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A theory of magnetostriction oriented towards applications

Antonio DeSimone
Dipartimento di Ingegneria Civile, Universitdi Roma “Tor Vergata,” 00133 Roma, ltaly

Richard D. James
Department of Aerospace Engineering and Mechanics, University of Minnesota, Minneapolis,
Minnesota 55455

A simplified theory of magnetostriction, derived from micromagnetics, is presented. The theory is
designed to provide a systematic, yet manageable, quantitative tool in the design of magnetostrictive
actuators, by making the “calculation” of the overall response of magnetostrictive specimens
subjected to applied magnetic fields and loads a feasible task. Indeed, for simple geometries, the
computation of energy minimizing domain patterns is reduced to a finite dimensional problem. As
an application of the theory, a mechanism explaining the anisotropic magnetostriction observed in
Terfenol-D rods, based on computed energetically optimal domain arrangements, is proposed.
© 1997 American Institute of Physids$0021-89787)51108-X

I. INTRODUCTION aui(x) duj(x)

. 2E;j(X) = 2E;;(X)———— —,
The development of rare-earth—iron compounds capable IXj 29

of rr;agnetostrictive strains of the order of some parts pefnq y(x) is the displacement vector at Stable equilibria
mill* has fostered the search for commercially viable des'gnéorrespond to pairs of magnetization and strain fields mini-

of magnetostrictive actuators. mizing a free-energy of the form
The basic mechanisms by which macroscopic deforma-
tions involving, say, length changes of a magnetostrictive =~ W=Wexeht Winstt Wexit Winel (]

rod, can be induced by applied magnetic fields are Wellyhere Wi, is the exchange energW,, is the magneto-
known. In the absence of external fields, the rod will begtatic (or stray-field energy, W, is the energy associated
typically subdivided into fine domains, i.e., regions within yith the external magneto-mechanical loads consisting of a

Wh|Ch the material iS U.niformly magnetized and di.storted.uniform prestres§ app“ed at the boundary dn, and Of a
Applying some r_nech_anlgal loads, e.g., a compressive stregfiform applied magnetic fiel#,
along the rod axis, will bias the system towards domain pat-
terns corresponding to the short_est end-to-end rod length. Le'_c W= _f [S-E(x)+H-M(x)]dx, )
us assume that, for such domain arrangements, the magneti- Q
zation is perpendicular to the rod axis. Then a strong enough )
P ) o and, finally,
magnetic field applied along the rod axis will cause the mag-
netization to align with the axis, and the rod to lengthen. For W M Ead 3
a practical device, however, it is not only desirable that the mel™ QW( (), E(x))dx. ®)
deformations accompanying the switch from initial to final ) )
configurations be the largest possible, but also that there exiere the magnetoelastic energy densityaccounts for the
ist low energy paths joining the two domain patterns in con-€nergy stored in the material due to dewgtlons .of its local
figuration space, so that the field strengths needed to drivétate from one of those favored by crystalline anisotropy.
the process be reasonably low. Since we are mainly interested in the macroscopic re-
Optimizing the design of a magnetostrictive actuator re-SPonse of a specimen much larger than the typical domain
quires, then, comparing the performance of devices based i€ We neglect the exchange eneigypte that, together
different materials(here, both crystallography and texture With the exchange constant, we are setting equal to zero the
may play a decisive roje subjected to a huge variety of intrinsic length scale determining the size of the domains:
biasing loads and driving fields. The goal of the theory pre-SOme admissible magnetization distributions will thus be rep-
sented below is to provide a systematic, yet manageable togfSented mathematically by domain patterns of vanishingly
to approach such questions in a quantitative fashion. small size.” We further simplify the model by examining the
structural properties of the magnetoelastic energy density.

Indeed, for a given crystalline materia, will be minimized
Il. ENERGY MINIMIZING CONFIGURATIONS when evaluated on a pair consisting of a magnetization along
an easy direction and of the corresponding stress-free strain.

The starting point of our model is micromagnetfcand : . .
. . _— In view of crystallographic symmetry, there will be several,
we adopt a geometrically linear description of the deforma-

: . - . . symmetry related, energy minimizing magnetization-
tions experienced by a magnetostrictive material OCCUpyIn%eformation pairs. Assuming, without loss of generality, that
the region of spac€). Thus, at a poink of (1, the state of ' ’ .

L . . . the corresponding minimum value wof is zero, we can de-
the material is described by its magnetizatiix), a vector fine the set of the “enerav wells” of the material
whose magnitude is the saturation magnetizakiy and by 9y '
the linear strairg(x), where K={(£xM,Ey), ... (=M,,En}, (4)
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as the zero level set afr, which is then strictly positive The original infinite-dimensional minimization problem
outside ofK. For example, for Terfenol-D, the material with is thus reduced to a discrete, constrained optimization prob-
the largest known room temperature magnetostriction, théem. In fact, setting

energy wells comprising are eight symmetry related “vari-

n
ants,” whose expressions in the cubic basis are given by (E>=E (ND+(NNE; (8)
=] I I 1
M 011 b I h d bl
N we obtain the quadratic programming problem
+M,=+—(1,1,), E;=—=|1 0 1|, a prog ap
3 2 1 1 0 %<M>~(D(M))—S-<E>—H-<M>_>mim' (9)
_ i} in the 2n unknownscalars(\;"),i=1,...n, which are only
M N 0 -1 -1 subject to the natural constraints
iM2=i—33(—1,1,1), Ezz%l -1 1], "
-1 1 0] 2, (\)+)=1, (10
M [0 -1 1]
A = =
+My=*+—(1,—1,1), Esz%ll -1 0 -1] (\)el0l], i=1,...n, 11
3 1 -1 0 expressing the fact that tH@;") represent volume fractions
i i of regions making up for the whole body. It is worth empha-
0 1 -1 sizing that our whole argument rests on the following non-
+ M= i%(l,l, 1), E4:)‘;11 1 0 -1/ trivial observ_atiorf': For_every admis_siblél\{l), the minimal
V3 1 -1 0 magnetostatic energyW,,s((M)) given in (7) can be

achieved by an admissible state of the systérhe proof of
Here \,;; is the saturation magnetostrictive strain alongthis assertion requires the construction of pairs of magneti-
[111]. Now, it turns out that the energy densityis rather ~ zation and strain fields taking only values on the set of the
steep near its energy wells. More precisely: For most of thenergy wellsK and satisfying the appropriate jump condi-
possible combinations of applied fields and loads, and altions ensuring both kinematic compatibility and absence of
ways when their strength is small with respect to the magnemagnetic poles at the interfaces between domains. Such con-
toelastic moduli characterizing the slope wf the energy struction seems possible for most magnetostrictive
minimizers will take on values in a small neighborhood of materials?)
K. We will therefore restrict our attention to states of our ~ The discrete optimization problef®)—(11), in which S
system such that, “everywhere” i}, (M(x),E(x)) belongs andH appear as parameters, can be solved either analyti-
to K and the magnetoelastic energy contributidly, van-  cally, or resorting to commercial software packages. This
ishes(see Ref. 4 for a formal justification of this argument leads to the determination of the macroscopic average mag-
With these assumptions, the state variables of our theorjetization(M) and deformation(E) associated with ener-
become the & scalar functions\; (x), Ay (x), ..., \, (x), getically optimal domain patterns under the prescribed loads
which, at eactx, represent the volume fraction of a vanish- and fields, and to relevant information on the corresponding
ingly small neighborhood of in which the material is in the microgeometries.
state M1,Eq), (—M4,Ey), ..., (=M, ,E,), respectively.

For specimens of ellipsoidal shafiacluding the degen- 1ll. APPLICATIONS TO TERFENOL-D
erate cases of an infinite cylinder, or of an infinite $jabis

easily shown that the lowest magnetostatic energy corre- 'I"e'Feret al.lhavel comphare(uhe maﬁnltude OT the.magne-
sponding to states with average magnetization tostrictive strains along thel12] and t e[l_ll] directions,
for a magnetostrictive rod of growth-twinned Terfenol-D

" . B subjected to a compressive uniaxial stress and an applied
<M>:Z’1 (N =N OM;, (®)  magnetic field, both along tel12] rod axis® A distinctive
feature of such curves, shown in Figure 1, is that the steep
where rise of the strains along111] occurs for field strengths
smaller than those causing large strains aldrig]. Interest-
(\)= ij A (x)dx, (6)  ingly, while the domain patterns corresponding to the initial
1QfJa and the final state¢fine domains with magnetizations or-
thogonal to the rod axis, and a saturated state with magneti-
zation along 112, respectively can be easily identified, the
vas“M»: QM) (D(M)), ) same is 'not tr.ue for domain structures corresponding to the
intermediate field strengths.
with D the demagnetizing tensor associated with the ellip-  As an application of the theory presented in the previous
soid Q. Moreover, the minimium valueW,s((M)) is  section, we have computed th&12] and[111] magneto-
achieved by an admissible distribution of magnetizationsstriction curves for a Terfenol-D slab with midplane orthogo-
(and deformationssuch that the functiona;” are in fact nal to [111], and subjected to fields and loads as in the
independent ok, and\;"=(\;"). experiments of Ref. 5, with the aim of simulating the behav-

and|Q| denotes the volume d®, is
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2.8 T " T " T " (M3,E3) is accompanied by large strain changes along
- [111], and small strain changes alon@12]. The further
o 20 RN 7 transition to M4, E;) (the closest we can get to the saturated
x \\\ state alond112] within our mode), determines significant
é 1.55 \*‘\\ . [112] strain changes, but no changes of length along
2 N [111]. Our proposed interpretation of the observed behavior
B 1o ) is also consistent with calculations of Jiles and Thoéike,
= i A which are based on a three-dimensional anisotropic rotation
§ ' model (i.e., the specimen is idealized as an array of nonin-
= 08 = i teracting single-domain particles, each exhibiting a Stoner—
Al Wohlfarth-type behavigr rather than on global energy mini-
%5000. —10100. o0 1000, z000. mization.

FIELD (Oersted)
IV. DISCUSSION
FIG. 1. Magnetostriction vs applied magnetic field for three orthogonal We have presen_ted a Simpl_iﬁEd mpdel of magnemsmc'
crystallographic directions in §Dy, /e o5 The[112] data are along the  tion, derived from micromagnetics, which for simple geom-
crystal growth direction and are positive in sign. Thé1] data are negative  etries reduces the minimization problem to a finite dimen-
in sign while the[110] are positive. Reprinted with permission from Teter : [ ; ;
et al, Journal of Applied Physic67, 5005(1990. © 1990 American In- sional Ohe. As an, qppllcqtlon, W,e have dISCU.SS.ed a possible
stitute of Physics. mechanism explaining anisotropic magnetostriction observed
in Terfenol-D, based on computed energy minimizing do-
main patterns.

ior of one of the lamellae comprising a typical growth- It seems worth reminding the reader of some obvious
twinned specimen. The computed curves are shown in Fig. Bmitations of our model. First, we cannot describe system
where, for consistency with Fig. 1, we have changed the sig§tates close to saturation when the magnetic field is applied
of the [111] curve (the [110] curve, not shown, can be ob- along directions far away from those of the easy axes. More-
tained as the “difference” of the displayed curves since alloVer, we obtain paths in configuration space by computing
deformations involved are volume presenjin§he compu- global energy minimizers corresponding to given histories of
tations leading to such curves of Fig. 2 show the existence dfagnetomechanical loads. The existence of hysteresis
an intermediate regime between the initial and the final doShows, however, that a system may rest on local, rather than
main structures, for field strengths just exceeding 250 ogdlobal minimizers, and that only some of the available low
corresponding to which the magnetization in parts of theenergy pathways are actually accessed. In order to select
specimen goes out of the plane generated by 1] and realistic domain pattern evolutions, more detailed models,

[111] directions. This seems to explain the observed behaynvolving more than energetics, would be desirable.
ior: The transition from the initial state{M,,E,) to, say, The great simplicity of our model, which is responsible
for the shortcomings described above, is however also its

strength. Since a given material is described only through the
setK of its energy wells, whose structure is largely dictated

2.5 — by material symmetr{,the model suffers little from uncer-
- tainties in the experimental determination of the constitutive
, parameters, but it delivers reliable quantitative predictions

within the regime of small applied magnetic fields and loads.
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