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Abstract

We show that the nonlinear bending theory of shells arises as aΓ -limit of three-dimensional nonlinear elasticity.To cite this
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Résumé

Nous montrons que la théorie non linéaire des coques en flexion émerge commeΓ -limite de la théorie de l’élasticité
tridimensionelle.Pour citer cet article : G. Friesecke et al., C. R. Acad. Sci. Paris, Ser. I 336 (2003).
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Dans cette Note nous dérivons la théorie des coques non linéaires en flexion commeΓ -limite de la théorie
d’élasticité tridimensionnelle non linéaire.
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Le problème tridimensionnel.SoitM une surface orientable dansR
3 de classeC2. Soitµ la normale deM et soit

Mh := {x + sµ(x): x ∈M, s ∈ (−h/2, h/2)}, pourh > 0 suffisamment petit. Nous supposons, pour simpli
queM est donné par une seule applicationψ :Ω ′ ⊂ R

2 →M oùΩ ′ est un ouvert borné lipschitzien. DoncMh est
l’image deΩ :=Ω ′ × (−1/2,1/2) par l’applicationψ(h)(z′, z3)=ψ(z′)+ hz3η(z′), oùη= µ ◦ψ .

L’énergie élastique d’une applicationu :Mh → R
3 est E(h)(u) = ∫

Mh
W(∇u)dx. Ici W est une fonction

Borelienne, de classeC2 dans un voisinage de SO(3), qui satisfait (4) et (5) ci-dessous.

Le problème bidimensionnel.Considérons la classeA = {u ∈W2,2(M;R
3): (∇tanu)

T(∇tanu) = I p.p. dansM}
d’applications isométriques deM. Ici, la dérivée tangentielle∇tanu(x) est une application deTxM à valeurs
dansR

3. La quantité importante estl’application relative de WeingartenSM,u qui mesure la différence entre le
secondes formes fondamentales deM et deN = u(M). Soitν la normale deN et soitY = u ◦ψ :Ω ′ →N . Nous
définissonsSM,u par

SM,u(x)∇ψ =RT(x)∇′(ν ◦ Y )− ∇′(µ ◦ψ),
où∇′ = ( ∂

∂x1
, ∂
∂x2
) etR(x)= ∇tanu(x). Des caractérisations équivalentes sont données par (7) ou (8) ci-des

Nous considérons les formes quadratiquesQ3(G) := ∂2W/∂F 2(I)(G,G), où I est l’identité, etQ2(x,G) :=
mina∈R3(G + a ⊗ µ(x)). Évidemment,Q2(x,G) dépend seulement de la restriction deG à TxM. L’énergie
bidimensionnelle est donnée parE(u)= (1/24)

∫
M Q2(x, SM,u(x))dH2, si u ∈ A etE(u)= ∞ sinon.

Le résultat principal est laΓ -convergence des fonctionnellesh−3E(h) versE au sens suivant.

Théorème 0.1. (i) Soitu(h) :Mh → R
3 une suite telle quelim suph→0h

−3E(h)(u(h)) <∞. Alors il existeu ∈ A,
une applicationR :Ω → R

3×3 et des constantesc(h) tels que pour une sous-suite

u(h) ◦ψ(h) − c(h) → u ◦ψ(0) dansW1,2(Ω;R
3), (1)

∇u(h) ◦ψ(h) → R dansL2(Ω;R
3×3), (2)

R,3 = 0, R(z) ∈ SO(3) p.p., R ∈W1,2(Ω;R
3×3), (3)

lim inf
h→0

h−3E(h)
(
u(h)

)
�E(u).

(ii) Siu ∈ A il existe une suiteu(h) :Mh → R
3 telle que(1)–(3)soient vérifiées etlimh→0h

−3E(h)(u(h))=E(u).

On pourrait ajouter aux fonctionnelles des termes linéaires enu et des conditions au bord. Par les argume
classiques de laΓ -convergence, on obtient la convergence des applications (presque) minimisantes.

Un outil essentiel de la preuve est un résultat de rigidité pour des applications proches d’un mouveme
(voir Theorem 4.1 ci-dessous ou [5], Théorème 2).

1. Introduction

The derivation of plate and shell theories is a problem having a long history with major contributions from
D. Bernoulli, Kirchhoff, Love, E. and F. Cosserat, von Karman and a great many modern authors. The q
which theory, if any, is predicted by three-dimensional nonlinear elasticity of thin objects has been ope
long time (formal results go back at least as far as Kirchhoff [8]; for three recent formal treatments see [
The first rigorous result for finite deformations was the derivation of nonlinear membrane theory by Le D
Raoult [9–11] through the use ofΓ -convergence (for elastic strings aΓ -convergence result was obtained ear
by Acerbi, Buttazzo and Percivale [1]). The more delicate case of bending theory for plates was settled
in [5,6], see also [12]. Here we extend this result to the nonlinear bending theory of shells. A key ingre
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2. The setting

The three-dimensional problem.LetM be an oriented surface inR3 of classC2. Forx ∈M let µ(x) denote the
normal atx and consider, for sufficiently smallh, the thickened setMh of thicknessh

Mh :=
{
x + sµ(x): x ∈M, s ∈

(
−h

2
,
h

2

)}
.

In the following we will assume for convenience thatM is given by a singleC2 chartψ :Ω ′ ⊂ R
2 →M, where

Ω ′ is a bounded Lipschitz domain. ThenMh is parametrized by the map

ψ(h) :Ω =Ω ′ ×
(

−1

2
,

1

2

)
→Mh, ψ(h)(z′, z3)=ψ(z′)+ hz3η(z′), η(z′)= (µ ◦ψ)(z′).

The case of general surfaces can be handled by standard localization arguments.
For a mapu :Mh → R

3 its elastic energy is

E(h)(u)=
∫
Mh

W(∇u)dx,

where the stored-energy densityW : R
3×3 → [0,∞] is Borel measurable,C2 in a neighbourhood of SO(3) and

satisfies

W is frame indifferent:W(F)=W(RF) for all R ∈ SO(3), (4)

W(F)� C dist2
(
F,SO(3)

)
, C > 0, W(F)= 0 if F ∈ SO(3). (5)

The two-dimensional problem.Let the surfaceM be as above and consider the following set of (infinitesim
isometries ofM

A = {
u ∈W2,2(M;R

3): (∇tanu)
T(∇tanu)= I a.e. onM

}
.

Here the tangential derivative∇tanu(x) is viewed as linear map fromTxM to R
3. Sometimes it will be

convenient to extend this map to a proper rotation inR
3. The two-dimensional energy will depend on a m

SM,u(x) :TxM → TxM which measures the difference between the second fundamental form ofN = u(M) and
ofM. Letψ :Ω ′ →M be the chart considered above, letY = u ◦ψ :Ω ′ →N and defineSM,u(x) by

SM,u(x)∇′ψ =RT(x)∇′(ν ◦ Y )− ∇′(µ ◦ψ), (6)

whereν is the normal ofN , ∇′ = ( ∂
∂x1
, ∂
∂x2
) andR(x)= ∇tanu(x). The closely related quadratic form

(∇′ψ)TSM,u∇′ψ = (∇′Y )T∇′(ν ◦ Y )− (∇′ψ)T∇′(µ ◦ψ) (7)

is exactly the difference of the fundamental forms ofN andM. In terms of the Weingarten mapsSM andSN given
by SM∇′ψ = ∇′(µ ◦ψ) etc. we have

SM,u(x)=RT(x)SN
(
u(x)

)
R(x)− SM(x). (8)

We thus callSM,u therelative Weingarten map.
Consider the quadratic form

Q3(G)= ∂2W

2 (I)(G,G)
∂F
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related to the linearization of the energy at the identity. It follows from (4), (5) thatQ3 is positive semidefinite an
its kernel consists of the skew symmetric matrices. For eachx ∈M, with normalµ(x) we define the form

Q2(x,G)= min
a∈R3

Q3
(
G+ a ⊗µ(x)).

SinceQ3 vanishes on skew-symmetric matrices we haveQ2(x,G) = Q2(x,G
′) = Q2(x,G

′′) whereG′ =
G(I −µ⊗µ), G′′ = (I −µ⊗µ)G′. In particularQ2 depends only on the restriction ofG to TxM.

The two-dimensional energy is now defined by

E(u)= 1

24

∫
M

Q2
(
x,SM,u(x)

)
dH2 if u ∈ A, E(u)= ∞ else.

3. Convergence results

We essentially show that the functionalsh−3E(h) Γ -converge toE. This implies that (almost) minimizers o
h−3E(h) converge to minimizers ofE, also when force terms and boundary conditions are added. Here we
on the simplest case since the inclusion of body forces and boundary conditions is very similar to the situa
plates [6].

Theorem 3.1. (i) (compactness and ansatz-free lower bound)Suppose thatu(h) :Mh → R
3 satisfy

lim suph→0h
−3E(h)(u(h)) <∞. Then there exists au ∈ A, a mapR :Ω → R

3×3 and constantsc(h) such that
for a subsequence

u(h) ◦ψ(h) − c(h) → u ◦ψ(0) in W1,2(Ω;R
3), (9)

∇u(h) ◦ψ(h) → R in L2(Ω;R
3×3), (10)

R,3 = 0, R(z) ∈ SO(3) a.e., R ∈W1,2(Ω;R
3×3), (11)

and for the subsequence under consideration,

lim inf
h→0

1

h3E
(h)

(
u(h)

)
�E(u). (12)

(ii) (attainment of lower bound)If u ∈ A then there exists a sequenceu(h) :Mh → R
3 such that(9)–(11)hold and

lim
h→0

1

h3
E(h)

(
u(h)

) =E(u).

4. Proofs

Compactness. The key ingredient is the following quantitative rigidity estimate (see [5,6] for a proof a
discussion of related results).

Theorem 4.1. Let U be a bounded Lipschitz domain inRn, n � 2. Then there exists a constantC(U) with the
following property. For eachv ∈W1,2(U ; R

n) there exists an associated rotationR ∈ SO(n) such that

‖∇v −R‖L2(U) �C(U)
∥∥dist

(∇v,SO(n)
)∥∥
L2(U)

.

The proof of Theorem 4.1 shows that the constantC(U) can be chosen independent ofU for a family of sets
that are Bilipschitz images of a cube (with uniform Lipschitz constants).
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Consider a lattice of squares

Sa,h = a +
(

−h
2
,
h

2

)2

, a ∈ hZ2,

and letΩ ′
h be the union of those squares withSa,3h ⊂ Ω ′. For such a square we can apply Theorem 4.1 to

deformed cubeCa,h = ψ(h)(Sa,h × (−1
2,

1
2))⊂Mh sinceCa,h is a Bilipschitz image of(−h

2,
h
2)

3 under the map
Ψ (h)(z)=ψ(z′)+ z3η(z′). We thus obtain a mapR(h) :Ω ′

h → SO(3) which is constant on eachSa,h and satisfies

1/2∫
−1/2

∫
Sa,h

∣∣(∇u(h)) ◦ψ(h) −R(h)∣∣2 det∇ψ(h) dz′ dz3 � C
∫
Ca,h

W
(∇u(h))dx. (13)

Applying the same estimate to a neighbouring cellSb,h and to Sa,3h ⊃ Sb,h and taking into account tha
det∇ψ(h) ∼ h we easily deduce (see [6]) for|ζ |∞ := max(|ζ1|, |ζ2|)� h∫

Ω ′
h

∣∣R(h)(z′ + ζ )−R(h)(z′)∣∣2 � C

h

∫
Mh

W
(∇u(h))dx.

If ζ ∈ R
2 is a general translation vector andω′ ⊂Ω ′ with dist (ω′, ∂Ω ′)� C|ζ | then iterative application of thi

estimate yields∫
ω′

∣∣R(h)(z′ + ζ )−R(h)(z′)∣∣2 � C

h3 |ζ |2
∫
Mh

W
(∇u(h)) � C|ζ |2. (14)

From this one deduces (9)–(11) by standard means (see [6] for the details, including convergence and reg
to the boundary). In particular one deduces from (13) after summation over the relevant lattice pointsa∫

Ω ′
h×(−1/2,1/2)

∣∣(∇u(h)) ◦ψ(h) −R(h)∣∣2 dz� Ch2. (15)

Lower bound. Let F (h) := (∇u(h)) ◦ψ(h). In view of (15) it is natural to introduce the scaled deviation fr
SO(3)

G(h) = (R(h))TF (h) − I
h

χΩ ′
h
.

Then, for a subsequence,G(h) ⇀G in L2(Ω). LetEh = {|G(h)|> h−1/2}. Then measEh → 0 and using positivity
of W , Taylor expansion forz ∈Ω ′

h \Eh and the fact thath−1 det∇ψ(h)(z)→ det((∇ψ)T(∇ψ))1/2(z′)=: Jψ(z′)
uniformly one deduces (see [6])

lim inf
h→0

1

h3

∫
Mh

W
(∇u(h))dx � 1

2

∫
Ω ′×(−1/2,1/2)

Q3(G)Jψ dx � 1

2

∫
Ω ′×(−1/2,1/2)

Q2
(
ψ(z′),G′)Jψ dz, (16)

whereG′(z)=G(z)(I − η(z)⊗ η(z)) andη= µ(ψ(z)).
The main point is now to identifyG′. To show thatG′ is affine inz3 we consider the difference quotient

vertical direction

H(h) =/s3G(h) :=
1(
G(h)(· + se3)−G(h)

)
.

s
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Let Y (h) = u(h) ◦ψ(h). Then∇Y (h) = F (h)∇ψ(h) and a short calculation shows that

R(h)H (h)∇′ψ = ∇′/s3
(

1

h
Y (h)

)
−/s3F̃ (h)∇′η,

whereF̃ (h)(z)= z3F (h)(z). SinceH(h) ⇀H, F (h) →R, R(h) → R and

/s3
1

h
Y (h) = 1

s

s∫
0

1

h
Y
(h)
,3 (· + σe3)dσ = 1

s

s∫
0

(
F (h)η

)
(· + σe3)dσ → Rη

we getRH∇′ψ = ∇′(Rη)−R∇′η=RSM,u∇′ψ , whereSM,u is the relative Weingarten map introduced in (6), (
ThusH ′ = SM,u andG′′(z′, z3)=G′

0(z
′)+ z3SM,u. Expanding the quadratic formQ2 we easily deduce (12) from

(16).

Attainment of lower bound.Let u ∈ A, Y = u ◦ ψ :Ω ′ → R
3, b = Rη :Ω ′ → R

3 whereR(z) ∈ SO(3) is the
unique extension of(∇tanu)(ψ(z)) from Tψ(z)M to R

3. Thenb is the unit normal,b = Y,1 ∧ Y,2 / |Y,1 ∧ Y,2|. As
in the case of plates [6], one can define suitable approximationsYλ ∈W2,∞ andqλ ∈W1,∞ which agree withY
andb, respectively, on a large set. Then the ansatz

Y (h)(z′, z3)= Yλh(z′)+ hz3qλh(z′)+
1

2
h2z23dh(z

′), u(h) = Y (h) ◦ (
ψ(h)

)−1
,

whereλh = c/h, dh ∈ W1,∞
0 (Ω ′;R

3), h||dh||W1,∞ → 0, dh → d in L2(Ω ′;R
3) yields the desired assertio

similarly to [6]. The mapd is chosen such thatQ3(SM,u +RTd ⊗µ)=Q2(x, SM,u).
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