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Outline 
 

Ì Looking for a calculation procedure for three-dimensional  
fully turbulent boundary layers 

 
Ì robust and applicable for engineering applications 

 
Ì they should not compete with LES or other approaches 
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Combining an old a new idea 
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Boundary layer equations 
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Two steps to obtain the integral equations 
 
 

Step 1:  Continuity equation and the momentum equations are multiplied with weighting functions.  
To obtain the general dissipation integral equations these weighting functions have to be  
chosen as power functions of the mean velocity profiles.      

 
 
Step 2:  Integration of the momentum equation versus the wall normal coordinate.  

The integration boundaries are the wall and the outer edge of the boundary layer. 
The velocity component perpendicular to the wall is eliminated using the continuity. 

 
 
 

  
x-component 

 

 
y-component 

 
continuity equation 
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momentum equations 
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General form of dissipation integral equations 
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Dissipation integral equations of interest 
 

Momentum balance  
in x-direction 
 
(Momentum balance  
in y-direction) 
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Balance of kinetic 
energy in x-direction 
 
(Balance of kinetic 
energy in y-direction) 
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Two-dimensional case 
 
 

   
  k  =  0 
  momentum balance 
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  k  =  1 
  balance of mechanical energy 

( )
( ) 2,D

w
1

0

3

33 cyd
yu

u
u

u
2

xd
ud

u
3

xd

d
=

δδ∂

ττ∂




















−=

δ
+

δ
∫

τδ

τ

δ

 

 
 
  k  =  2 
   

( ) ( )
( ) 3,D

w
1

0

24

4
42

4 cyd
yu

u
u

u
3

xd
ud

u
H34

xd

d
=

δδ∂

ττ∂




















−=

δ
−+

δ
∫

τδ

τ

δ

 

 
 
 

( ) [ ] ( )η++
κ

= +

τ

wCzln
1

u
zu

 ,   
τ

+

=η
K
z

 

 

( ) ( ) ( )( )η−η−η
π

−η−η=πη 2111232,w 22  

 

( ) ( ) ( )
xd

ud

u
S,,f

xd
d

S,,fS,,f 321
w

δ

δ

δ
πη+

π
δπη+πη=

τ
τ

 

 
 



Dissipationintegral for two-dimensional case 
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Three-dimensional case 
 
 

   
  Momentum balance  
  in s-direction 
   
  (momentum balance in n-direction, 
 
  balance of kinetic energy in 
  s-direction, 
 
  balance of kinetic energy in 
  n-direction, 
 
  additional equations) 
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Dissipationintegral for three-dimensional case 
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Two-dimensional test case 
IDENT 2100 - G. B. Schubauer, P. S. Klebanoff 
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Two-dimensional test case 
Backward facing Step - M. D. Driver, H. L. Seegmiller 
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Sixteen two-dimensional test cases 
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V(Reδ2) 

 
V(Reδ3) 

 
V(H12) 

 
W(cf) 

 
A1 

 

 
4.6 % 

 
4.7 % 

 
2.7 % 

 
8.5 % 

 
A2 

 

 
5.0 % 

 
4.9 % 

 
2.6 % 

 
8.2 % 

 
k, ε - model* 

 

    
36 -58 % 

 
k, ω  - model* 

 

    
4.0 -6.0 % 

 
*D. C. Wilcox: AIAA-Journal, vol. 31, 1993 
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Three-dimensional test case 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

     
 

         wake parameter π of mean velocity profile                                       cross-flow angle β0 
         separation line           experiment             calculation 

Ölcmen, Simpson 
An experimental study of a 
three-dimensional pressure-
driven turbulent boundary 
layer, JFM 290 1995 
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Summary and open issues 
 
 
 

• The general form of dissipation integral algorithms for three-dimensional 
turbulent boundary layers is derived 

 
• The approach can be used for engineering applications 
 
• The two-dimensional problem can be improved by using an inverse 

formulation 
 
• The three-dimensional problem can be improved by using profiles which are 

mor “universal” and using an inverse formulation 
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