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Abstract

We show that the nonlinear bending theory of shells arisesiadimit of three-dimensional nonlinear elasticifjo cite this
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Résumé

Nous montrons que la théorie non linéaire des coques en flexion émerge cbaimée de la théorie de I'élasticité
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Version francaise abr égée

Dans cette Note nous dérivons la théorie des coques non linéaires en flexion dodimiee de la théorie
d’élasticité tridimensionnelle non linéaire.
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Le probléme tridimensionnel.Soit M une surface orientable daRs$ de classe 2. Soitu la normale déV et soit
My ={x+sux): xe M, s € (—h/2,h/2)}, pourh > 0 suffisamment petit. Nous supposons, pour simplifier,
queM est donné par une seule applicatipns2’ c R2 — M o0 £2’ est un ouvert borné lipschitzien. Do, est
l'image des2 := 2’ x (—1/2, 1/2) par 'applicationy ) (2, z3) = ¥ (z') + hzan(z'), olin = o .

L'énergie élastique d’une applicatian: M;, — R3 est E® (u) = Sy, W(Vu)dx. Ici W est une fonction
Borelienne, de classé? dans un voisinage de $8), qui satisfait (4) et (5) ci-dessous.

Le probléme bidimensionnel Considérons la classé = {u € W22(M; R3): (Viart)" (Viat) = I p.p. dansV(}
d’'applications isométriques d&. Ici, la dérivée tangentiell&nu(x) est une application d&, M a valeurs
dansR3. La quantité importante egapplication relative de Weingartesiy; , qui mesure la différence entre les
secondes formes fondamentalesiest deN = u(M). Soitv la normale deV et soitY = u o ¢ : 2’ — N. Nous
définissonsSy, ,, par

Suu)VY =R (x)V'(voY) — V' (no),

ouv’' = (6871’ %) et R(x) = Vianu(x). Des caractérisations équivalentes sont données par (7) ou (8) ci-dessous.
Nous considérons les formes quadratiq@esG) := 9°W/3d F2(1)(G, G), ou I est l'identité, etQ»(x, G) :=

min, z3(G + a ® n(x)). Evidemment,Q2(x, G) dépend seulement de la restriction dea T, M. L'énergie

bidimensionnelle est donnée péfu) = (1/24) fM Q2(x, Spru(x)) dH?, siu € A et E(u) = oo sinon.

Le résultat principal est I& -convergence des fonctionnelles® E™ vers E au sens suivant.

Théoréme 0.1. (i) Soitu™ : M, — R3 une suite telle quémsup,_,oh2E® u™) < co. Alors il existeu € A,
une applicationR : 2 — R3*3 et des constantes” tels que pour une sous-suite

u® oy — e sy 6y © dansz’z(Sz; R?’), (1)
Vu o y™ — R dansL?(2; R¥3), )
R3=0, R(z)eSOB3)p.p, ReW-?(2;R3>3), 3)

liminf A 3E® (u™) > E(u).
h—0 (u ) (u)
(i) Siu € A il existe une suita™ : M), — R3 telle que(1)—(3)soient vérifiées dim;,_.oh 2EM ™) = E (u).

On pourrait ajouter aux fonctionnelles des termes linéaires endes conditions au bord. Par les arguments
classiques de I&'-convergence, on obtient la convergence des applications (presque) minimisantes.

Un outil essentiel de la preuve est un résultat de rigidité pour des applications proches d’'un mouvement rigide
(voir Theorem 4.1 ci-dessous ou [5], Théoréme 2).

1. Introduction

The derivation of plate and shell theories is a problem having a long history with major contributions from Euler,
D. Bernoulli, Kirchhoff, Love, E. and F. Cosserat, von Karman and a great many modern authors. The question
which theory, if any, is predicted by three-dimensional nonlinear elasticity of thin objects has been open for a
long time (formal results go back at least as far as Kirchhoff [8]; for three recent formal treatments see [3,2,4]).
The first rigorous result for finite deformations was the derivation of nonlinear membrane theory by Le Dret and
Raoult [9-11] through the use df-convergence (for elastic stringsiaconvergence result was obtained earlier
by Acerbi, Buttazzo and Percivale [1]). The more delicate case of bending theory for plates was settled recently
in [5,6], see also [12]. Here we extend this result to the nonlinear bending theory of shells. A key ingredient is
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an optimal oscillation estimate for deformations whose gradient is close (@) §&ee Theorem 4.1 below), first
derived in [5] and generalizing earlier work of John [7].

2. The setting

The three-dimensional problemLet M be an oriented surface & of classC2. Forx € M let .(x) denote the
normal atx and consider, for sufficiently small the thickened sey;, of thickness:

My = x+sp(x): x e M nl
hi=3x+sux): xeM, s e >3 )

In the following we will assume for convenience thidtis given by a singlec? charty : 2’ ¢ R2 — M, where
2" is a bounded Lipschitz domain. Thé4, is parametrized by the map

yM 2 =02 x (—3 5) - My, YW, 23) =) +hzan@), 1) =(ro¥)()
2°2 ’ T ’ ' e

The case of general surfaces can be handled by standard localization arguments.
For a map: : Mj, — R3 its elastic energy is
EM ) = / W (Vu)dx,
My

where the stored-energy density : R332 — [0, oo] is Borel measurable;? in a neighbourhood of S@) and
satisfies
W is frame indifferentW (F) = W(RF) for all R € SO(3), 4)
W(F)> Cdist(F,SO3)), C€>0, W(F)=0 if FeSO3). (5)

The two-dimensional problem.Let the surfaceM be as above and consider the following set of (infinitesimal)
isometries of\f

A=lueW??(M; R3): (Viant) (Viar) = I a.e. onM }.

Here the tangential derivativ®¥iu(x) is viewed as linear map fromf, M to R3. Sometimes it will be
convenient to extend this map to a proper rotatiorRfh The two-dimensional energy will depend on a map
Sy u(x):TeM — T, M which measures the difference between the second fundamental favm=ai(M) and

of M. Letyr: 2” — M be the chart considered above,Yet= u o ¢ : 2’ — N and defineSy, , (x) by

Suu)V'Y =RT )V (oY) =V (noy), (6)
wherev is the normal ofNV, V/ = (aixl, Bixz) andR(x) = Vianu(x). The closely related quadratic form
V'Y Sy V'Y =(V'NTV 0o Y) = (V)TV (o) 7

is exactly the difference of the fundamental forms\oand M. In terms of the Weingarten mags; andSy given
by Sy V' = V/(1u 0 ) etc. we have

Smu(x) = RT(x) Sy (u(x)) R(x) — Spr (x). (8)
We thus callSy , therelative Weingarten map

Consider the quadratic form

2

I°w
Q3(G) =277 (D(G, G)
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related to the linearization of the energy at the identity. It follows from (4), (5) ¢hgis positive semidefinite and
its kernel consists of the skew symmetric matrices. For eaci/, with normalu (x) we define the form

02(x,G) = m]g; 03(G +a ® p(x)).

Since Q3 vanishes on skew-symmetric matrices we h&@¥g(x, G) = Q2(x,G’) = Q2(x, G") where G’ =
GUI—-—u®p), G"=U—-u®un)G' . In particularQ, depends only on the restriction 6fto 7, M.
The two-dimensional energy is now defined by

E(u):Z—:LAf/QZ(x,SM,u(x))dJ-CZ if ueA, E(u)=00 else.
M

3. Convergenceresults

We essentially show that the functionals®E™ I'-converge toE. This implies that (almost) minimizers of
h—3E™ converge to minimizers of, also when force terms and boundary conditions are added. Here we focus
on the simplest case since the inclusion of body forces and boundary conditions is very similar to the situation for
plates [6].

Theorem 3.1. (i) (compactness and ansatz-free lower bourB)ppose thatu™ : M, — RS2 satisfy
limsup,_ oA 2E®@™) < co. Then there exists a € A, a mapR: 2 — R3*3 and constants such that
for a subsequence

u® o w(h) —e®™ 5y W(O) in Wl’z(.Q; RS), )
Vu o y™ — R in L?(2; R¥3), (10)
R3=0, R(:)eSOB)ae, ReW-2(2:R>9), ()

and for the subsequence under consideration,
1
iminf — E® (MY >
|I}I:n_lgf h3E (u ) > E(u). (12)
(ii) (attainment of lower boundf u € A then there exists a sequenc® : M;, — R3 such that(9)—(11)hold and

1
im — g,y —
}llmo 3E (u ) = E(u).

4. Proofs

Compactness. The key ingredient is the following quantitative rigidity estimate (see [5,6] for a proof and a
discussion of related results).

Theorem 4.1. Let U be a bounded Lipschitz domain R*, » > 2. Then there exists a consta@G{U) with the
following property. For eacly € W-2(U; R") there exists an associated rotatidhe SO(n) such that

IVv = Rl 2y < C(U) | dist(Vv, SOm)) |, 2,-

The proof of Theorem 4.1 shows that the constaf/) can be chosen independentiffor a family of sets
that are Bilipschitz images of a cube (with uniform Lipschitz constants).
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Consider a lattice of squares

h o h\?
Sa,h:a—f-(—E,E) s ClehZZ,
and let2; be the union of those squares wigh 3, C £2’. For such a square we can apply Theorem 4.1 to the
deformed cub&y ;=™ (Sen x (=3, 3)) € My sinceC, ; is a Bilipschitz image of—4, 4)3 under the map

v (z) =y (2) + zan(z). We thus obtain a mag® : 2/ — SO(3) which is constant on eacﬁ,yh and satisfies
1/2
/ |(Vu®) o™ — R detvy ™ dz' dzz < € / W (Vu™) dx. (13)
~1/28, Con

Applying the same estimate to a neighbouring c®)l, and to S, 3, D Sp, and taking into account that
detvy ™ ~ 1 we easily deduce (see [6]) fof|oo := max(|z1], [22]) < h

/|R<h>(z’+;)— RM(H[* < /W vu™)d

2,
If £ € R? is a general translation vector and C £2” with dist (', 8£2") > C|¢| then iterative application of this
estimate yields

C
/|R(h)(z/ +0) = R < ﬁmZ/ w(vu®) <clef® (14)

From this one deduces (9)—(11) by standard means (see [6] for the details, including convergence and regularity uj
to the boundary). In particular one deduces from (13) after summation over the relevant lattice: points

/ |(Vu®) o™ — R® P dz < Ch2. (15)
2} x(-1/2,1/2)

Lower bound.  Let F® := (Vu™) o 4™ In view of (15) it is natural to introduce the scaled deviation from
SO3)

G _ (RIONYT R _ 1

7 X -

h

Then, for a subsequenag!”) — G in L2(2). Let E;, = {|G™| > h~Y/2}. Then meag, — 0 and using positivity
of W, Taylor expansion for € £2; \ Ej, and the fact that =1 detVy ™ (z) — det(Vy)T (V) Y2(2)) =: Jy (2)
uniformly one deduces (see [6])

| 1 1

liminf 5 / w(vVu®)dr > = / 03(G)Jydr >3 / 02(¥(2), G')Jy dz, (16)
—

M 2'x(=1/2,1/2) 2'x(=1/2,1/2)

whereG'(z) = G(2)(I — n(z) ® n(z)) andn = (¥ (2)).
The main point is now to identify;’. To show thatG’ is affine inz3 we consider the difference quotient in
vertical direction

N

H® = A5G = }(G(h)(- +se3) — GM).
3 N
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Let Y =™ oy Thenvy® = FWvy ™ and a short calculation shows that
1 ~
RMHWY y = vug(zy“’)) — ASFMV'y,

whereF " (z) = z3F® (7). SinceH® — H, F® — R, R® — R and
N N
1 1/1 1
A%ZY(’” == / ZY’(‘;’)(- +oe3z)do = . /(F(’”n)(- +0e3)do — Ry

0 0
we getRHV'y = V/(Rn) — RV'n = RSy, V', whereSy, , is the relative Weingarten map introduced in (6), (8).
ThusH' = Sy, andG" (', z3) = G(2') + z3Sm,.- Expanding the quadratic for@> we easily deduce (12) from
(16).

Attainment of lower bound.Letu € A, ¥ =uo ¢ :2' — R3, b= Rn: 2’ — RS whereR(z) € SO3) is the
unique extension ofViani) (1 (z)) from Ty )M to R3. Thenb is the unit normalp = YiAY2/|Y1AY2| As
in the case of plates [6], one can define suitable approximalipesW2> andg; € W1 > which agree with?
andb, respectively, on a large set. Then the ansatz

1 -
YO 28) = ¥y () + haagn, &) + 5H°5dn), u® =y o (y®)7,

where i, =c/h, dj € W&"’O(Q’; R3), hlldn|lyree — O,dy — d in L?(£2'; R3) yields the desired assertion
similarly to [6]. The mapi is chosen such tha@z(Sy,, + R'd ® ) = Qa(x, SMu)-
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