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Perry & Coworkers Hierarchical 
Model of Wall Turbulence

.



Cumulative Construction of 
Mean Momentum Field

.



Physical Evidence: Vortex Packets 
(Adrian et al. 2000, plus others)



Physical Model



Some Interesting Questions

Do the scaling behaviors of the mean dynamical 
equations,

• naturally favor hierarchical models?
• reflect the instantaneous observations?



Scaling and Theory
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Primary Assumptions

1) RANS equations describe the mean 
dynamics

2) Monotonicity: velocity is monotone 
increasing and the velocity gradient is 
monotone decreasing with distance from the 
wall



Scaling Patch

A “scaling patch” exists when:
i) the scaled independent variable is O(1)
ii) the variation in the scaled dependent variable 

is O(1), and
iii) the derivatives of the scaled dependent 

variable are all O(1)
(These conditions are satisfied when the relevant terms 

in the scaled equations are free of large/small 
parameters)



Mean Momentum Balance Data
.



Stress Gradient Ratios: Limiting Cases

.



Viscous to Reynolds Stress Gradient Ratio
(Pipe Flow, Zagarola and Smits 1997)



Four Layer Structure of Boundary Layer 
Pipe and Channel Flows

(At any fixed Reynolds number)



Layer Structure Prescribed by the 
Mean Dynamics

Layer I: Inner Viscous/Advection Balance Layer
(traditional viscous sublayer)

Layer II: Stress Gradient Balance Layer

Layer III: Meso Viscous/Advection/Inertial Balance 
Layer

Layer IV: Inertial/Advection Balance Layer



Reynolds Number Scalings: Inner
.



Layers II and III

U+

y+

~(δ+)1/2 ~(δ+)1/2

II III
log line

∆U = 1uτ

∆U = Ue/2



Multiscale Analysis of Channel Flow

.



Layer I

.



Layer II

.



Balance Breaking and Exchange From 
Layer II to Layer III

.



Layer III Rescaling

.



Layer III Rescaling (continued)

.



Layer III Properties

.



Layer IV

.



Multiscale Analysis of Couette Flow
.



A Remarkable Transformation
.



Generalized Adjusted 
Reynolds Stresses



Adjusted Reynolds Stresses



Hierarchy Equations
.



Scaling Layer Hierarchy

For each value of ρ, these equations undergo the 
same balance exchange as described 
previously (associated with the peaks of Tρ)

For each ρ this defines a layer, Lρ, comprising a 
stress gradient balance layer/meso layer 
structure (i.e., an intermediate scaling patch)



Balance Exchange for Each Tρ

.



Hierarchy Properties



Logarithmic Dependence
.



Logarithmic Dependence 
(continued)

It can be shown that A(ρ) = O(1) function that 
may on some sub-domains equal a constant

If A = const., a logarithmic mean profile is 
identically recovered (i.e., is rigorously 
analytically proven)

If A varies slightly, then the profile is bounded 
above and below by logarithmic functions.



Behavior of A(y+)



Relation to Channel Flow



Physical Model of Boundary Layer Dynamics

.



Conclusions
Under the monotonicity assumption (and completely 

independent of any inner/outer overlap ideas), rigorous 
analysis of the RANS equations reveals that,

• Turbulent channel and Couette flows intrinsically contain 
a hierarchical layer structure 

• The hierarchy constitutes a continuum of scaling 
patches and adjusts with Reynolds number to connect 
the traditional inner and outer scaling patches

• The hierarchy provides a firm analytical basis for the 
often invoked distance-from-the-wall scaling

• The question of a logarithmic mean profile depends on 
the properties of the hierarchy defined function, A(ρ). 



Questions?
.
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