ax in Eq.

(A4). The chosen flow is the simplest OMD case of pure dilatation
where the traceless symmetric part of the velocity gradient tensor E
¼ ð12 ðrv þrvTÞ � 1

3 ðr � vÞIÞ and, hence, Newtonian viscous stress
tensor s are identically zero for fluids whose bulk viscosity vanishes. It
is known from previous studies that under strong gradients, the
Chapman–Enskog closure leading to Navier–Stokes–Fourier equations
breaks down.1 Choosing this special family of pure uniform dilatation
in the framework of OMD allows us to remove the extra complexity of
the presence of non-Newtonian momentum and possible non-Fourier
energy transport contributed from E and temperature gradients in the
system.

Note that it is assumed that Stokes’ hypothesis holds true when
deriving Eq. (4) for nitrogen gas. This assumption being valid for a
dilute mono-atomic gas as predicted by kinetic theory and experi-
ments47 might not hold true for diatomic systems with large dilatation,
which results in an added effect of non-zero bulk viscosity in the total
energy conservation equation.48 Under those conditions, p is given by
p ¼ 1

3 trðrÞI, which is not necessarily equal to thermodynamic pres-
sure ~p defined by perfect gas law with respect to translational-
rotational temperature. Additionally under strong velocity gradients
(large j) considered in this work, the system experiences a large depar-
ture from equilibrium due to which p may not be simply equal to
ð~p þ kþ 2

3l
� �

r � vÞ. In fact, the definition of bulk viscosity as a phys-
ical property of the gas itself is questionable under strong non-
equilibrium conditions. It is shown in Ref. 49 that bulk viscosity is an
approximation designed to simulate the effect of thermal relaxation
when the state of gas is described by governing equations in terms of a
single temperature. This is based on the assumption of fast relaxation
of rotational mode in comparison with the timescale of the flow. In a
highly non-equilibrium regime, this assumption breaks down and a

separate rotational energy conservation equation is required to more
accurately characterize the state of the gas.

A. Compression and relaxation of nitrogen gas
in an OMD reactor

In this subsection, we study the non-equilibrium evolution of rel-
atively cold gas under sudden uniform compression followed by relax-
ation. This is achieved by first setting j to �5� 108 s�1 during
compression and then switching to 0 in Eq. (3) for relaxation. The ini-
tial temperature and mass fraction corresponds to an equilibrium sys-
tem of cold nitrogen gas at 300K with initial total mass density of
qð0Þ ¼ 1:25� 10�3 kg=m3 and yN2 ¼ 1. Macroscopic profiles and
population distributions are extracted by doing ensemble averaging
over five trajectories of 10 000 simulated atoms. The initial population
follows a Maxwell–Boltzmann distribution at this temperature. The
system mimics the behavior of gas traversing a shock front and imme-
diately downstream in the temporal frame where the transient behav-
ior of the system can be mapped to several locations across the shock
wave.

In Fig. 22, we plot the OMD evolution of translational, internal
temperatures, and the mass fraction of nitrogen molecules (yN2 ). The
solid lines represent the evolution in the compression phase, whereas
the dashed lines show the relaxation regime. Note that a little higher
Tv than 300K at t¼ 0 is an artifact of the classical approach for vibra-
tional energy determination, which is significant at lower tempera-
tures. During the compression phase, the translational temperature
increases rapidly, whereas the excitation of the internal energy mode is
slower. This results in strong thermal non-equilibrium between the
translational, rotational, and vibrational energy modes of the gas as
also observed in the previous shock-tube experiment study.50 It is
observed that the dissociation of the gas does not initiate until the
vibrational mode is sufficiently excited, which mainly happens in the
relaxation phase.

During relaxation, the internal energy modes become excited and
the gas immediately starts dissociating, which removes translational
and internal energy from the system.We observe that the equilibration
of rotational and translational energies is more rapid than equilibra-
tion of the vibrational energy. The rotational temperature increases

FIG. 22. Case 3: Compression and relaxation in the OMD reactor. Time history of
mass fraction of molecular nitrogen, system translation temperature, and rotational
and vibrational temperature during compression A < 0 and relaxation regime
A ¼ 0.

FIG. 21. Case 2: Adiabatic recombination-dominated relaxation. Comparison of the
evolution of atomic mole fraction between adiabatic reactors of different densities.
Initial state: xN ¼ 1; T ¼ 500 K.
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and equilibrates with translational temperature at about 11 150K, fol-
lowed by equilibration with the vibrational temperature at about
Tt � Tr � Tv � 9765K. Only about 3% of dissociation happens in
this rovibrational excitation period, whereas the majority of reactive
collisions occur in a regime where all the energy modes are in near-
thermal equilibrium with each other and is cooling gradually. Thus,
the internal energy relaxation and reactive zones are roughly sepa-
rated. A careful choice of the A tensor and time duration of the com-
pression regime can qualitatively provide different non-equilibrium
behavior of a gas under different strengths (enthalpy) of the shocks.
During the course of simulation, total density q ¼ qN2

þ qN of the sys-
tem increases in the compression regime abruptly over a short period
of time. This is given by Eq. (A5), which simplifies to qt ¼ q0

ðjtþ1Þ3 for a

uniform dilatation.

Further insight may be gained by examining the evolution of the
population distribution based on internal energy and rotational and
vibrational quantum numbers during the compression phase as shown
in Figs. 23 and 24(a). In the early stages of the compression, due to a
faster rise of translational temperature compared to rotation and
vibration, we see non-Boltzmann-like behavior with higher internal
energy; also, higher-lying rotational and vibrational states become rap-
idly over-populated as the gas evolves. The higher-lying levels become
more populated the further the gas becomes excited in the compres-
sion regime. These features are in line with what has been observed in
previous DMS and state-resolved master equation studies of shock
waves.51,52 The disruption of rotational number-binned population
distribution in Fig. 23(b) relative to the equilibrium distribution at
t¼ 0 starts from levels with lower quantum numbers as the gas evolves

FIG. 23. Case 3: Compression and relaxation in the OMD reactor. Evolution of (a) rovibrational energy and (b) rotational number binned populations (blue and red circles)
during compression. Black line depicts theoretical Boltzmann distribution at t¼ 0.

FIG. 24. Case 3: Compression and relaxation in the OMD reactor. (a) Vibrational population distribution function (blue circles) for molecules at the end of compression. Black
line depicts theoretical Boltzmann distribution at t¼ 0. Red and pink solid lines: Boltzmann distribution at local vibrational Tv and internal temperature Tint, respectively. (b)
Speed distribution of N2 molecules at the end of compression regime. The solid red lines represent Maxwellian distributions at instantaneous Tt.
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under compression, thus eventually reaching a distribution that is far-
from-Boltzmann. Figure 24(a) shows the vibrational number based
population distribution at the end of the compression phase. (This is
before Tv has reached its maximum.) It is evident from the plot that in
the current situation, a local Boltzmann-like vibrational-binned distri-
bution at a characteristic vibrational temperature Tv or an internal
temperature Tint would be insufficient to accurately characterize this
non-equilibrium physics. The OMD-computed distribution (in blue
solid circles) shows significant departure from Boltzmann statistics.
Thus, in this regime, if a Boltzmann distribution at Tv is assumed, the
dissociation rate would be under-predicted, since the high-energy
states are exponentially more likely to dissociate. The time history of
the population distributions in the relaxation regime is omitted here
due to its similarity with the behavior of a gas under adiabatic condi-
tions in the dissociation-dominated regime investigated in Sec. IV.
Finally, Fig. 24(b) shows the speed distribution of N2 molecules at an
instant where the gas is in a highly compressed state. The fact that the
OMD-derived speed distribution almost exactly matches the local
Maxwellian at Tt shows the rapid relaxation of the translational mode
of the gas. Note, however, that the distribution can strongly deviate
when one makes the different choice of flow as in our earlier work,2

where, by choosing the tensor A differently, one can see translational
non-equilibrium when the velocity distribution departs significantly
from the local equilibriumMaxwellian.

B. Expansion and relaxation of nitrogen gas in an OMD
reactor

The simulation of expansion and subsequent adiabatic relaxation
with OMD are achieved by choosing the same form of A as done in
the previous case, except we choose j to be positive (j ¼ 5� 109 s�1),
which results in the enlargement of the fundamental domain of simu-
lated atoms with time. This setting qualitatively mimics the behavior of
gas in a nozzle expansion, but represented in the time domain.We start
the analysis with the partially dissociated gas at thermal equilibrium at
10 000K with q0 ¼ 10 kg=m3 and 50% diatomic nitrogen (by mass
fraction) and 100 000 simulated atoms. A higher initial density is cho-
sen to capture the noticeable impact of recombination reactions on the
behavior of the expanding gas already within the timescale ofMD.

The temperature and mass fraction evolution during the expan-
sion and relaxation regimes are plotted in Fig. 25. Contrary to the previ-
ous case, the sudden expansion leads to rapid cooling, which decreases
the translational temperature followed by the rotational and vibrational
temperatures. During expansion, a large drop in the gas density and
temperature decreases the collision rate, which results in much slower
relaxation of the rotational and vibrational temperatures. This leads to
situation where Tr and Tv lag the change in Tt, i.e., Tt < Tr < Tv at
the end of the expansion phase. During this time, the atomic nitrogen
recombines and the mass fraction of molecular nitrogen increases
relatively quickly (purple stars in Fig. 25), followed by its freezing later
on (purple squares). This is reminiscent of the behavior observed
downstream of the throat of a nozzle. In the relaxation regime, the
translational mode slowly excites (dashed red line) and internal energy
modes (dashed blue and black lines) relax. We see that rotational tem-
perature is equilibrated with the translational temperature, first at about
�4703K, followed by the vibrational temperature at about �5010K.
The dynamics of gas in the relaxation regime is slower due to a
lower mass density which resulted from the expansion [qt ¼ q0

ðjtþ1Þ3].

This is evident from the slow recombination and rate change of tem-
perature as compared to dynamics in the first 0.2 nanoseconds of
expansion.

Next, we show the evolution of population distributions evolu-
tion in Figs. 26(a), 26(b), and 27(a). At t¼ 0, we have a Boltzmann dis-
tribution at the given equilibrium temperature of 10 000K (solid black
line). As time evolves, the internal energy distributions show a strong
cusp near the dissociation limit due to the tendency of molecules to
recombine into these high energy levels. Low-lying internal energy
states in Fig. 26(a) are in thermal equilibrium at an internal tempera-
ture where they follow a Boltzmann distribution (solid black and green
lines) plotted at local internal temperature ðTintÞ. High-lying states are
overpopulated and the distribution deviates from a Boltzmann-like
shape. This disruption starts to affect increasingly lower levels as the
gas evolves and expands. Corresponding to this, the populations of
low and high-lying rotational states are higher as compared to the
Boltzmann distribution at Tint as shown in Fig. 26(b).

The vibrational distributions in Fig. 27(a) start relaxing from the
tails and show a characteristic “L-shape” driven by the dominance of
recombinations, vibration-to-vibration energy exchange (V-V) and
vibration-to-translation (V-T) relaxation processes.33 The plateau in
the high energy tails of the distributions becomes longer as time
evolves while the populations of low-lying levels remain almost con-
stant. The local Boltzmann distributions at Tint shown by the solid
black and green lines (local Boltzmann at the extreme extent of expan-
sion) lie significantly below the OMD populations for high-lying vibra-
tional levels and are a little higher for low-lying levels. The departure
from Boltzmann statistics for low-lying levels is less extreme in com-
parison with a gas under compression, investigated in the previous
case. Overall, one can see the qualitative similarity of the OMD com-
puted vibrational distribution reported here with state-to-state model-
ing and experimental studies undertaken to study nozzle expansion
and nonequilibrium vibrational kinetics in the literature.33,52,53 These
strong non-equilibrium distributions can directly influence the corre-
sponding energy transfer and reaction rates as investigated in Refs. 33,
54, and 55.

As the relaxation process continues and the gas slowly recom-
bines, we see that the non-equilibrium behavior of the gas reaches

FIG. 25. Case 4: Expansion and relaxation in the OMD reactor. Expansion and
relaxation in OMD reaction: Time history of mass fraction of molecular nitrogen,
system translation temperature, rotational and vibrational temperature during
expansion A > 0 and relaxation regime A ¼ 0.
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a quasi-steady state (QSS), where the population distribution becomes
time invariant due to balance between inelastic and recombinative col-
lisional process. In this region, the high internal energy, rotational and
vibrational tails are overpopulated relative to the corresponding
Boltzmann distribution at Tt � Tr � Tv � 5280K, as shown in
Fig. 28. Figure 27(b) shows the speed distribution of N2 and N at the
end of the expansion regime. At this instant, the gas is still in a state of
thermal and chemical non-equilibrium where the translational and
internal temperatures of the gas are different. However, at the end of
the expansion phase, the instantaneous distributions of N2 and N
already follow the Maxwell–Boltzmann distribution closely within sta-
tistical uncertainty. This shows that the translational mode rapidly
relaxes to the local equilibrium speed distribution defined at the corre-
sponding instantaneous translation temperature of the system.

VI. SUMMARY AND CONCLUSIONS

To our knowledge, this is the first pure MD study that simulates
the concurrent processes—dissociation, recombination, and exchange
as they happen in a nitrogen gas evolving under non-equilibrium con-
ditions, based on an ab initio (first-principles calculations) dataset
derived reactive force field. Collision dynamics naturally include three-
body collisions due to NþNþN and N2 þ Nþ N, as well as rare
many-body collisions. The vibrational population distributions
observed in this work reveal significant non-Boltzmann features dur-
ing relaxation of the gas in adiabatic and non-adiabatic reactor under
recombination and dissociation-dominated regimes.

An analysis of the probability densities for recombination and
dissociation suggests microscopic selectivity of these processes, where
favoring of certain rovibrational states is observed. On the other hand,

FIG. 26. Case 4: Expansion and relaxation in the OMD reactor. Evolution of (a) rovibrational energy and (b) rotational number binned populations (blue and red circles) during
expansion. Black (equilibrium distribution at t¼ 0) and green lines: theoretical Boltzmann distribution at local internal temperature Tint.

FIG. 27. Case 4: Expansion and relaxation in OMD reactor. (a) Evolution of vibrational population distribution functions (blue and red circles) for molecules during expansion.
Black (equilibrium distribution at t¼ 0) and green lines: theoretical Boltzmann distribution at local internal temperature Tint. (b) Speed distribution of N2 molecules (dashed-circle
blue line) and N (dashed-circle black line) atoms at the end of expansion. The solid red lines represent Maxwellian distributions at instantaneous Tt.
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the exchange process shows no bias and, hence, its post-collision rovi-
brational probability density resembles the instantaneous population
distribution of molecular nitrogen in the mixture.

The net dissociation probability density in the non-equilibrium
gas is an aggregate effect of the instantaneous population distribution
of molecules and the selectivity of dissociation. It is observed that
nitrogen gas tends to dissociate from states whose energy is close to
the dissociation energy of the N2 molecule (D0) and from those which
have high vibrational number. As the temperature increases, more and
more molecules in low-lying internal energy states collide with enough
translational energy to overcome the dissociation barrier, causing the
dissociation PDF to become more uniform. Similarly, atoms have a
tendency to recombine into molecules populating close to the dissocia-
tion limit, with high vibrational and intermediate rotational quantum
numbers. As the temperature increases, the probability density func-
tion flattens and the probability of recombining into states far from D0

increases. On the vibrational and rotational recombination PDFs, this
corresponds to an increase in the contribution of low vibrational and
high rotational numbers, thus making the whole vibrational manifold
attain a more uniform probability.

We have introduced the method of objective molecular dynamics
for the study of reacting gas mixtures out of thermo-chemical equilib-
rium resembling the conditions encountered in high-temperature
flows. OMD simplifies the MD simulation of space-homogeneous res-
ervoirs to a great extent by naturally enforcing time-dependent period-
icity in all spatial direction. This makes the use of the deterministic
non-equilibrium molecular dynamics approach more affordable. Note
that OMDmakes no assumptions on the dynamics of atoms, and each
and every atom (simulated and non-simulated) satisfies the MD equa-
tions exactly for their forces. This also holds true at the discrete level
when using the velocity-Verlet algorithm as shown in Ref. 25. Several
special choices of the OMD family of motions make it possible to
more closely mimic the nonequilibrium chemistry in nozzle expansion
or shock layers than would be possible by assuming adiabatic or iso-
thermal conditions. In addition, the fact that OMD simulates motions,
which are exact solutions of the momentum conservation equation of
fluid dynamics, encourages its use to propose and test new transport,
energy relaxation, and chemical kinetics models, in the framework
of reduced CFD for which an exact atomistic analog exists.
The illustration of the method in this study has only focused on one

special choice of A tensor (uniform dilatation). The full family of
velocity fields given by v ¼ AðIþ tAÞ�1x is quite broad, and its scope
includes many other examples of steady and unsteady compressible
and incompressible flows, including cases with time-dependent vortic-
ity and cases with strong singularities.

From the analysis of underlying population distribution func-
tions in the compression and expansion regime, we see significant
non-Boltzmann, non-equilibrium features produced by the combina-
tion of selectivity of the chemistry and separation in the timescale of
relaxation of different internal energy modes. It is shown that OMD
analysis can produce all the relevant features and can provide the nec-
essary details needed for higher-scale modeling. The method qualita-
tively reproduces the formation of an L-shape vibrational distribution
with an overpopulation of high-lying vibrational states created by the
recombination and energy exchange processes under expansion.
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APPENDIX: REDUCED FLUID DYNAMICS FOR OMD

Compressible flows of vibrationally excited and chemically
reacting gases can be described by a two-temperature model ð2TÞ,
where separate conservation equations for total energy and vibra-
tional energy of the mixture are defined. This is to take into
account possible thermal non-equilibrium between the trans-
rotational and vibrational modes of the gas. This gives rise to two
separate definitions of temperature: T for translational-rotational
and Tv for vibrational temperature.56 Additionally, mass conserva-
tion equations for every species with source terms containing reac-
tion rates that govern the creation and removal of species are
defined. In this study, we aim to investigate relaxation and reactive
processes in Nitrogen gas only. The corresponding reaction set
includes

N2 þN2� 2NþN2;

N2 þN2� 4N;

N2 þN� 3N:

(A1)

The study takes into account both forward (dissociation) and back-
ward (recombination) reactions. The corresponding conservation
equations of fluid dynamics for two species N2 and N take the form57

@qN2

@t
þr � ðqN2

vÞ ¼ �r � ðqN2
uN2Þ þ wN2 ;

@qN

@t
þr � ðqNvÞ ¼ �r � ðqNuNÞ þ wN;

@qv
@t
þr � ðqv � v þ pIÞ ¼ r � s;

@E
@t
þr � ððE þ pÞvÞ ¼ r � ðsvÞ � r � ðqt þ qr þ qvÞ

�r � ðqN2
hN2uN2 þ qNhNuNÞ;

@Ev
@t
þr � ðEvuÞ ¼ �r � qv �r � ðqN2

eN2uN2 þ qNeNuNÞ þ wv;

(A2)

where E ¼ ðqN2
CvN2

Tþ qNCvNTþ EvN2 qN2
þ hoN2

qN2
þ hoNqNÞ and

ev ¼ evN2 qN2
are total energy and vibrational energy per unit vol-

ume, respectively, q ¼ ðqN2
þ qNÞ is the total density, p is the trace

of pressure tensor r [p ¼ trðrÞ
3 I], s is the viscous stress tensor

[s ¼ �ðr� pIÞ], qt ; qr ; qv are translational, rotational, and vibra-
tional heat flux vectors, hos is the formation enthalpy per unit mass
of species s, us is the species diffusion velocity, ws is the rate of pro-
duction of species s due to chemical reactions, and wv is the vibra-
tional energy source term.

These conservation equations are greatly simplified for OMD
flows, v ¼ AðIþ tAÞ�1x, where due to absence of any spatial
dependencies, the PDEs of continuum mechanics reduce to a sys-
tem of ODEs, heat flux vanishes, and the momentum conservation
equation is identically satisfied for all accepted constitutive
relations–Newtonian or non-Newtonian,19 i.e.,

@qv
@t
þr � ðqv � vÞ ¼ q

dv
dt
þrvv

� �

¼ qð�AðIþ tAÞ�1AðIþ tAÞ�1y
þ AðIþ tAÞ�1AðIþ tAÞ�1yÞ

¼ r � r ¼ 0: (A3)

Substitution of the macroscopic velocity field vðx; tÞ ¼ AðIþ tAÞ�1x
of an OMD reactor into the PDEs of Eq. (A2) yields the following
reduced system of ODEs for nitrogen gas:

dqN2

dt
þ qN2

trðAðIþ tAÞ�1Þ ¼ wN2 ;

dqN

dt
þ qNtrðAðIþ tAÞ�1Þ ¼ wN; wN2 ¼ �2wN;

dE
dt
þ ðE þ pÞtrðAðIþ tAÞ�1Þ ¼ ðAðIþ tAÞ�1Þ � s;

dEv
dt
þ EvtrðAðIþ tAÞ�1Þ ¼ wv:

(A4)

The evolution of total density qt of the mixture, which comes by
summing species mass conservation equations in Eq. (A4), can be
solved explicitly as a function of time. The solution is given by

qt ¼ q0 exp �
ðt

0

trðAðIþ sAÞ�1Þds

0
B@

1
CA: (A5)
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